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Abstract
Full Text
UDC 517.945.7

MATHEMATICS

V. N. MASLENNIKOVA

EXPLICIT REPRESENTATION AND ASYMP-
TOTICS AS 𝑡 → ∞ OF THE SOLUTION OF
THE CAUCHY PROBLEM FOR THE LIN-
EARIZED SYSTEM OF A ROTATING COM-
PRESSIBLE FLUID
(Presented by Academician S. L. Sobolev on 29 I 1969)

Consider the system

𝜕v/𝜕𝑡 − [v, k] + grad 𝑝 = F(𝑥, 𝑡), 𝛼2𝜕𝑝/𝜕𝑡 + div v = 𝜓(𝑥, 𝑡) (1)

in the domain {𝑥 ∈ 𝐸3, 𝑡 ≥ 0}, where v(𝑥, 𝑡) = (𝑣1, 𝑣2, 𝑣3); k = (0, 0, 1);
F(𝑥, 𝑡) = (𝐹1, 𝐹2, 𝐹3); [⋅, ⋅] denotes the vector product; 𝛼2 = const will conven-
tionally be called the coefficient of compressibility. System (1) is hyperbolic and
has multiple characteristics.

In our papers (3,4 ) the Cauchy problem and boundary-value problems in
bounded domains for system (1) were studied. For 𝛼 = 0 system (1) was first
considered by S. L. Sobolev (1,2 ). Applications of systems of the form (1) are
considered in (5).
In the present paper we study the asymptotic behavior as 𝑡 → ∞ of the solution
of the Cauchy problem with initial data

v|𝑡=0 = v0(𝑥); 𝑝|𝑡=0 = 𝑝0(𝑥) (2)

for the homogeneous system (1), and find the rate at which the solution decreases
as 𝑡 → ∞, provided that the initial data (2) are smooth and decrease well as
|𝑥| → ∞ (for example, are finite), and at the same time we give an explicit
representation of this solution.

In paper (3) we constructed explicitly the solution of problem (1), (2) in the form
of singular integrals with kernels having strong singularities. In this case the
initial data and the right-hand sides of (1) could be nondifferentiable functions.
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At the same time, the solution of the Cauchy problem was constructed for an
equation of fourth order of the form

𝜕2Δ𝑢/𝜕𝑡2 + 𝜕2𝑢/𝜕𝑥2
3 − 𝛼2(𝜕4𝑢/𝜕𝑡4 + 𝜕2𝑢/𝜕𝑡2) = 𝑓(𝑥, 𝑡) (3)

(to which each function of system (1) satisfies) with initial conditions

𝜕𝑘𝑢/𝜕𝑡𝑘∣𝑡=0 = 𝑢𝑘(𝑥); 𝑘 = 0, 1, 2, 3. (4)

The solution of problem (3), (4) contained integrals with weak singularities of
the kernels, and a certain smoothness was required of the initial data (4).

In the present paper we assume that the initial data (2) and the right-hand
sides of system (1) are sufficiently smooth (let v0 have second derivatives, 𝑝0

first derivatives, and the functions F and 𝜓 be three times differentiable). In
this case the representation of the solution of the Cauchy problem for system
(1) has the form

v(𝑥, 𝑡) = 1
4𝜋 ∬

𝑟=𝑡/𝛼
{−1

𝑟
𝜕v0
𝜕𝑛 + ( 1

𝑟2 − 𝛼2𝜌2

2𝑟2 ) v0 + 𝛼
𝑟 ([v0, k] − grad 𝑝0)} 𝑑𝑠𝑦+

+ 1
4𝜋 ∭

𝑟≤𝑡/𝛼
{𝐺(𝑥 − 𝑦, 𝑡)𝜕Φ⃗0(𝑦)

𝜕𝑦3
+

3
∑
𝑘=1

𝜕𝑘𝐺(𝑥 − 𝑦, 𝑡)
𝜕𝑡𝑘 Φ⃗𝑘(𝑦)} 𝑑𝑦+

+ 1
4𝜋 ∭

𝑟≤𝑡/𝛼

𝑡−𝛼𝑟

∫
0

𝐺(𝑥 − 𝑦, 𝑡 − 𝜏)f(𝑦, 𝜏) 𝑑𝜏 𝑑𝑦; (5)

𝑝(𝑥, 𝑡) = 1
4𝜋 ∬

𝑟≤𝑡/𝛼

{−1
𝑟

𝜕𝑝0(𝑦)
𝜕𝑛 − 1

𝛼𝑟 div v0(𝑦) + ( 1
𝑟2 − 𝛼2𝜌2

2𝑟2 ) 𝑝0(𝑦)} 𝑑𝑠𝑦+

+ 1
4𝜋 ∭

𝑟≤𝑡/𝛼

{𝐺(𝑥 − 𝑦, 𝑡)𝜕𝑣0
3

𝜕𝑦3
+ 𝜕𝐺

𝜕𝑡 (𝜕𝑣0
1

𝜕𝑦2
− 𝜕𝑣0

2
𝜕𝑦1

+ 𝛼2𝑝0) + 𝜕2𝐺
𝜕𝑡2 div v0+

+𝜕3𝐺
𝜕𝑡3 𝛼2𝑝0} 𝑑𝑦 + 1

4𝜋 ∭
𝑟≤𝑡/𝛼

⎡⎢
⎣

𝑡−𝛼𝑟

∫
0

𝐺(𝑥 − 𝑦, 𝑡 − 𝜏)𝑓4(𝑦, 𝜏) 𝑑𝜏⎤⎥
⎦

𝑑𝑦,

(6)

where the vector-functions Φ⃗𝑘(𝑦) in (5) are expressed in terms of the initial data:
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Φ⃗0(𝑦) = − rot v0 + 𝛼2k𝑝0;

Φ⃗1(𝑦) = −Δv0 + grad div v0 − 𝛼2[grad 𝑝0, k] + 𝛼2k𝑣0
3;

Φ⃗2(𝑦) = 𝛼2(grad 𝑝0 − [v0, k]); Φ⃗3(𝑦) = 𝛼2v0;

𝐺(𝑥 − 𝑦, 𝑡) = 1
𝜌

𝜌
√

𝑡2−𝛼2𝑟2/𝑟

∫
0

𝜂
√𝜂2 + 𝛼2𝜌2 𝐽0(𝜂) 𝑑𝜂,

where

𝜌2 =
2

∑
𝑖=1

(𝑥𝑖 − 𝑦𝑖)2, 𝑟2 = 𝜌2 + (𝑥3 − 𝑦3)2;

𝐽0 is the Bessel function of order zero. The functions f and 𝑓4 are expressed in
terms of F and 𝜓:

f(𝑦, 𝜏) = (− rot 𝜕F
𝜕𝑦3

+ k 𝜕𝜓
𝜕𝑦3

) + (Δ𝜕F
𝜕𝜏 − grad div 𝜕F

𝜕𝜏 +

+ [grad 𝜕𝜓
𝜕𝜏 , k] − 𝛼2k𝜕𝐹3

𝜕𝜏 ) + (grad 𝜕2𝜓
𝜕𝜏2 − 𝛼2 [𝜕2F

𝜕𝜏2 , k]) − 𝛼2 𝜕3F
𝜕𝜏3 ,

𝑓4(𝑦, 𝜏) = 𝜕𝐹3
𝜕𝑦3

+ 𝜕2𝐹2
𝜕𝑦1𝜕𝜏 − 𝜕2𝐹1

𝜕𝑦2𝜕𝜏 − 𝜕𝜓
𝜕𝜏 + div 𝜕2F

𝜕𝜏2 − 𝜕3𝜓
𝜕𝜏3 .

Let us note that the solution (5), (6) for 𝛼 → 0 passes into the solution of the
non-hyperbolic system (1), in which the last equation has the form div v = 𝜓.
Such a solution with weak singularities of the kernels for an incompressible
(𝛼 = 0) fluid was constructed by us in [6] by the Fourier method.

Theorem 1. The solution of problem (1), (2) is unique in 𝐿2(𝑄), where
𝑄 = {𝑥 ∈ 𝐸3, 0 ≤ 𝑡 ≤ 𝑇 }.

The proof follows from the energy estimate [4]

∫
𝑄

(v2 + 𝑝2) 𝑑𝑥 𝑑𝑡 ≤ 𝐶 {∫
𝑄

(F2 + 𝜓2) 𝑑𝑥 𝑑𝑡 + ∫
𝐸3

(v02 + 𝑝02) 𝑑𝑥} ,
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which holds for problem (1), (2). Let us note that under our assumptions the
solution under consideration certainly belongs to 𝐿2.

The representation (5), (6) makes it possible to obtain a number of interesting
properties of the solution of the Cauchy problem; in particular, it implies the
finiteness of the velocity of propagation of disturbances, which in the present
case is equal to 1/𝛼; it also makes it possible to study the behavior of the
solution of the Cauchy problem as 𝑡 → ∞.

Let us consider the solution (5) for the homogeneous system (1) (f, 𝑓4 ≡ 0);
making the substitution 𝑥 − 𝑦 = 𝜉, 𝑑𝑦 = 𝑑𝜉, we integrate by parts with respect
to 𝜉3 the first term in the second integral of formula (5), taking into account
that on the surface of the cone 𝐺 = 0. Using the Bessel equation 𝐽0(𝜂) =
−𝐽″

0 (𝜂)−𝐽 ′
0(𝜂)/𝜂, the formula for the vector v(𝑥, 𝑡)—the solution of the Cauchy

problem for the homogeneous system—can be written in the form:

v(𝑥, 𝑡) = 1
4𝜋 ∬

𝑟=𝑡/𝛼

{−1
𝑟

𝜕v0

𝜕𝑛 + ( 1
𝑟2 − 𝛼2𝜌2

2𝑟2 ) v0 + 𝛼
𝑟 ([v0, k] − grad 𝑝0)} 𝑑𝑠+

+ 1
4𝜋 ∭

𝑟≤𝑡/𝑎
{(−𝑡𝜉3

𝑟3 𝐽″
0 − 𝑡𝜉3

𝑟2𝜌
√

𝑡2 − 𝑎2𝑟2 𝐽 ′
0) Φ⃗0(𝑥 + 𝜉)+

+ (−1
𝑟 𝐽″

0 − 1
𝜌
√

𝑡2 − 𝑎2𝑟2 𝐽 ′
0) Φ⃗1(𝑥 + 𝜉) + 𝜌𝑡

𝑟2
√

𝑡2 − 𝑎2𝑟2 𝐽0Φ⃗2(𝑥 + 𝜉)+

+ ( 𝜌2𝑡2

𝑟3(𝑡2 − 𝑎2𝑟2)𝐽″
0 − 𝑎2𝜌

(𝑡2 − 𝑎2𝑟2)3/2 𝐽 ′
0) Φ⃗3(𝑥 + 𝜉)} 𝑑𝜉, (7)

where the omitted arguments of the Bessel functions are equal to 𝜌
√

𝑡2 − 𝑎2𝑟2/𝑟,
and now 𝑟2 = 𝜌2+𝜉2

3 , 𝜌2 = 𝜉2
1 +𝜉2

2 . An analogous form (with the same potentials,
but with other Φ⃗𝑖) will also be possessed by the formula for 𝑝.

We note that all potentials 𝐺𝑖(𝜉, 𝑡) (as we shall now denote the coefficients of
Φ⃗𝑖 in (7)) will have weak singularities on the surface of the cone.

Theorem 2. If the initial data (2) belong to 𝐶∞
0 , then the solution v(𝑥, 𝑡), 𝑝(𝑥, 𝑡)

of the Cauchy problem for the homogeneous system (1) decreases as 𝑡 → ∞ like
𝐶(𝑥)/𝑡, where 𝐶(𝑥) is a bounded function.

Proof. If 𝑡 is sufficiently large and the initial data are finite, then the first
integral in (7) will be equal to zero. Transform the first term in the second
integral of formula (7). We have

− 1
4𝜋 ∭

𝑟≤𝑡/𝑎

𝑡𝜉3
𝑟3 𝐽″

0 (𝜌
√

𝑡2 − 𝑎2𝑟2

𝑟 ) Φ⃗0(𝑥 + 𝜉) 𝑑𝜉 =
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= − 1
4𝜋 ∭

𝑟≤𝑡/𝑎
𝐽 ′

0 (𝜌
√

𝑡2 − 𝑎2𝑟2

𝑟 ) 𝜕
𝜕𝜉3

(
√

𝑡2 − 𝑎2𝑟2

𝜌𝑡 Φ⃗0(𝑥 + 𝜉)) 𝑑𝜉.

Then

1
4𝜋 ∭

𝑟≤𝑡/𝑎
𝐺0(𝜉, 𝑡)Φ⃗0(𝑥 + 𝜉) 𝑑𝜉 =

= − 1
4𝜋 ∭

𝑟≤𝑡/𝑎
[𝜕Φ⃗0

𝜕𝜉3

√
𝑡2 − 𝑎2𝑟2

𝜌𝑡 𝐽 ′
0 (𝜌

√
𝑡2 − 𝑎2𝑟2

𝑟 ) −

−𝜉3
√

𝑡2 − 𝑎2𝑟2

𝜌𝑡𝑟2 Φ⃗0𝐽 ′
0 (𝜌

√
𝑡2 − 𝑎2𝑟2

𝑟 )] 𝑑𝜉 = 𝑄1 + 𝑄2.

Transform 𝑄2. Passing to spherical coordinates, we have

𝑄2 = − 1
4𝜋𝑡 ∫

2𝜋

0
𝑑𝜑 ∫

𝑡/𝑎

0
𝑑𝑟 ∫

𝜋

0
Φ⃗0 𝑑𝐽0 = 1

2𝑡 ∫
𝑡/𝑎

0
[Φ⃗0(𝑥1, 𝑥2, 𝑥3 + 𝑟)−

−Φ⃗0(𝑥1, 𝑥2, 𝑥3 − 𝑟)] 𝑑𝑟 + 1
4𝜋𝑡 ∫

2𝜋

0
𝑑𝜑 ∫

𝑡/𝑎

0
𝑑𝑟 ∫

𝜋

0
𝐽0 (sin 𝜃

√
𝑡2 − 𝑎2𝑟2) 𝑑Φ⃗0

𝑑𝜃 𝑑𝜃,

whence 𝑄2 = 𝐶(𝑥)/𝑡, where 𝐶(𝑥) is uniformly bounded as |𝑥| → ∞.

Transform 𝑄1. Denote the smooth finite function 𝜕Φ⃗0/𝜕𝜉3 by Φ⃗03, and expand
it in a Taylor series in a neighborhood of 𝜉3 = 0, with the remainder term in
integral form (the first two arguments 𝑥1 + 𝜉1, 𝑥2 + 𝜉2 of the function Φ⃗03 will
be omitted for brevity):

Φ⃗03(𝑥3 + 𝜉3) − Φ⃗03(𝑥3) = (𝜕Φ⃗03
𝜕𝜉3

)
𝜉3=0

𝜉3 + ∫
𝑥3+𝜉3

𝑥3

(𝑥3 + 𝜉3 − 𝜂)𝜕2Φ⃗03(𝜂)
𝜕𝜂2 𝑑𝜂.

Then

𝑄1 = − 1
4𝜋𝑡 ∭

𝑟≤𝑡/𝑎

√
𝑡2 − 𝑎2𝑟2

𝜌 𝐽 ′
0 (𝜌

√
𝑡2 − 𝑎2𝑟2

𝑟 ) ⎡⎢
⎣

Φ⃗03(𝑥3) + (𝜕Φ⃗03
𝜕𝜉3

)
𝜉3=0

𝜉3+
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+ ∫
𝑥3+𝜉3

𝑥3

(𝑥3 + 𝜉3 − 𝜂)𝜕2Φ⃗03(𝜂)
𝜕𝜂2 𝑑𝜂] 𝑑𝜉 =

3
∑
𝑖=1

𝑄1𝑖.

Consider 𝑄11. In spherical coordinates, after the substitution sin 𝜃 = 𝛾, 𝑑𝜃 =
𝑑𝛾/√1 − 𝛾2, we have

𝑄11 = − 1
2𝜋𝑡 ∫

2𝜋

0
𝑑𝜑 ∫

𝑡/𝑎

0
𝑟 𝑑𝑟 ∫

1

0

√
𝑡2 − 𝑎2𝑟2 𝐽 ′

0(𝛾
√

𝑡2 − 𝑎2𝑟2)
√1 − 𝛾2 ×

×Φ⃗03(𝑥1 + 𝑟𝛾 cos 𝜑, 𝑥2 + 𝑟𝛾 sin 𝜑, 𝑥3) 𝑑𝛾.

Since Φ⃗03 depends differentiably on 𝛾, expanding Φ⃗03 in a Taylor series in a
neighborhood of 𝛾 = 1, we obtain

Φ⃗03(𝛾) − Φ⃗03(1) = (𝜕Φ⃗03
𝜕𝛾 )

𝛾=1
(𝛾 − 1) + 𝑜((𝛾 − 1)2).

This makes it possible to integrate by parts the improper integral in 𝛾 and to
get rid of the factor

√
𝑡2 − 𝑎2𝑟2 in the numerator, while the remaining integral

with Φ⃗03(1) can be computed explicitly. Indeed, we have

𝑄111 = − 1
2𝜋𝑡 ∫

2𝜋

0
𝑑𝜑 ∫

𝑡/𝑎

0
𝑟 𝑑𝑟 ∫

1

0

√
𝑡2 − 𝑎2𝑟2 𝐽 ′

0(𝛾
√

𝑡2 − 𝑎2𝑟2)
√1 − 𝛾2 ×

×Φ⃗03(𝑥1 + 𝑟 cos 𝜑, 𝑥2 + 𝑟 sin 𝜑, 𝑥3) 𝑑𝛾.

But (see (2))

1
𝑡 ∫

1

0

√
𝑡2 − 𝑎2𝑟2

𝐽 ′
0(𝛾

√
𝑡2 − 𝑎2𝑟2)

√1 − 𝛾2 𝑑𝛾 = cos
√

𝑡2 − 𝑎2𝑟2 − 1
𝑡 .

Therefore we have

𝑄111 = 1
4𝜋𝑡 ∫

2𝜋

0
𝑑𝜑 ∫

𝑡/𝑎

0
𝑟 [1 − cos

√
𝑡2 − 𝑎2𝑟2] ×

×Φ⃗03(𝑥1 + 𝑟 cos 𝜑, 𝑥2 + 𝑟 sin 𝜑, 𝑥3) 𝑑𝑟.

Thus we obtain that 𝑄11 = 𝐶(𝑥)/𝑡. Notice that for 𝑎 = 0 (see (6)) we had
𝑄11 = 1−cos 𝑡

𝑡 𝐶(𝑥), since there was no retardation of the argument there. In
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the integrals 𝑄12 and 𝑄13, passing to spherical coordinates, one can carry out
integration by parts with respect to 𝜃 and obtain that they are also representable
in the form 𝐶(𝑥)/𝑡, where in all cases 𝐶(𝑥) is uniformly bounded in 𝑥 ∈ 𝐸3.

In an analogous way, transforming the terms with the potentials 𝐺1 − 𝐺3 in
formula (7), we obtain the proof of Theorem 2.

Remark 1. In the proof of Theorem 2 it is used only that the initial data
belong to 𝐶5 and decrease sufficiently rapidly as |𝑥| → ∞.

Remark 2. We have obtained the same rate of decrease as 𝑡 → ∞ in the
cases of a compressible and an incompressible fluid. Thus, the principal terms
in the asymptotics are determined not by one of the higher terms 𝑎2𝜕𝜌/𝜕𝑡 in
the system, but by the lower-order term [ ⃗𝑣, 𝑘⃗]. This phenomenon is connected
with the presence of multiple characteristics in the system.
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Academy of Sciences of the USSR
Moscow
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