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1. Consider a stationary, in the broad sense, sequence

z(n) = (z'(n),...,2™(n)). With this sequence there is naturally associ-
ated a sequence of subspaces X(n), generated by the random variables
z'(n),...,2™(n). Denote by H? the closed, in mean square, linear span of

the subspaces X(s), a < s < b. The linear space H_ is a Hilbert space
with scalar product (z,y) = Fzjy.

For two subspaces H,, H,, of the space HZ, put

T(va Hw) = Z \(%Mﬂs)\z,

k,s

where {¢ }, {1} are orthonormal bases in the subspaces H,,, H,, respectively.

Let H (n) be the orthogonal complement in the space H*_ to the subspace
H-}. Put 7, = 7(X(0), H(n)). The quantity 7,, can serve as a measure of the
accuracy of the linear prediction of vectors & = (&1, ...,&™) with coordinates
£ € X(0) from the past of length n, i.e., from the random variables z%(s), i =
1,...,m; s = —1,...,—n. In particular, if the random variables &£, ..., £™ form
a basis in X(0), then there are constants, independent of n, 0 < m < M < o0
such that m7, < 02(§) < M, where 02(§) = Z:L o2(€Y), and o2 (&%) is the
square of the error of the linear prediction of the random variable & from the
past of length n.

If the sequence z(n) is linearly regular (see (1)), then the quantity 7., > 0. It is
clear that 6,, = 7,, — 7., > 0 and J,, — 0 as n — co. We shall study the rate of
decrease of the quantity J,, to zero depending on the properties of the spectral
density (s.d.) f()\) of a linearly regular sequence z(n) = (z*(n),...,2™(n)) of
full rank. In the one-dimensional case an analogous problem was considered by
I. A. Ibragimov ((2), see also (3,4)).

Theorem 1. In order that, as n — oo,
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5, = O0(n=?P), p>1/2, p nonintegral, (1)
it is necessary and sufficient that the s.d. f(\) almost everywhere coincide with

a continuous matrix-function having a strictly positive determinant, all elements
of this matrix having absolutely continuous derivatives fg_l)()\), r = [p], the

r-th derivatives fz(JT)()\) € Ly(—m,m) and satisfying there a Holder condition of
order & = p — [p]; the latter means that

x 1/2
swp ([ 170 =150 opr) = o) @
t<h \J_r
2. The proof of Theorem 1 is based on the following lemma.
Lemma 1. If condition (1) is satisfied, the collection x'(s), i = 1,...,m; s =
0,+1, ..., forms a Riesz basis in the space H_

We first derive Theorem 1 from Lemma 1. Let condition (1) be satisfied. Denote
by ¥i(s),i=1,...,m; s = —1,...,—k, ..., the system conjugate to the system
2i(s), i = 1,...,m; s = —1,...,—k,..., in the space H~L . Let H(n) be the
orthogonal complement to the space H—} in the space H—. . Obviously,

8, = 7(X(0), H(n)).

n

Since, by Lemma 1, the collection z’(s), i = 1,...,m; s = —1,...,—k, ...,
forms a Riesz basis in the space H-1 , the collection Wi(s), i = 1,...,m; s =
—1,...,—k, ..., forms a Riesz basis in the space H—1 . Consequently,
m m
2
D> IMHMCORLOIE 3)
—s=n+1 j=1 i=

where the symbol a,, < b, means that

a PR
2 < lim
n

b,

Q

n

It also follows from Lemma 1 (see (5)) that there exists an everywhere defined,
bounded, invertible, positive Hermitian operator B in H~. such that

x(s) = BUi(s), i1=1,...,m; s=—1,-2,... (4)

From (3) and (4) it follows that
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Hence, using the results of approximation theory (see (6), Ch. V), one can
show that the matrix f(X\) coincides almost everywhere with a continuous ma-
trix whose elements have derivatives of the order indicated in Theorem 1, and
that condition (2) is satisfied. In particular, the trace of the mentioned continu-
ous matrix is a bounded function and, consequently, its determinant is strictly
positive (see Lemma 1).

The proof of sufficiency is carried out analogously.

3. In the proof of Lemma 1 some results from the theory of orthogonal matrix
polynomials are used (see also (7)).

Consider the space L5*(f) of matrices S(A) of size m x n such that

Il =05 [ SOFNS A < .

Put

1 s
(S,P); = %/ SfP*d.

—T

The condition

0, m#n,
E, m=n,

(()0n7<)07n)f = { (5)

uniquely determines a sequence of polynomials orthogonal in the sense of (5),
on(2) = k2" + -, where k,, is a positive Hermitian matrix.

Lemma 2. All zeros of the function Det @,,(z) lie inside the unit circle.

Put

s(m,2) =Y h(@)pn(2).
0
Lemma 3. Let g(z) be an arbitrary polynomial of degree n. Then

(g(Z),8n<$,Z)>f:g($), z=e€

Lemma 4. The identity

sovietrxiv.org/items/ru-196901.97075 Machine Translation


https://sovietrxiv.org/items/ru-196901.97075

5(0,2) = Y 01 (0)p,(2) = k205 ()

holds.

In particular,

$,(0,0) = > ¢3(0),(0) = k2.
0

Lemma 5. The recurrence formula

kn@nﬁrl(’z) = knJrIZSDn(Z) + (Panl(O)Zn(p;kz(Z)
holds.

Lemma 6. Let g(z) be a polynomial of degree n with coefficient E at the
leading term. Then

Det(g,9); > Det k;,>.

The polynomial k" ¢,, () minimizes the quantity Det(g, g) ; among polynomials
of degree n with coefficient E at the leading term.

The following Lemmas 7 and 8 are proved almost in the same way as the corre-
sponding assertions in the one-dimensional case (2)

Lemma 7. Under condition (1),

Y ()] < oo,

Lemma 8. Under condition (1), there exist constants independent of n, 0 <
m < M < oo, such that

mE < s,(0,2)s5(0,2) < ME, z= e

Denote by G(z) the maximal analytic matrix inside the unit disk (see (1)) such
that

F) = G(eMG* (™).

It is easy to show, using Lemmas 3 and 7, that under condition (1) the sequence
s,,(0, ) converges on the unit circle to the matrix [G~(0)]*G~!(z) in the uniform
metric. Hence, and from Lemma 8, follows the existence of constants 0 < m <
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M < oo such that the relation mE < f(A) < ME is satisfied for almost all
A € [—m,]. The obtained relation is equivalent to the assertion of Lemma 1.

4. Consider the case when §,, = O(e "), ¢ > 0. The following two theorems
are proved by the same method as Theorem 1 was proved (cf. Theorems

4 and 5 of (%)).

Theorem 2. The relation

4, = O(e ™), c>0,

holds if and only if the s.p. f(\) almost everywhere coincides with a matrix
admitting analytic continuation into the strip of values of the complex argument
z = A+ iu of width ¢ and having a strictly positive determinant.

Theorem 3. The relation

holds for all ¢ > 0 if and only if the analytic continuation of the matrix men-
tioned in Theorem 2 is an entire function and its determinant is strictly positive.
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