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MATHEMATICS

I. S. OVCHINNIKOV

SOME PROPERTIES OF PLANE AND SPA-
TIAL MAPPINGS
(Presented by Academician M. A. Lavrent’ev on 29 V 1969)

1. In this note we formulate results established on the basis of inequality (1)
from the work (1).

We shall consider a family {𝑓} of homeomorphic mappings 𝑦 = 𝑓(𝑥), defined
in a domain 𝐷 of 𝑛-dimensional Euclidean space 𝐸𝑛 (unless the contrary is
stipulated). Denote

𝐼(𝑓, 𝐷, 𝐹) = ∫
𝐷

𝐹 (𝑥, 𝑓, 𝑑𝑓
𝑑𝑥) 𝑑𝑥 (1)

the functional defined on the mappings of the family {𝑓}, where in (1) 𝑥 =
(𝑥1, … , 𝑥𝑛), 𝑓 = (𝑓1(𝑥), … , 𝑓𝑛(𝑥)), 𝑑𝑓/𝑑𝑥 = (𝜕𝑓𝑖/𝜕𝑥𝑗) is an 𝑛 × 𝑛-matrix
whose elements are partial derivatives understood in the sense of S. L. Sobolev,
𝐹(𝑥, 𝑦, 𝑍) is a measurable function of its 2𝑛 + 𝑛2 arguments, and 𝑍 = (𝑧𝑖𝑗) is
an 𝑛 × 𝑛-matrix.

Below the following notation will be used: 𝜌(𝑀1, 𝑀2) is the distance between
sets in 𝐸𝑛; |𝑥′ − 𝑥″| is the distance between points in 𝐸𝑛; 𝑀 is the closure
of the set 𝑀 in 𝐸𝑛; 𝜕𝐷 is the boundary of the domain 𝐷 in 𝐸𝑛; 𝑑(𝑀) is the
diameter of the set 𝑀 in 𝐸𝑛; 𝐸𝑛 is the completion of 𝑛-dimensional space with
respect to the spherical metric ̃𝜌(𝑥′, 𝑥″); 𝑑∼(𝑀) is the diameter of the set 𝑀
in the metric ̃𝜌. Suppose that in the domain 𝐷 a positive continuous function
ℎ(𝑥) is given, which generates in 𝐷 a non-Euclidean metric with line element
𝑑𝑠 = ℎ(𝑥) 𝑑𝑙, where 𝑑𝑙 is the line element in 𝐸𝑛. By 𝜌ℎ(𝑀1, 𝑀2) we shall denote
the distance between the sets 𝑀1 and 𝑀2 in this non-Euclidean metric, and by
𝑑ℎ(𝑀) the diameter of the set 𝑀 in this metric.

2. Theorem 1. Let, for a family of mappings {𝑓} of a domain 𝐷 onto a
domain Δ, the functional

𝐼(𝑓, Δ−1, Φ) = ∫
Δ

Φ (𝑦, 𝑓−1, 𝑑𝑓−1

𝑑𝑦 ) 𝑑𝑦 ≤ 𝐾,
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be bounded, where Φ(𝑦, 𝑥, 𝑍) ≥ ℎ𝑛(𝑥)‖𝑍‖𝑛, the function ℎ(𝑥) is defined, contin-
uous, and positive in 𝐷,

‖𝑍‖ = (
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝑧 2
𝑖𝑗)

1/2

.

Assume that there exist a continuum 𝐻 ⊂ 𝐷 and a number 𝑎 > 0 such that

𝑑(𝑓(𝐻)) > 2𝜌(𝑓(𝐻), 𝜕Δ), 𝑑(𝑓(𝐻)) ≥ 𝑎, (2)

for all 𝑓 ∈ {𝑓}. Then

𝜌(𝑓(𝐻), 𝜕Δ) ≥ 𝛼
2 exp[−𝑀𝑛𝐾𝜌−𝑛

ℎ (𝐻, 𝜕𝐷)], (3)

where 𝑀𝑛 is an absolute constant (𝑀𝑛 > 0).
Remark. Inequality (3) shows that, for any point 𝑎 ∈ 𝐻, under each mapping
𝑓 ∈ {𝑓} the ball of radius 1

2 𝛼 exp[−𝑀𝑛𝐾𝜌−𝑛
ℎ (𝐻, 𝜕𝐷)] with center at the point

𝑓(𝑎) lies entirely in the domain Δ.

We shall give, for the planar case, some sufficient conditions for the fulfillment
of relations (2).

a) Let the domain 𝐷 be simply connected, and suppose that on the bound-
aries of the domains 𝐷 and Δ three distinct prime ends 𝑒𝑖 and 𝑒∗

𝑖 are fixed,
with 𝑓(𝑒𝑖) = 𝑒∗

𝑖 for each 𝑓 ∈ {𝑓}. Let 𝑎 be a certain principal point of the
prime end 𝑒1. Suppose that there exists a domain 𝑈1 ⊂ 𝐷, into which the
prime end 𝑒1 enters, and a neighborhood 𝑈2 of the point 𝑎 in 𝐸2, such
that for all 𝑓 ∈ {𝑓} the inequality

𝐼(𝑓, 𝑈3, 𝐹 ) = ∫
𝑈3

𝐹 (𝑥, 𝑓, 𝑑𝑓
𝑑𝑥) 𝑑𝑥 ⩽ 𝐾 < ∞, (4)

holds, where 𝑈3 = 𝑈1 ∩ 𝑈2, 𝐹(𝑥, 𝑦, 𝑍) ⩾ ℎ2(𝑦)‖𝑍‖2, and ℎ(𝑦) is a continuous
function in 𝐸2 generating a metric 𝜌ℎ topologically equivalent to the spherical
metric. Suppose that an inequality analogous to (4) is also satisfied for the
prime end 𝑒2. Then there exists a continuum 𝐻 for which the inequalities (2)
are satisfied.

b) Suppose that on the boundaries of the domains 𝐷 and Δ three distinct
prime ends 𝑒𝑖 and 𝑒∗

𝑖 (𝑖 = 1, 2, 3) are fixed, and that an open arc of prime
ends 𝑒1𝑒2, not containing 𝑒3, is carried under each mapping 𝑓 ∈ {𝑓} into
the arc of prime ends 𝑒∗

1𝑒∗
2, not containing the prime end 𝑒∗

3. Suppose
that 𝑓(𝑒3) = 𝑒∗

3 for all 𝑓 ∈ {𝑓}. Let there be in the domain 𝐷 a curve
𝐿 ∶ 𝑥 = 𝜋(𝑡) (0 < 𝑡 < 1). Put 𝐸𝜀 = [𝜀, 1 − 𝜀] (0 < 𝜀 < 1/2). Suppose
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that 𝑓(𝜋(𝑡)) tends uniformly with respect to 𝑓 ∈ {𝑓} to 𝑒∗
3 as 𝑡 → 1, and

that 𝑓(𝜋(𝑡)) tends uniformly with respect to 𝑓 ∈ {𝑓} to the arc of prime
ends 𝑒∗

1𝑒∗
2 as 𝑡 → 0. Then, for sufficiently small 𝜀, the continuum 𝜋(𝐸𝜀)

will satisfy the inequalities (2).

3. Theorem 2. Let there be given a family {𝑓} of quasiconformal mappings,
each of which is a homeomorphism of the domain 𝐷 ⊂ 𝐸2 onto the strip
Δ = {𝑦 ∶ 0 < 𝑦2 < 𝛿}. Suppose that on the boundaries of the domains 𝐷
and Δ three distinct prime ends 𝑒𝑖 and 𝑒∗

𝑖 (𝑖 = 1, 2, 3) are fixed, the bodies
of the prime ends 𝑒∗

1 and 𝑒∗
2 being ∞, and the body of the prime end 𝑒∗

3
being a certain point 𝑎 ∈ 𝜕Δ. Suppose that 𝑓(𝑒𝑖) = 𝑒∗

𝑖 (𝑖 = 1, 2, 3) for all
𝑓 ∈ {𝑓}. Suppose that for all 𝑓 ∈ {𝑓} the inequality

𝐼(𝑓−1, Δ, Φ) ⩽ 𝐾,

is satisfied, where Φ(𝑦, 𝑥, 𝑍) = ℎ2(𝑥)‖𝑍‖2, and ℎ(𝑥) is a continuous positive
function in the domain 𝐷, and moreover such that in certain subdomains 𝑔𝑖
(𝑖 = 1, 2, 3) of 𝐷, into each of which one prime end 𝑒𝑖 (𝑖 = 1, 2, 3) enters, this
function generates a metric 𝜌ℎ topologically equivalent to the spherical metric.
Consider a domain 𝐺 ⊂ 𝐷 having the property that the set 𝐷 ∖ 𝐺 consists of
two subdomains, with the prime end 𝑒1 entering one of them and 𝑒2 the other,
while the prime end 𝑒3 enters the domain 𝐺. Then

sup
𝑥∈𝐺

|𝑓(𝑥) − 𝑎| ⩽ 𝛿 exp [2𝜋𝐾𝛽−2(𝐺)] . (5)

Here 𝛽(𝐹) = inf 𝑑ℎ(𝑙), and the infimum is taken over all curves 𝑙 ⊂ 𝐷 such that
𝑙 separates 𝑒3 from 𝑒1 or from 𝑒2, and the set 𝑙 ∩ 𝐺 is nonempty.

Let us note that, when the hypotheses of this theorem are satisfied, 𝛽(𝐺) > 0,
and inequality (5) gives a nontrivial estimate for the order of growth up to the
boundary for the family of mappings {𝑓}.

4. Theorem 3. Suppose that 𝑦 = 𝑓(𝑥) is a homeomorphic mapping of a
simply connected domain 𝐷 ⊂ 𝐸2 onto a domain Δ. Let the boundary of
the domain Δ contain a rectilinear segment 𝛾∗ (finite or infinite), lying on
a certain line 𝑙 parallel to the axis 𝑂𝑦1, and let the domain Δ lie on one
side of the line 𝑙. Let some arc of prime ends 𝛾

of the domain 𝐷 under the mapping 𝑦 = 𝑓(𝑥) passes into 𝛾∗, and let the integral
be bounded

∫
𝐷

|∇𝑓2|2 𝑑𝑥 ⩽ 𝐾,

where the derivatives are understood in the sense of S. L. Sobolev. Consider a
family {𝑆𝑟} of concentric circles 𝑆𝑟 of radii 𝑟 such that the set 𝑆′

𝑟 = 𝑆𝑟 ∩ 𝐷 is
nonempty for 𝑟 ∈ (0, 𝑟2). Let a component 𝐾𝑟 be chosen from each set 𝑆′

𝑟, in
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such a way that the ends of the arc 𝐾𝑟 lie on the arc 𝛾, and the family {𝐾𝑟}
determines some prime end 𝑒 ∈ 𝛾∗. Denote by

𝛼(𝑟) = sup
𝑦∈𝑓(𝐾𝑟)

𝜌(𝑦, 𝛾∗)

the deviation of the set 𝑓(𝐾𝑟) from the set 𝛾∗, and suppose that 𝛼(𝑟) is a
measurable function.

Then the inequality

∫
𝑟2

𝑟1

𝛼2(𝑟)
𝑟 𝑑𝑟 ⩽ 2𝜋𝐾. (6)

holds.

5. Theorem 4. Let 𝑦 = 𝑓(𝑥) be a homeomorphic mapping of a simply
connected domain 𝐷 ⊂ 𝐸2 onto a domain Δ lying in the strip 𝐺 = {𝑦 ∶ 𝛿1 <
𝑦2 < 𝛿2} (𝛿𝑖 = const). Let two prime ends 𝑒1 and 𝑒2, dividing the boundary
of the domain 𝐷 into two open arcs of prime ends 𝛾1 and 𝛾2, be taken on the
boundary of the domain 𝐷. Denote 𝛾∗

𝑖 = {𝑦 ∶ 𝑦2 = 𝛿𝑖} (𝑖 = 1, 2), and suppose
that for every prime end 𝑒 ∈ 𝛾𝑖, 𝜌(𝑓(𝑥), 𝛾∗

𝑖 ) → 0 as 𝑥 → 𝑒. Let the integral

∫
𝑔

1
(1 + |𝑓|2)2 |∇𝑓1|2 𝑑𝑥, (7)

be bounded, where 𝑔 is some subdomain of 𝐷, into which the prime end 𝑒1
enters, and 𝑞 = 𝜕𝑔 ∖ 𝜕𝐷 is a section of the domain 𝐷. Denote

𝐺−𝛿 = {𝑦 ∈ 𝐺 ∶ 𝑦2 ⩽ −𝛿}, 𝐺𝛿 = {𝑦 ∈ 𝐺 ∶ 𝑦2 ⩾ 𝛿}, 𝑅𝛿 = {𝑦 ∈ 𝐺 ∶ 𝑦1 = 𝛿}.

Then two cases are possible: 1) there exists a number 𝐸 > 0 such that either
𝐺−𝐸 ⊂ Δ, or 𝐺𝐸 ⊂ Δ; 2) there exists a number 𝐸 such that either 𝐺−𝐸 ⊂ 𝐺∖Δ
and 𝑅−𝐸 ⊂ 𝜕Δ, or 𝐺𝐸 ⊂ 𝐺 ∖ Δ and 𝑅𝐸 ⊂ 𝜕Δ.

Suppose now that, instead of boundedness of the integral (7), boundedness of
the integral

∫
𝑔

1
(1 + |𝑓|2)2 |∇𝑓2|2 𝑑𝑥

holds.

Denote by 𝐺1 the component of the set 𝐺 ∖ 𝑓(𝑞) containing the set 𝑓(𝑔). Then
the set 𝑓(𝑔) may be obtained from the set 𝐺1 by making a finite or countable
number of cuts in 𝐺1, going from infinity parallel to the axis 𝑂𝑦1.

Remark. For a conformal mapping 𝑦 = 𝑓(𝑥), under the hypotheses of Theorem
4 the domain Δ will always coincide with the strip 𝐺. The following example
shows that case 2) in Theorem 4 can actually occur. Let

𝐷 = {𝑥 ∈ 𝐸2 ∶ 0 < 𝑥2 < 1}, Δ = {𝑦 ∈ 𝐸2 ∶ 0 < 𝑦1, 0 < 𝑦2 < 1},

𝑦1 = 𝑓1(𝑥) ≡ 𝑒𝑥1 , 𝑦2 = 𝑓2(𝑥) ≡ 𝑥2.
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In this case all the hypotheses of Theorem 4 are fulfilled, and the integral (7) is
bounded for 𝑔 = 𝐷−𝐸, 𝐸 = 1.
Theorem 5. Suppose that 𝑦 = 𝑓(𝑥) is a homeomorphic mapping of a simply
connected domain 𝐷 ⊂ 𝐸2 onto a domain Δ. Let {𝑆𝑟} be a family of concentric
circles such that the set 𝑆′

𝑟 = 𝑆𝑟 ∩ 𝐷 is not

* A family of sections {𝑞𝜏}, 𝜏 ∈ (𝜏1, 𝜏2), determines a prime end 𝑒 of the domain
𝐷 if, for every sequence of numbers {𝜏 (𝑛)} (𝑛 = 1, 2, …), strictly monotonically
converging to 𝜏𝑖 (𝑖 = 1 or 𝑖 = 2), the sequence of sections {𝑞𝜏(𝑛)} determines the
prime end 𝑒.
empty for 𝑟 ∈ (𝜏1, 𝜏2), with 𝜏1 = 0 if 𝜏2 ≠ +∞. Suppose that {𝐾𝑟} is a family of
sections defining some simple end 𝑒 of the domain 𝐷, where 𝐾𝑟 is a component
of the set 𝑆′

𝑟. Let the function 𝑑(𝑓(𝐾𝑟)) be a measurable function of the variable
𝑟, and let the set 𝐷1 = ⋃ 𝐾𝑟 be measurable. Let the integral 𝐼(𝑓, 𝐷, 𝐹) be finite,
where

𝐹(𝑥, 𝑦, 𝑍) = 𝑢2(𝑥) (1 + |𝑦|2)−2‖𝑍‖2,
𝑢(𝑥) is a continuous positive function in 𝐷 such that 𝑢(𝑥) → 0 as 𝑥 → 𝑒,
inf

𝑥∈𝑔/𝑔1
𝑢(𝑥) > 0, where 𝑔 is some subdomain into which the simple end 𝑒 enters,

and 𝑔1 ⊂ 𝑔 is any subdomain into which the simple end 𝑒 enters.

Then for every segment [𝑟1, 𝑟2] ⊂ (𝜏1, 𝜏2) there exists an ̄𝑟 ∈ [𝑟1, 𝑟2] such that

𝑑𝜌(𝑓(𝐾 ̄𝑟)) ≤ [2𝜋𝜘(𝑟1, 𝑟2)𝐼(𝑓, 𝐷1, 𝐹 )]1/2 ln−1/2 𝑟2/𝑟1, (8)

where
𝜘(𝑟1, 𝑟2) = sup

[𝑟1,𝑟2]
𝛽(𝑟)/ inf

𝑥∈𝐷1
𝑢2(𝑥),

𝛽(𝑟) = 𝑙(𝐾𝑟)/𝜋𝑟, and 𝑙(𝐾𝑟) is the length of the arc 𝐾𝑟.

Remark. Inequality (8) makes it possible to draw conclusions about the be-
havior of the mapping 𝑦 = 𝑓(𝑥) in a neighborhood of the simple end 𝑒, when
this neighborhood has the form of a “zero angle,”whose “vertex”is the body
of the simple end 𝑒.
Example. Suppose that for the mapping 𝑦 = 𝑓(𝑥) the conditions of Theorem
5 are satisfied; let 𝑢(𝑥) = 𝑥𝛼

2 , −1 ≤ 𝛼 < 0, and let the domain 𝐷 lie in the
upper half-plane. Suppose that the simple end 𝑒 has ∞ as its body and that
there exists a subdomain 𝑔, into which the simple end 𝑒 enters, such that 𝑔 is
contained between two parallel straight lines. Then, using inequality (8), one
can show that under the mapping 𝑦 = 𝑓(𝑥) the simple end 𝑒 passes into some
simple end 𝑒∗ of the domain Δ.
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