Soviet-era science, translated into English

ON A CLASS OF
NONLINEAR
OPERATOR
EQUATIONS

MATHEMATICS
1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196901.99727

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196901.99727

Abstract

Full Text

UDC 517.944+4-539.3
MATHEMATICS
A. G. ZARUBIN

ON A CLASS OF NONLINEAR OPERATOR
EQUATIONS

(Presented by Academician A. Yu. Ishlinskii on 14 V 1968)

This paper establishes a number of theorems on the existence of solutions of
nonlinear operator equations for which an energy inequality is valid. Stationary
and nonstationary equations with nonlinearities of this type were studied in
works (1-2). In them the existence of generalized solutions of the corresponding
problems was established. The use of multiplicative inequalities (see (*)) makes
it possible to prove the existence of strong, and sometimes arbitrarily smooth,
solutions. The abstract theorems are illustrated by examples of boundary-value
problems for partial differential equations and, in particular, by problems on
the strong bending of thin plates.

1. Let three Banach spaces E, E, E5 be given, satisfying the condition E, C
E, C E,, where the sign C denotes embedding (°). We shall say that the
norms of the spaces E, E,, E, satisfy a multiplicative inequality if

lulg, < clulglulz™ (0<7<1, ¢>0) (1)

for every u € E,,.

Consider two scales of Banach spaces {E,}, {F,} (« € [ag, 30]) (see (°)). We
shall consider an operator equation of the form

Au+ Ku=h (2)

in these scales. Here A is a linear operator defined on E, with range in F,
(o € [ag, By]), K is a nonlinear operator, and h is a given element belonging to
F,. By a solution of equation (2) we shall mean an element u € E, satisfying
the given equation.

Let there exist a Banach space Ej, such that E, C E,. Suppose that for each
pair By, E, (o € [, By]) there exists a finite number of Banach spaces E;
(¢ =1,2,...,Ny) such that £, C Ef; C E, (i = 1,2,...,Ny), and each triple
satisfies a multiplicative inequality with exponent 7,,.
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Theorem 1. Suppose the following conditions are fulfilled:

a) The operator A is linear and bounded, mapping E,, onto F,, (a € [ay, Bo]),
and satisfies the condition

[Aulg, = crallulp, (Vue By, ciq >0). 3)

b) The nonlinear operator K, mapping E,, into F,,, is completely continuous,

’
and the inequality

N No
1Kulr, <3 T dusalule luliee, (4)
k=1 1i=1

holds, where s, are arbitrary nonnegative numbers, while ry;, satisfy the con-
dition

Ny

iaTai
Zrk’a ; <1 (5)
=0

for every k =1,2,...,N and o € [ay, Bo]-
¢) The operator A + K is such that for every u € E,, the relation

lulg, < canll(A+AK)ulg, (o€ [ag, Bol, A €0,1]). (6)

holds.

Then for any function h € F,, (a € [oy, 5y]) there exists at least one solution of
equation (2) belonging to E,,.

The proof is carried out with the aid of the Leray—Schauder principle (°) and
multiplicative inequalities of type (1).

Let the space £, be embedded in a Hilbert space, and suppose that for arbitrary
peF, ,uekE, (aclng By one has

(W) | < ezallele, luls,, (3o >0)- (7)

Theorem 2. Suppose that conditions a), b) of Theorem 1 are satisfied. The
operator A + K is such that

(A+AK)u,u) g > eqollulfy),  (u€ B,y cyo >0). (8)

Then for any element h € F,, there exists at least one solution of equation (2)
belonging to F,.
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2. Consider the problem
Lu+ Pu = f(x) in Q, Bju=0onT (j=12,..,m), (9)

where L is a properly elliptic operator of order 2m; the boundary condi-
tions B; cover the operator L (see (7)); the order of the boundary operators
does not exceed 2m — 1; Pu = P(u, Du, ..., D> 1u).

Assume that the linear problem is uniquely solvable for any function f(z) €
. . 2m e

L,(Q). The totality of functions u(z) € W;™(€2) satisfying the boundary con-

ditions forms a closed subspace in W2™ (), which we denote by W2™(Q, B),

where W2 (Q) is the Sobolev space (®); the boundary T' of the domain € is

sufficiently smooth.

Theorem 3. Suppose that in a two-dimensional domain 2 the following condi-
tions are satisfied:

«) The operator P is completely continuous as an operator acting from
W2™(Q, B) into L,(£2), and

N 2m-1
||PU||LP < de H | D7ul ) (10)
k=1 3=0 I
D
where s, are arbitrary nonnegative numbers for j = 0,1,...,m — 1 and any £,

while the remaining exponents are nonnegative and satisfy the condition: for
Sk > 1/2p and any k

2m—2j

j 1) ( 1)(1 1) Im—1 289, 1p—1
ST I —— ) (z+—= ’ <1,
Z (2m * pm S\ S 2p) \2 * pm TE2m—1 2m + 2Mp Sou 1

J=m+1

for s,,, < 1/2p and any k

2m—2

i 1 om—1 289, 11— 1
Z (L + 7) 'Sjk + Som—1.k ( mn + 2m—1,k ) < 1.
et 2m  pm ’ 2m 2mp Sopm_1

B) The operator L + P is such that

(Lu +APu),u)p, > eslulfyy  (w€ Wp™(Q, B), A€ [0,1)).

Then for any function f(z) € L,(Q2) (p > 1) there exists at least one solution
belonging to W™ (%, B).

In the proof we use Theorem 2. We have E, = W2™(Q,B), F, = L,(Q),
Ey =W Q) (a=1/p), E, = CYQUT) (i=m+1,...

e 2m = 2), ES, = W3iml - (Q). Using the embedding theorems and

2pSom—1,k
Holder” s inequality, we obtain, for example, for s,,,. > 1/2p,
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2m—1 2m—2 1

. S — S —
Sl < Y digluliy bl g g
7=0 j=m+1 reameL

LP

where

m—1
re= Y sy +1/2p, k=12 N;
j=0

hence, by virtue of the multiplicative inequalities (4) and the assumptions of
this theorem, we obtain the proof.

Let the operator Pu have the form
2m—1
|Pul < > > |Vs(u, Du, ..., D™ tu)| [Doul*. (11)

k=m |§|=k

Theorem 4. Suppose that condition 3) of Theorem 3 is satisfied,
m—1 )
Vs(u, Du, ..., D" )| < T djs| Diul™ss  (rj5 > 0), (12)
3=0

where the r;5 are arbitrary, and s; > 0 satisfy the inequalities:

for s,, > 1/p

1\ /1 1 5 1
<Sm_,> <7+—><1, s [ — + 20 <1, d=m+1,...2m—1,
p/ \2 pm 2m  mps;

for s, <1/p

0 —1
55(+55 ><1, S=m+1,...,2m—1.
2m  mpss

Then for every f(z) € L,(Q) (p > 1) there exists at least one solution belonging
to W2 (9, B).

Consider the three-dimensional case, when Pu is given by (11). For simplicity
we assume that m > 2; then we have

Theorem 5. Suppose that condition ) of Theorem 3 is satisfied and inequality
(12) holds. Then, if the following inequalities are satisfied: 7,5 arbitrary for
j=0,1,...,m —2 and for any 9,
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ifr,,_1s > 1/p, then for § =m,...,2m —1

1 2mp — p ) ) 3 5
o) (EmPTh 22 (-2 1
(T"hw p) (4mp+p—6 + s <2m + 2mp 654 <5

if r, 15 <1/p, then for 6 =m,...,2m —1

AR N A
S\2m " 2mp 6ss ’
then for every function f(z) € L,(Q) (p > 1) there exists at least one solution

of problem (9), belonging to the space ng(Q, B).

For m = 1 the conditions on r;5 and s; are more cumbersome than in the
preceding theorem; in particular, if ro5 = 1, s; = 1, then for every function
f(z) € L,(Q) (p > 6/5) there exists at least one solution of problem (9), be-
longing to W2 (Q, B).

3. Let us consider an application of Theorem 1 to problems of the theory
of thin plates. The basic equations in the case of variable thickness and
rigidity are described by the system (9):

1
ADw:L(w7F>+Qa Al/hF: iEL(waw)a
where

CERy_,PF O PudE
0x? Ox? Oxdy O0xdy  Oz2 Oy?~

hm () 12 (Y (B
m Ox? Ox? Oz Oy Oz Oy 0y? Oy

PR chie 1)

Oy? Ox2 Ox Oy Ox Oy Ox2 oy? )|’

Depending on the nature of the fastening of the edge of the plate, we have the
boundary conditions:

L(F,w) =

oF ow

F|. =0, BZF:Q w|, =0, EZF:Q (14)
oF 1—p 0w

b= =0 = (o) =0 )
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oF 1— 0
Vip P Vap
k > 0, v is the outward normal; for the boundary conditions (15) and (16) we
assume that the stiffness on the boundary is constant and minimal.

Theorem 6. Let q(z,y) € W) (), D(z,y), h(z,y) € C*"(QUT); then there
exists at least one solution of each stated problem, belonging to the space
W;,"”(Q) X W;‘”(Q).

Theorem 6 is a generalization of the results of the works (1%11). An analogous

theorem is valid for anisotropic plates under the boundary condition (14).

In conclusion, the author considers it his duty to express gratitude to S. G.
Krein, under whose supervision this work was carried out.
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