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Generalized solutions of such problems for which the system of boundary op-
erators is normal have been well studied. Such a system makes it possible to
construct the adjoint problem and to obtain estimates of generalized solutions
by means of Green’ s formula and estimates of classical solutions of the adjoint
problem (see (173)). Here Green’ s functions will be used for the construction of
generalized solutions. This makes it possible to consider generalized solutions
of elliptic boundary-value problems without the assumption that the system
of boundary operators is normal, and also to enlarge the class of admissible
solutions and right-hand sides of the problem.

We consider the boundary-value problem:

Lu = py(z) for z € Q; Bu=p;(x) forzes. (1)

Here j = 1,...,m;  is a closed bounded domain of n-dimensional space (n > 2);
x = (zq,...,2,); S is the boundary of ; the function ¢(z) is defined in €,
¢;(z) are defined on S; £ is an elliptic operator of order 2m, defined in Q; B;
are differential operators of order m; < 2m — 1, defined on S:

Bl
©= asg(@DF,  By= >, bg(@)D; (Dg T o on )
0<[gl<2m 0<|Bl<m; Ozt - Oz
(2)

Our assumptions concerning the operators £, B; and the boundary S are as fol-
lows: £ is properly elliptic; the B; cover £ (1); all coefficients ag(x) € C1H(Q);
bis(z) € ChT1(S); the boundary S € Ch?m+1 in the sense of (*); [, is an
integer subject to the condition {; > max(2l, — 1, 2m), where
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ly = max(2m —m;).
j

We introduce some notation. If u(z) is a function defined in €, then by Lu we
denote the vector-function Lu = (Lu, Byu, ..., B,,u); by ¢ we denote the vector-
function ¢ = (g, ..., ¢,,), Where g (), Lu(z) are defined in Q; Bu(x), ;(z)
(j > 1) are defined on S. We shall write problem (1) in the form Lu = ¢. In
addition, put:

(1) = / ola(e) o+ 3 /S o5(@) () da;

(u-v)g = /Qu(x)v(x) dx; (u-v)g = /u(x)v(m‘) dzg;

S

Ck+(Q), C**+*(S) are Holder spaces, | \&ON | |i+a are the norms in these spaces;

0 < a < 1; k>0is an integer (see, for example, (4)).

It is known that elliptic problems have a finite number of solvability conditions.
The following lemma shows that these conditions can be written with the aid
of a certain system of smooth functions.

Lemma 1. There exists a certain number N of vector-functions

Qg = (aokaalkw~vamk), k=1,....,N,

aor(r) € Chte(Q), aj(r) € Ch—2mimtlta gy j=1,..,m,

such that the problem Lu = @, u € C?™+%(Q), is solvable if and only if the
conditions

(p-a,) =0 k=1,...,N (3)

are satisfied.

The proof of this lemma is based on the representation of any solution of the
problem Lu = ¢ in the form of the sum of the principal part and the remainder,
obtained in (7).

Denote by P the projection operator onto the subspace generated by the vectors
ay,, and by P the projection operator onto the subspace of solutions of the
homogeneous problem Lu = 0,
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N N’
Pep=> (p-ay)ay,  Pu=> (u-ii)qu, (4)
k=1 =1

Here u; € C?mth~lote(Q) are solutions of the homogeneous problem Lu,; = 0,
all u; are orthonormal, and every solution u(z) € C?™"%(Q) of the problem
Lu = 0 is a linear combination of the u;; all ¢, are also assumed orthonormal,
ie.

(- Q) = O, (u; - U)o = Gips
and a, @ denote the quantities complex conjugate to a,u.

Definition. We shall call the vector-function

9(.13,3/) = {90($,y),91(1‘,y), ...,.‘jm(m,y)},

where Gy(x,y) is defined for x,y € Q, = # y, and G,(z,y),...,G,,(x,y) are
defined for x € Q, y € S, = # y, the Green vector-function of the problem
Lu = ¢, if the function

@) = [ oo v)entu)dy + 3 [ Swre ) dus (5)
Q =18

for arbitrary ¢, € C*(Q), ¢; € C*"™7%(S), belongs to C*™ (1) and is a
solution of the problem

Lu=p— Po, Pu=0.

The functions _gj(ac,y)7 j=0,1,...,m, are assumed integrable in y for every x
lying inside €.

Theorem 1. The Green vector-function of the problem Lu = ¢ exists and is
unique.

The definition given here of the Green vector-function is a generalization of
the definition given in (6,7), where the problem Lu = ¢ was assumed to be
uniquely solvable. The construction of G(z,y) differs only slightly from the
analogous construction in (7) with the aid of the principal part $")(z,y), which
remains the same, and a smooth remainder. Thus it is easy to show that the
functions G;(x,y) have derivatives Dj D}, G, (x,y) wherever they are defined, for
s<2m+l—2lg+1, t<l (j=0),t<l—2m+m;+1(j>1). These
derivatives satisfy the estimates given in () (see the corollary to Theorem 3.3)
for the derivatives of Green’ s functions in the case of unique solvability of the
problem Lu = ¢, if in those estimates the constant M, is taken equal to
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m

MO = sup |u|5227n+1 fOI‘ |£U|2 + Z |Bju|25mfmj+a = 17 (6)

J=1

where the supremum is taken over those u € C?™*%(Q) for which Pu = 0.

The following property of Green’ s functions is derived on the basis of the study
of their principal part, carried out in (°,7).

Theorem 2. Let y € S be some point; let m’ be the maximal order of the
derivative in the direction of the normal to S that is contained in the operators
B; (j=1,...,m) in some neighborhood of y.

If m” <2m — 2, then

D’zj-go(%y) =0 for0<k<2m—m'—2,

where x is an arbitrary point of Q, = # y; D’; is any derivative of order k at the
point y.

Corollary. Suppose the conditions of Theorem 2 are satisfied. Then the func-
tions ay;(y), ¢ = 1,..., N, entering into the solvability conditions (3), satisfy the
equality

D’;am(y) =0, whereye S, 0<k<2m—m'—2.

Let us refine the definition of the number m’. Suppose that in some neighbor-
hood of the point y € S a local coordinate system z7,...,x, is chosen, with
z;, = 0 the equation of S; let B} be the operator B; written in the coordinate
system z7, ..., z,. By m’(y) we denote the maximal order of the derivative with
respect to z;, which occurs in the operators B} (j = 1,...,m) at the point y.
Obviously, m’(y) does not depend on the choice of the local coordinate system
xy, ..., 2. By m’ in Theorem 2 is denoted max, m’(z), where z belongs to the
indicated neighborhood of y. In what follows m” will denote max, m’(y), when
y € S is any point.

We turn to the consideration of generalized solutions. For this purpose we
introduce the necessary functional spaces. Define the norms:

01y = SUP (- ®)o]  provided [9[f,, = 1:

015100y = $Up (0 F)s|  provided |FIF,,, =1

Q, _ : _
\UL(ZM) = S(‘;P |(u-®)q| provided |‘I)/|%+a =1,
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where the supremum is taken over all (normalized) ® € C***(Q), F € C*t%(9),
@’ € C*(Q); @ vanishes on S together with all derivatives up to order r
inclusive, < k. Denote by C~*+®)(Q), C’;(HO‘)(Q) the closures of the set of

infinitely differentiable functions defined in 2, respectively in the norms \|§_2( fta)

|- |7€2+Q). Denote by C~#+)(8) the closure of the set of functions belonging to

C?mte(S) in the norm | - | (hta)"

It is casy to see that C~(+e)(Q), O FF)(Q), C—*+2)(S) are complete linear
normed spaces with the norms defined above. Such spaces and norms are usu-
ally called negative. In the present case the corresponding positive spaces are
Clk+a)(Q), Ckro(Q), CF+(S), where CF+*(Q) is the subspace of C*+%(Q) con-
sisting of functions that vanish on S together with all derivatives up to order r
inclusive.

Let u be a function defined in €2; by #7u/d1v7 we denote the function defined on

S and equal to the derivative of order j in the direction of the inner normal to
S of u.

Introduce the norm |u/? t > 0 an integer, by setting

(k+a),t”

t

|u|Q (k+a), |u|Q (k+o) + Z
7=0

)
—(k+j+1ta)

ovi

and define the space C—(k+a)t a5 the completion of the set of infinitely differen-

tiable functions defined in Q with respect to the norm | - | (kta),e Obviously,
C—(k+a)t i o complete linear normed space.

We introduce also the space of vector-functions ¢ = {¢g, ¢y, ..., ¥, }, associated
with the operator L = {£,B,,...,B,,}. We shall say that ¢ € C, ™ if

Yo € C’;(kﬂmw‘)(Q) for 2m—2—m’ > 0; p, € C~F+2m+2)(Q) for m’ = 2m —1;
@; € C-RImit It (§) (j=1,..,m).

m
|@‘£(k+a) = “/70| + Z |@j‘s—(k+mj+1+a)7
=1

Q,2m—2
|<p{| ol kgm+$ for 2m —2—m’ >0,
ol =

|@O|*<k+2m+a) for m’ =2m — 1’

| 1" (ko is the norm in the space c ke,
Definition. We shall call u a generalized solution of the problem Lu = ¢,

where p € C (kte) (k: <1, —2m), if u € C~***)(Q) and there exists a sequence
of functions u; € C?™*%(Q) such that the relations
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hm|u—u| =0

71— 00

=0, hm | — Lu,;|*

(k+a) (k+a)

hold.

In other words, we call u a generalized solution if it can be obtained as the limit
of classical solutions in the corresponding negative norms.

We note that the operators P, P (4) are easily defined by continuity on the
negative spaces, if one takes into account the smoothness of the functions a ()
according to Lemma 1 and of the homogeneous solutions u;(z) of the problem
Lu = 0, and also the consequence of Theorem 2. In this way we obtain that the
operator P is a bounded operator in the space C’ (k) for & <l —2m, and the
operator P is a bounded operator in the space C (k+a)(Q) for k < 1y +2m — .

Theorem 3. If p € C’ (k+a) , Pp = 0, then there exists a unique generalized

solution of the problem Lu = ¢ such that Pu = 0. This generalized solution
belongs to C~*+@):m" “and the estimates

ML oy < uf? < M|g|*

(k+o),m’ (k+a)

are valid.

Here M depends only on the coefficients of the operators £, B;, the boundary
S, M, (6), and a; more precisely, M depends only on the constant ¢ defined in
(5), on M, (6), and on .

The proof of this theorem is based on the representation of the Green functions
as the sum of the principal part and a remainder and on the properties of the
operators giving the principal part of the Green function, which were considered
n (5,7). Here one also uses the property of the Green functions formulated in
Theorem 2.

It follows from Theorem 3 that the operator L, defined by continuity on the
space C~(k+a) m/, realizes a one-to-one and continuous mapping of the subspace
C—(k+a), ™" containing those u € C~*+te):m" for which Pu = 0, onto the sub-
space C_;Ha), containing those ¢ € C’_Z(’Ha) for which Pg = 0.
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