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MATHEMATICS

A. G. ZARUBIN

ON A CLASS OF NONLINEAR OPERATOR
EQUATIONS
(Presented by Academician A. Yu. Ishlinskii on 14 V 1968)

This paper establishes a number of theorems on the existence of solutions of
nonlinear operator equations for which an energy inequality is valid. Stationary
and nonstationary equations with nonlinearities of this type were studied in
works (1–3). In them the existence of generalized solutions of the corresponding
problems was established. The use of multiplicative inequalities (see (4)) makes
it possible to prove the existence of strong, and sometimes arbitrarily smooth,
solutions. The abstract theorems are illustrated by examples of boundary-value
problems for partial differential equations and, in particular, by problems on
the strong bending of thin plates.

1. Let three Banach spaces 𝐸0, 𝐸1, 𝐸2 be given, satisfying the condition 𝐸0 ⊆
𝐸1 ⊆ 𝐸2, where the sign ⊆ denotes embedding (5). We shall say that the
norms of the spaces 𝐸0, 𝐸1, 𝐸2 satisfy a multiplicative inequality if

‖𝑢‖𝐸1
≤ 𝑐‖𝑢‖𝜏

𝐸0
‖𝑢‖1−𝜏

𝐸2
(0 < 𝜏 < 1, 𝑐 > 0) (1)

for every 𝑢 ∈ 𝐸0.

Consider two scales of Banach spaces {𝐸𝛼}, {𝐹𝛼} (𝛼 ∈ [𝛼0, 𝛽0]) (see (5)). We
shall consider an operator equation of the form

𝐴𝑢 + 𝐾𝑢 = ℎ (2)

in these scales. Here 𝐴 is a linear operator defined on 𝐸𝛼 with range in 𝐹𝛼
(𝛼 ∈ [𝛼0, 𝛽0]), 𝐾 is a nonlinear operator, and ℎ is a given element belonging to
𝐹𝛼. By a solution of equation (2) we shall mean an element 𝑢 ∈ 𝐸𝛼 satisfying
the given equation.

Let there exist a Banach space 𝐸0 such that 𝐸𝛼0
⊆ 𝐸0. Suppose that for each

pair 𝐸0, 𝐸𝛼 (𝛼 ∈ [𝛼0, 𝛽0]) there exists a finite number of Banach spaces 𝐸𝛼
0𝑖

(𝑖 = 1, 2, … , 𝑁0) such that 𝐸𝛼 ⊆ 𝐸𝛼
0𝑖 ⊆ 𝐸0 (𝑖 = 1, 2, … , 𝑁0), and each triple

satisfies a multiplicative inequality with exponent 𝜏𝛼𝑖.
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Theorem 1. Suppose the following conditions are fulfilled:

a) The operator 𝐴 is linear and bounded, mapping 𝐸𝛼 onto 𝐹𝛼 (𝛼 ∈ [𝛼0, 𝛽0]),
and satisfies the condition

‖𝐴𝑢‖𝐹𝛼
≥ 𝑐1𝛼‖𝑢‖𝐸𝛼

(∀𝑢 ∈ 𝐸𝛼, 𝑐1𝛼 > 0). (3)

b) The nonlinear operator 𝐾, mapping 𝐸𝛼 into 𝐹𝛼, is completely continuous,
and the inequality

‖𝐾𝑢‖𝐹𝛼
≤

𝑁
∑
𝑘=1

𝑁0

∏
𝑖=1

𝑑𝑘𝑖𝛼‖𝑢‖𝑟𝑘𝑖𝛼
𝐸𝛼

0𝑖
‖𝑢‖𝑠𝑘𝑖𝛼

𝐸0
, (4)

holds, where 𝑠𝑘𝑖𝛼 are arbitrary nonnegative numbers, while 𝑟𝑘𝑖𝛼 satisfy the con-
dition

𝑁0

∑
𝑖=0

𝑟𝑘𝑖𝛼𝜏𝛼𝑖 < 1 (5)

for every 𝑘 = 1, 2, … , 𝑁 and 𝛼 ∈ [𝛼0, 𝛽0].
c) The operator 𝐴 + 𝐾 is such that for every 𝑢 ∈ 𝐸𝛼 the relation

‖𝑢‖𝐸0
≤ 𝑐2𝛼‖(𝐴 + 𝜆𝐾)𝑢‖𝐹𝛼

(𝛼 ∈ [𝛼0, 𝛽0], 𝜆 ∈ [0, 1]). (6)

holds.

Then for any function ℎ ∈ 𝐹𝛼 (𝛼 ∈ [𝛼0, 𝛽0]) there exists at least one solution of
equation (2) belonging to 𝐸𝛼.

The proof is carried out with the aid of the Leray—Schauder principle (6) and
multiplicative inequalities of type (1).

Let the space 𝐸0 be embedded in a Hilbert space, and suppose that for arbitrary
𝜑 ∈ 𝐹𝛼, 𝑢 ∈ 𝐸𝛼 (𝛼 ∈ [𝛼0, 𝛽0]) one has

|(𝜑, 𝑢)𝐻 | ≤ 𝑐3𝛼‖𝜑‖𝐹𝛼
‖𝑢‖𝐸0

, (𝑐3𝛼 > 0). (7)

Theorem 2. Suppose that conditions a), b) of Theorem 1 are satisfied. The
operator 𝐴 + 𝐾 is such that

((𝐴 + 𝜆𝐾)𝑢, 𝑢)𝐻 ≥ 𝑐4𝛼‖𝑢‖2
𝐸0

, (𝑢 ∈ 𝐸𝛼, 𝑐4𝛼 > 0). (8)

Then for any element ℎ ∈ 𝐹𝛼 there exists at least one solution of equation (2)
belonging to 𝐸𝛼.
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2. Consider the problem

𝐿𝑢 + 𝑃𝑢 = 𝑓(𝑥) in Ω, 𝐵𝑗𝑢 = 0 on Γ (𝑗 = 1, 2, … , 𝑚), (9)

where 𝐿 is a properly elliptic operator of order 2𝑚; the boundary condi-
tions 𝐵𝑗 cover the operator 𝐿 (see (7)); the order of the boundary operators
does not exceed 2𝑚 − 1; 𝑃𝑢 = 𝑃(𝑢, 𝐷𝑢, … , 𝐷2𝑚−1𝑢).

Assume that the linear problem is uniquely solvable for any function 𝑓(𝑥) ∈
𝐿𝑝(Ω). The totality of functions 𝑢(𝑥) ∈ 𝑊 2𝑚

𝑝 (Ω) satisfying the boundary con-
ditions forms a closed subspace in 𝑊 2𝑚

𝑝 (Ω), which we denote by 𝑊 2𝑚
𝑝 (Ω, 𝐵),

where 𝑊 2𝑚
𝑝 (Ω) is the Sobolev space (8); the boundary Γ of the domain Ω is

sufficiently smooth.

Theorem 3. Suppose that in a two-dimensional domain Ω the following condi-
tions are satisfied:

𝛼) The operator 𝑃 is completely continuous as an operator acting from
𝑊 2𝑚

𝑝 (Ω, 𝐵) into 𝐿𝑝(Ω), and

‖𝑃𝑢‖𝐿𝑝
≤

𝑁
∑
𝑘=1

𝑑𝑘 ∥
2𝑚−1
∏
𝑗=0

|𝐷𝑗𝑢|𝑠𝑗𝑘∥
𝐿𝑝

, (10)

where 𝑠𝑗𝑘 are arbitrary nonnegative numbers for 𝑗 = 0, 1, … , 𝑚 − 1 and any 𝑘,
while the remaining exponents are nonnegative and satisfy the condition: for
𝑠𝑚𝑘 > 1/2𝑝 and any 𝑘
2𝑚−2𝑗
∑

𝑗=𝑚+1
( 𝑗

2𝑚 + 1
𝑝𝑚) 𝑠𝑗𝑘+(𝑠𝑚𝑘 − 1

2𝑝) (1
2 + 1

𝑝𝑚)+𝑠2𝑚−1,𝑘 (2𝑚 − 1
2𝑚 + 2𝑠2𝑚−1,𝑘 − 1

2𝑚𝑝 𝑠2𝑚−1,𝑘
) < 1,

for 𝑠𝑚𝑘 ≤ 1/2𝑝 and any 𝑘
2𝑚−2
∑

𝑗=𝑚+1
( 𝑗

2𝑚 + 1
𝑝𝑚) 𝑠𝑗𝑘 + 𝑠2𝑚−1,𝑘 (2𝑚 − 1

2𝑚 + 2𝑠2𝑚−1,𝑘 − 1
2𝑚𝑝 𝑠2𝑚−1,𝑘

) < 1.

𝛽) The operator 𝐿 + 𝑃 is such that

((𝐿𝑢 + 𝜆𝑃𝑢), 𝑢)𝐿2
≥ 𝑐5‖𝑢‖2

𝑊 𝑚
2

(𝑢 ∈ 𝑊 2𝑚
𝑝 (Ω, 𝐵), 𝜆 ∈ [0, 1]).

Then for any function 𝑓(𝑥) ∈ 𝐿𝑝(Ω) (𝑝 > 1) there exists at least one solution
belonging to 𝑊 2𝑚

𝑝 (Ω, 𝐵).
In the proof we use Theorem 2. We have 𝐸𝛼 = 𝑊 2𝑚

𝑝 (Ω, 𝐵), 𝐹𝛼 = 𝐿𝑝(Ω),
𝐸0 = 𝑊 𝑚

2 (Ω) (𝛼 = 1/𝑝), 𝐸𝛼
0𝑖 = 𝐶𝑖(Ω ∪ Γ) (𝑖 = 𝑚 + 1, …

⋯, 2𝑚 − 2), 𝐸𝛼
02𝑚−1 = 𝑊 2𝑚−1

2𝑝𝑠2𝑚−1,𝑘
(Ω). Using the embedding theorems and

Hölder’s inequality, we obtain, for example, for 𝑠𝑚𝑘 > 1/2𝑝,
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∥
2𝑚−1
∑
𝑗=0

|𝐷𝑗𝑢|𝑠𝑗𝑘∥
𝐿𝑝

≤
2𝑚−2
∑

𝑗=𝑚+1
𝑑𝑘𝑗‖𝑢‖𝑟𝑘

𝑊 𝑚
2

‖𝑢‖𝑠𝑗𝑘
𝐶𝑗 ‖𝑢‖(𝑠𝑚𝑘−1)𝑝

𝐶𝑚 ‖𝑢‖𝑠2𝑚−1,𝑘
𝑊 2𝑚−1

2𝑝𝑠2𝑚−1,𝑘
,

where

𝑟𝑘 =
𝑚−1
∑
𝑗=0

𝑠𝑗𝑘 + 1/2𝑝, 𝑘 = 1, 2, … , 𝑁;

hence, by virtue of the multiplicative inequalities (4) and the assumptions of
this theorem, we obtain the proof.

Let the operator 𝑃𝑢 have the form

|𝑃𝑢| ≤
2𝑚−1
∑
𝑘=𝑚

∑
|𝛿|=𝑘

∣𝑉𝛿(𝑢, 𝐷𝑢, … , 𝐷𝑚−1𝑢)∣ |𝐷𝛿𝑢|𝑠𝛿 . (11)

Theorem 4. Suppose that condition 𝛽) of Theorem 3 is satisfied,

∣𝑉𝛿(𝑢, 𝐷𝑢, … , 𝐷𝑚−1𝑢)∣ ≤
𝑚−1
∏
𝑗=0

𝑑𝑗𝛿|𝐷𝑗𝑢|𝑟𝑗𝛿 (𝑟𝑗𝛿 ≥ 0), (12)

where the 𝑟𝑗𝛿 are arbitrary, and 𝑠𝛿 ≥ 0 satisfy the inequalities:

for 𝑠𝑚 > 1/𝑝

(𝑠𝑚 − 1
𝑝) (1

2 + 1
𝑝𝑚) < 1, 𝑠𝛿 ( 𝛿

2𝑚 + 𝑠𝛿 − 1
𝑚𝑝𝑠𝛿

) < 1, 𝛿 = 𝑚 + 1, … , 2𝑚 − 1,

for 𝑠𝑚 ≤ 1/𝑝

𝑠𝛿 ( 𝛿
2𝑚 + 𝑠𝛿 − 1

𝑚𝑝𝑠𝛿
) < 1, 𝛿 = 𝑚 + 1, … , 2𝑚 − 1.

Then for every 𝑓(𝑥) ∈ 𝐿𝑝(Ω) (𝑝 > 1) there exists at least one solution belonging
to 𝑊 2𝑚

𝑝 (Ω, 𝐵).
Consider the three-dimensional case, when 𝑃𝑢 is given by (11). For simplicity
we assume that 𝑚 ≥ 2; then we have

Theorem 5. Suppose that condition 𝛽) of Theorem 3 is satisfied and inequality
(12) holds. Then, if the following inequalities are satisfied: 𝑟𝑗𝛿 arbitrary for
𝑗 = 0, 1, … , 𝑚 − 2 and for any 𝛿,
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if 𝑟𝑚−1𝛿 > 1/𝑝, then for 𝛿 = 𝑚, … , 2𝑚 − 1

(𝑟𝑚−1𝛿 − 1
𝑝) ( 2𝑚𝑝 − 𝑝

4𝑚𝑝 + 𝑝 − 6) + 𝑠𝛿 ( 𝛿
2𝑚 + 3

2𝑚𝑝 (1 − 5
6𝑠𝛿

)) < 1,

if 𝑟𝑚−1𝛿 ≤ 1/𝑝, then for 𝛿 = 𝑚, … , 2𝑚 − 1

𝑠𝛿 ( 𝛿
2𝑚 + 3

2𝑚𝑝 (1 − 5
6𝑠𝛿

)) < 1,

then for every function 𝑓(𝑥) ∈ 𝐿𝑝(Ω) (𝑝 > 1) there exists at least one solution
of problem (9), belonging to the space 𝑊 2𝑚

𝑝 (Ω, 𝐵).
For 𝑚 = 1 the conditions on 𝑟𝑗𝛿 and 𝑠𝛿 are more cumbersome than in the
preceding theorem; in particular, if 𝑟0𝛿 = 1, 𝑠𝛿 = 1, then for every function
𝑓(𝑥) ∈ 𝐿𝑝(Ω) (𝑝 ≥ 6/5) there exists at least one solution of problem (9), be-
longing to 𝑊 2𝑚

𝑝 (Ω, 𝐵).
3. Let us consider an application of Theorem 1 to problems of the theory

of thin plates. The basic equations in the case of variable thickness and
rigidity are described by the system (9):

𝐴𝐷𝜔 = 𝐿(𝜔, 𝐹) + 𝑞, 𝐴1/ℎ𝐹 = 1
2𝐸𝐿(𝜔, 𝜔),

where

𝐿(𝐹 , 𝜔) = 𝜕2𝐹
𝜕𝑥2

𝜕2𝜔
𝜕𝑥2 − 2 𝜕2𝐹

𝜕𝑥𝜕𝑦
𝜕2𝜔

𝜕𝑥𝜕𝑦 + 𝜕2𝜔
𝜕𝑥2

𝜕2𝐹
𝜕𝑦2 . (13)

𝐴𝑚𝑢 = 𝜕2

𝜕𝑥2 (𝑚𝜕2𝑢
𝜕𝑥2 ) + 2 𝜕2

𝜕𝑥 𝜕𝑦 (𝑚 𝜕2𝑢
𝜕𝑥 𝜕𝑦 ) + 𝜕2

𝜕𝑦2 (𝑚𝜕2𝑢
𝜕𝑦2 ) +

+ 𝜇 [ 𝜕2

𝜕𝑦2 (𝑚𝜕2𝑢
𝜕𝑥2 ) − 2 𝜕2

𝜕𝑥 𝜕𝑦 (𝑚 𝜕2

𝜕𝑥 𝜕𝑦 ) + 𝜕2

𝜕𝑥2 (𝑚𝜕2𝑢
𝜕𝑦2 )] .

Depending on the nature of the fastening of the edge of the plate, we have the
boundary conditions:

𝐹∣Γ = 0, 𝜕𝐹
𝜕𝜈 ∣

Γ
= 0, 𝜔∣Γ = 0, 𝜕𝜔

𝜕𝜈 ∣
Γ

= 0, (14)

𝐹∣Γ = 𝜕𝐹
𝜕𝜈 ∣

Γ
= 0, 𝜔∣Γ = (Δ𝜔 − 1 − 𝜇

𝜌
𝜕𝜔
𝜕𝜈 ) ∣

Γ
= 0, (15)
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𝐹∣Γ = 𝜕𝐹
𝜕𝜈 ∣

Γ
= 0, 𝜔∣Γ = [Δ𝜔 − (1 − 𝜇

𝜌 − 𝑘) 𝜕𝜔
𝜕𝜈 ] ∣

Γ
= 0, (16)

𝑘 > 0, 𝜈 is the outward normal; for the boundary conditions (15) and (16) we
assume that the stiffness on the boundary is constant and minimal.

Theorem 6. Let 𝑞(𝑥, 𝑦) ∈ 𝑊 𝑟
𝑝 (Ω), 𝐷(𝑥, 𝑦), ℎ(𝑥, 𝑦) ∈ 𝐶2+𝑟(Ω ∪ Γ); then there

exists at least one solution of each stated problem, belonging to the space
𝑊 4+𝑟

𝑝 (Ω) × 𝑊 4+𝑟
𝑝 (Ω).

Theorem 6 is a generalization of the results of the works (10,11). An analogous
theorem is valid for anisotropic plates under the boundary condition (14).

In conclusion, the author considers it his duty to express gratitude to S. G.
Krein, under whose supervision this work was carried out.

Voronezh State University

Received
25 IV 1968
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