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MATHEMATICS

V. P. PETRENKO

ON THE STRUCTURE OF THE SET OF POS-
ITIVE DEVIATIONS OF MEROMORPHIC
FUNCTIONS
(Presented by Academician M. A. Lavrentiev on 29 IV 1969)

§ 1. In order to study deeper asymptotic properties of functions meromorphic
in |𝑧| < 𝑅, the papers (1−3) introduced the notion of the magnitude of deviation
of a meromorphic function 𝑓(𝑧)

𝛽(𝑎, 𝑓) = lim
𝑟→𝑅

ln+ 𝑀(𝑟, 𝑎, 𝑓)
𝑇 (𝑟, 𝑓) ,

where

𝑀(𝑟, 𝑎, 𝑓) = max
|𝑧|=𝑟

1
|𝑓(𝑧) − 𝑎| , 𝑎 ≠ ∞,

𝑀(𝑟, ∞, 𝑓) = max
|𝑧|=𝑟

|𝑓(𝑧)|,

and 𝑇 (𝑟, 𝑓) is the Nevanlinna characteristic of the function 𝑓(𝑧) meromorphic
in |𝑧| < 𝑅.

The results obtained on the properties of the quantities of deviations of 𝑓(𝑧)
show that the distribution of values of meromorphic functions can be studied
using not only the notion of the defect at the point 𝑎 in the sense of Nevanlinna
(see (4))

𝛿(𝑎, 𝑓) = lim
𝑟→𝑅

𝑚(𝑟, 𝑎, 𝑓)
𝑇 (𝑟, 𝑓)

and the notion of the defect of 𝑓(𝑧) at the point 𝑎 in the sense of Valiron

Δ(𝑎, 𝑓) = lim𝑟→𝑅
𝑚(𝑟, 𝑎, 𝑓)
𝑇 (𝑟, 𝑓) ,
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but also the notion of the magnitude of deviation of 𝑓(𝑧) at the point 𝑎.
Let, for a function 𝑓(𝑧) meromorphic in |𝑧| < 𝑅 and of lower order* 𝜆 (see (4),
p. 267),

𝐷𝑅,𝜆(𝑓) = {𝑎 ∶ 𝛿(𝑎, 𝑓) > 0},

Ω𝑅,𝜆(𝑓) = {𝑎 ∶ 𝛽(𝑎, 𝑓) > 0},

𝑉𝑅,𝜆(𝑓) = {𝑎 ∶ Δ(𝑎, 𝑓) > 0}.

The set 𝐷𝑅,𝜆(𝑓) is called the set of defective values of 𝑓(𝑧) in the sense of
Nevanlinna; the set Ω𝑅,𝜆(𝑓) is naturally called the set of positive deviations of
𝑓(𝑧), and the set 𝑉𝑅,𝜆(𝑓) is called the set of defective values of 𝑓(𝑧) in the sense
of Valiron.

Fundamental investigations of the structure of the sets 𝐷𝑅,𝜆(𝑓) and 𝑉𝑅,𝜆(𝑓)
were carried out in (4−8).

* Recall that the lower order of a meromorphic function in |𝑧| < 𝑅 is called

𝜆 = lim
𝑟→𝑅

ln𝑇 (𝑟, 𝑓)
ln 1

𝑅−𝑟
, 𝑅 < ∞, 𝜆 = lim

𝑟→∞
ln𝑇 (𝑟, 𝑓)

ln 𝑟 , 𝑅 = ∞.

This work is devoted to the study of the structure of the set Ω𝑅,𝜆(𝑓). The
results obtained show that, despite possible substantial differences between the
sets Ω𝑅,𝜆(𝑓), 𝐷𝑅,𝜆(𝑓), and 𝑉𝑅,𝜆(𝑓), nevertheless in most cases the set Ω𝑅,𝜆(𝑓),
just like the sets 𝐷𝑅,𝜆(𝑓) and 𝑉𝑅,𝜆(𝑓), is an exceptional set for 𝑓(𝑧).
§ 2. Main results of the work.

Theorem 1 (see (1,2 )). For 𝜆 < ∞, the set Ω∞,𝜆(𝑓) is at most countable, and

𝐷∞,𝜆(𝑓) ⊆ Ω∞,𝜆(𝑓) ⊆ 𝑉∞,𝜆(𝑓).

The following three theorems characterize the differences between the deviations
of meromorphic functions 𝛽(𝑎, 𝑓) and the values of their Nevanlinna defects
𝛿(𝑎, 𝑓) and Valiron defects Δ(𝑎, 𝑓).
Theorem 2. The sets Ω∞,∞(𝑓) and Ω∞,∞(𝑓) ∖ 𝑉∞,∞(𝑓) may have the cardi-
nality of the continuum.
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Theorem 3. There exists a set 𝐶 of the cardinality of the continuum and an
entire function 𝐺(𝑧) of infinite lower order such that 𝛽(𝑎, 𝐺) = ∞ for every
𝑎 ∈ 𝐶.

Theorem 4. For every 𝜌, 0 ≤ 𝜌 ≤ ∞, there exists a set 𝐶 of the cardinality of
the continuum and a function 𝑔𝜌(𝑧), meromorphic for |𝑧| < 1, of order 𝜌, such
that 𝛽(𝑎, 𝑔𝜌) = ∞ for every 𝑎 ∈ 𝐶.

Corollary 1. For any 𝜌 ≥ 0, the set Ω1,𝜌(𝑓) may have the cardinality of the
continuum.

Let us note that for 𝜌 = 0 Theorem 4 follows from the consideration of functions
of bounded type (see (4), p. 210).
Next, for a function 𝑓(𝑧) meromorphic in |𝑧| < 𝑅, for 0 < 𝛼 ≤ 1, put

𝛽𝛼(𝑎, 𝑓) = lim
𝑟→𝑅

ln+ 𝑀(𝑟, 𝑎, 𝑓)
𝑇 𝛼(𝑟, 𝑓)

Ω(𝛼)
𝑅,𝜆(𝑓) = {𝑎 ∶ 𝛽𝛼(𝑎, 𝑓) > 0}.

The following assertions are certain analogues of the well-known Ahlfors–Nevan-
linna theorem (see (5), p. 17; (4), p. 281) on the structure of the set 𝑉𝑅,𝜆(𝑓).
In what follows, by 𝐸 we denote a bounded set in the 𝑎-plane having positive
capacity 𝐶(𝐸), and by 𝜇(𝑎) the distribution of unit mass on 𝐸 solving Robin’
s problem for 𝐸 (see (4), pp. 123, 135).
Theorem 5. For a function 𝑓(𝑧) meromorphic at 𝑧 ≠ ∞, the following asser-
tions are valid:

1) For every 𝛼 > 1/2

∫
𝐸

𝛽𝛼(𝑎, 𝑓) 𝑑𝜇(𝑎) = 0;

2) if 𝐸 ⊂ {|𝑎| ≤ 1}, 𝐶(𝐸) is the capacity of the set 𝐸, and 𝜆 is the lower
order of 𝑓(𝑧) (𝑓(0) = 1), then

∫
𝐸

𝛽1/2(𝑎, 𝑓) 𝑑𝜇(𝑎) ≤ 𝐾1(1 + 𝜆2) [1 + ln+ 1
𝐶(𝐸)] .

Corollary 2. For every 𝛼 > 1/2, the set Ω(𝛼)
∞,𝜆(𝑓) has inner capacity zero

(Ω(1)
∞,𝜆(𝑓) = Ω∞,𝜆(𝑓), 𝜆 ≥ 0).

Theorem 6. If 𝑓(𝑧) is meromorphic for |𝑧| < 1 and has lower order 𝜆, then
for every 𝛼 > 1/2 + 3/𝜆 (𝜆 > 0)

sovietrxiv.org/items/ru-196901.97944 Machine Translation

https://sovietrxiv.org/items/ru-196901.97944


∫
𝐸

𝛽𝛼(𝑎, 𝑓) 𝑑𝜇(𝑎) = 0.

Corollary 3. If 𝛼 > 1/2 + 3/𝜆, then the set Ω(𝛼)
1,𝜆(𝑓) has inner capacity zero.

§ 3. Theorem 1 was proved in works (1, 2).

Theorems 2, 3, and 4 are proved by means of a modification of known construc-
tions (6–10).

Theorems 5 and 6 are proved by means of a modification of a method previously
used by the author (1, 2).
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