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1. Let £(t) = &(t,w), t € R™, w € (Q,B, P), be a real homogeneous (in the
narrow sense) random field (1); R™ is m-dimensional Euclidean space; (2,5, P)
is a probability space. Let {T,.,7 € R™} be a group of shift transformations in
the space (Q',%8’, P’) of sample functions of the field £(¢,w), defined for each
@ =2z(t) € Q by the equality @™ =T70 = 2z(t + 7).

Theorem 1. If {(t) is metrically transitive with respect to {T.,7 € R™} (the
definition is analogous to (?)), is measurable (3), and its sample functions are,
with probability 1, Riemann integrable on m-dimensional cubes [0,T] x -+ x [0,T7],
then for any functional n measurable on (2,8, P") with M|n| < co

T T
lim —/ / n(&,)dr, ...dr,, = Mn
0 0

for almost all sample functions.

Corollary 1. The assertion of Theorem 1 is valid for a real Gaussian homo-
geneous random field £(t), ME(t) = 0, whose sample functions are continuous
with probability 1, and whose covariance function p(7) = ME)E(E +7) — 0 as
|7] 1 o0.

The proof of the theorem consists in verifying the fulfillment of the conditions
of Theorem VIIL.7.17 from (). Under the conditions of Corollary 1 the field
&(t) is metrically transitive; the proof is based on the methods of (?) (Chap. 7).

2. Let £(t), t € R™, be a real random field satisfying the conditions of the paper
(5), whose notation we shall adhere to below. In particular, for any fixed § > 0
and any bounded domain I' C R™,
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E5(t') = &;5(¢")

> 5} = o(h"™)

P { max
t' t"el, [t/ —t"|<h
as h ] 0, for 4,5 = 1,...,m. We shall also assume that glints of the field &(¢),

aligned with the vector (—b’, 1), are regular (°), and that the flow of such glints
is regular and has finite intensity.

Denote by nfl,”"tn (A; Ay, CO M, i =1,...,n) the subflow of the flow of regular
glints aligned with the vector (—b’,1) such that the glint at the point 7 has
height £(7) € A, the values VE(T)V/ € C°, and at the points 7 + t¢ the
values (&(1 + t1), VE(T + t%), VE(T + t9)V'), i = 1,...,n, belong to the sets
M = A, x B" x C*, where A, C R', i =0,...,n, B" (i = 1,...,n) and C*

(i = 0,...,n) are parallelepipeds in R™ and in the space G,,, of nonsingular
symmetric matrices of size m X m, respectively. Let /\i’ . (Ags coOmi, (i =

1,...,m)) be the intensity of this subflow at the point ¢.

Lemma 1. Under the conditions stated at the beginning of Sec. 2,

b 0 P o N (2) -1 . o] .
:“t,tl,...,tn(AOvC , e, z_1,...,n)—/|detv|pt,t17m7tn(v,v17... vy, b, v L vV v L V) dudoy -

»¥no

wodv, dvtedvm
{ve Ay, vel? (v,viv)emMm i=1,..,n}
(1)
Let the flow of highlights coordinated with the vector (—b’, 1) be generated by

the random set (®), whose points (7, u, b, v) correspond to highlights for which
¢, =u, V¢, =b', V¢V =v=|eyl, k,1=1,...,m,and for 7+t*, i = 1,...,n,

(C(T+ 1), V(T + 1), V(T +tH)V') € M-

In accordance with (1), the intensity of such a flow with respect to the measure
that is the direct product of Lebesgue measures in the spaces R™, R!', and
R™m+1)/2 i equal at the point ¢ to

My g oo (U, ¥, 0, 271,...,n)f/|detv|pt)t17m7tn(u,v1,...,vn,b,v e, VLV VL V)

x diry - d¥, dV e d9 AV AT
{(v;, v ,¥)) e M, i=1,...,n}.
(2)
If in (2) we put M’ = R! x R™ x G,,, then we obtain the intensity u?(u, V)
at the point ¢ of the flow of highlights coordinated with the vector (—b’; 1),

for which wu, v are, respectively, the values of the highlight height and of the
matrix of second derivatives of the field at the highlight point. On the basis of
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(1), (2), in the space of separable realizations having, at the points ¢, highlights
coordinated with the vector (—b’,1), one may define coordinated systems of
finite-dimensional probability distributions

. b 1 n A ,Co’mi’ '1::1,...,’[1
(CO’ mZ7 Z - 17 ceey n ‘ AO) = ut’t yoeest ( 0 ; )
1 (Ag)

b

Ll

b o omi
g (U, VM =1, n)

Ptb,tl,...,tn (mia i= 1; ey T | Ct = U, thV/ = V) = M?(U,V)

Moreover, by virtue of the homogeneity of the field {(¢), the index ¢ in the
expressions obtained may be omitted. The coordinated system of conditional
probabilities (4) ((3)) can be extended to a probability measure in the space of
separable realizations, determining the conditional field ¢ (t), for which ¢(0) =
u, VE(0) =b, VC(0)V/ =+ (((0) € Ay, VC(0) =b). The probability distribu-
tions corresponding to (3), (4) will be called ergodic ("), and we shall mark them
with a tilde, using this sign also to denote random variables and their moments
if the latter correspond to ergodic probability distributions. Thus, the symbol
for mathematical expectation Mb-Ao corresponds to the probability distribution
generated by (3), and M?“¥ to that generated by (4).

The characteristics of random variables determined by the field 5 (t) admit a
simple statistical interpretation.

Lemma 2. Let ((t) be a metrically transitive random field satisfying the con-
ditions of Lemma 1. Then, for A =[0,7] x --- x [0, T], with probability 1,

b 0 ani -

~ . n W(Ap; Ag, COM i=1,...,n

Ptb;AOtn (Coang Z - 1, ’n) = hm tla“wt ( T 2 )
Ttoo n(Aq, Ap)

The assertion of the lemma is a consequence of metric transitivity and formula
(3). For Gaussian fields, (2) and (4) imply the following.

Corollary 2. The ergodic distributions (4) are Gaussian.

3. Exceedances of a random field ¢, continuous with probability 1, above a
level u are the portions of a realization of the field that pass not below the
level u. The exceedance F, (Cto) above the level u, containing the fixed
point (ty, () € RmFL G, = u, of the realization is called the set of all
such points (¢,¢;), ¢, > u, of this realization that can be joined to (ty,(; )
by a continuous curve all of whose points are situated not below the level
U.
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Theorem 2. Let ((t) = ((t1,ty,w) be a metrically transitive Gaussian random
field, M((t) = 0, whose covariance function p(t) has all fourth derivatives at
zero and for |t| < hg

p(t)  9*p(0)
e — | < til, 1tal); €1,60=0,...,4, ¢ ey =4,
o i | o or Y[t [t2]) 15 €2 1 +té&

where P(t,,ty), ¥(0,0) =0, is a continuous function, nondecreasing in |t,| and
in |ty|, ensuring fulfillment of the conditions of the preceding item. Then, with
probability arbitrarily close to 1 as u T oo, the exceedance F, (((xq,Yyy)), where
C(zg,yp) = u, V' (2g,y0) = (by,by), is, up to infinitesimals of order o(1/u), a
segment of an elliptic paraboloid lying above the plane z = u, whose vertex is at
the point

p(0) [p71(0)b3 — 2p75(0)byby + p5(0)b7] >

iE—*—E7y—i_57’u‘_ 7 " 7
( oI 2u [p11(0)p55(0) — (p72(0))?]

the axis is parallel to the axis oz, the principal sections are rotated with respect
to the coordinate planes t;0z and tyoz by an angle o, and the parameters are p
and q. Here

7 = p(0)  [p15(0)by — p35(0)b,] 7 — p(0)  [p15(0)by — p1;(0)b,]
w0050 = (010027 u (011 (0)p55(0) — (p15(0))2)

the angle o is determined from the conditions

_200(0) ign(sin 20) = sign(p]
tg2a= 200 gn(inga) = sign(sf,0))
p= _20(0 [Pu( )+ p(0) + \/ (p11(0) — p3,(0))* + 4(/’12(0))2} ’
0= =220 [0t 0) + a(0) = \/(652(0) = ()2 + 4515 0)2]

The proof is connected with estimating

b, () F Zb,u,v(u b, b(u) F
MPw >Ci(t17t2> and (; ( )(tlvtz)_Mb’ 9 >Q‘(t17t2)-
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An asymptotic representation is also used for the values of the second derivatives
of the field at points t, for which ((¢,) = u. As the function (¢;,t5) one may
take the function 1(t;,t,) = c(|t;|° + |t5]?), ¢ > 0, 6 > 0 (this follows from (5)).

Consider the following functionals of realizations of the field ((¢;,t5): V,, is the
volume of the body bounded above by the surface of the exceedance above the
level u, and below by the plane z = u; S, is the area of the base of this body;
m,, is its height.

Corollary 3. Asu 1 oo, the distributions of the random variables um,,, xu?S,,,
(@xuPV,) /2, where x = [p}, (0)pa(0) — (p15(0))?]V2 - [27p(0)] L, are equivalent
to the distribution of the random variable um,,, where m,, is the height of a
segment of an elliptic paraboloid approximating the exceedance. In co-

in accordance with item 2, the ergodic distribution of um,, is

u+(v/u)
du

PO(amu<v|mu20):/ / u?(u,z’))dﬁ// du/ 10 (u, ) d.
u veG, u veG3

The present work is closely related to [7]. The author considers it a pleasant
duty to express his gratitude to Yu. K. Belyaev for posing the problem.
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