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MATHEMATICAL PHYSICS

L. A. SAKHNOVICH

ON THE PROPERTIES OF THE DISCRETE
AND CONTINUOUS SPECTRA OF THE RA-
DIAL DIRAC EQUATION
(Presented by Academician I. G. Petrovskii, 27 VI 1968)

1. The radial Dirac equation (1) can be written in the form

( 𝑑
𝑑𝑟 + 𝑘

𝑟 ) 𝜓1 − [𝑚 + 𝜆 − 𝑉 (𝑟)]𝜓2 = 0,

( 𝑑
𝑑𝑟 − 𝑘

𝑟 ) 𝜓2 − [𝑚 − 𝜆 + 𝑉 (𝑟)]𝜓1 = 0,

0 ⩽ 𝑟 < ∞, 𝑚 > 0.

(1)

We shall assume that

𝑉 (𝑟) = −𝐴
𝑟 + 𝑞(𝑟), ∫

∞

0
|𝑞(𝑟)| 𝑑𝑟 < ∞, 𝐴 > 0.

For 𝑞(𝑟) ≡ 0 we obtain the equation describing the hydrogen atom.
By 𝜓(𝑟, 𝑘, 𝜆) = [𝜓1(𝑟, 𝑘, 𝜆), 𝜓2(𝑟, 𝑘, 𝜆)] we denote a solution of equation (1) such
that

lim
𝑟→0

𝜓(𝑟, 𝑘, 𝜆)𝑟−𝛼 = [1, 𝑏0], 𝛼 =
√

𝑘2 − 𝐴2, Re 𝛼 > 0, 𝑏0 = (𝛼 + 𝑘)𝐴.

As 𝑟 → ∞ the representation

𝜓(𝑟, 𝑘, 𝜆) = 𝑒𝜀𝑟−𝐴𝜆/𝜀𝑐(𝜀, 𝑘)[𝑚 + 𝜆 + 𝑜(1), 𝜀 + 𝑜(1)], 𝜀 =
√

𝑚2 − 𝜆2.

is valid. Let Re 𝜆 ⩾ 0; then the function 𝑐(𝜀, 𝑘) is analytic in the variables 𝜀
and 𝑘 in the domain Re 𝜀 > 0, 𝜀 ∈ [𝑚, +∞), 𝑘 ∈ [−𝐴, 𝐴].
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In the present article the analytic properties of the function 𝑐(𝜀, 𝑘) are studied
in detail. Then the concepts of quantum defects of the continuous and discrete
spectra of the Dirac equation (1) are introduced, the existence of quantum
defects is proved, and formulas for their computation are derived.

The theory of quantum defects in the nonrelativistic case for the radial
Schrödinger equation was considered earlier from semiempirical considerations
(see (2−4)) and was rigorously justified in (5).
2. We shall call the potential 𝑞(𝑟) regular if the following conditions are satisfied:

a) the function 𝑞(𝑟) is real for 𝑟 > 0;

b) the function 𝑞(𝑟) is analytic in the domain Re 𝑟 > 0 and continuous for
Re 𝑟 ⩾ 0, except, possibly, at 𝑟 = 0;

c) the inequality holds

∫
∞

0
̂𝑞(𝑡) 𝑑𝑡 < ∞,

where ̂𝑞(𝑡) = sup |𝑞(𝑡𝑒𝑖𝛽)|, −𝜋/2 ⩽ 𝛽 ⩽ 𝜋/2.

In §§ 2–5 we shall assume that the listed conditions are fulfilled.

Theorem 1. For regular potentials the function 𝑐(𝜀, 𝑘) admits analytic contin-
uation to the domain

𝜀 ∈ (−∞, 0] ∪ [𝑚, +∞), 𝑘 ∈ [−𝐴, 𝐴].
3. Let 𝑘 = 𝑘̄ and |𝑘| > 𝐴. Then the discrete spectrum of the Dirac equation

(1) is located, as is known, in the interval (−𝑚, 𝑚). If 𝜆𝑛 (0 < 𝜆𝑛 < 𝑚) is
a point of the discrete spectrum of equation (1), then

𝑐(𝜀𝑛, 𝑘) = 0, 𝜀𝑛 = √𝑚2 − 𝜆2𝑛. (2)

We denote, as usual,

𝑐±(𝜎, 𝑘) = lim
𝜏→±0

𝑐(𝜀, 𝑘), 𝜀 = 𝜎 + 𝑖𝜏, 𝜎 < 0.

Then the equality

Im 𝑐±(−𝑖𝜀𝑛, 𝑘) = 0 (3)

holds.

An analogous result is also valid in the case Re 𝜆 < 0, with Re
√

𝑚2 − 𝜀2 < 0
everywhere. As in the nonrelativistic case (5), the behavior of the roots 𝜀𝑛 is
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sometimes better studied by using equality (3) than directly with the aid of
equation (2).

In the case 𝑞(𝑟) ≡ 0 the corresponding function 𝑐0(𝜀, 𝑘) has the form

𝑐0(𝜀, 𝑘) = 𝐴𝜀 + (𝛼 + 𝑘)(𝑚 + 𝜆)
2𝐴𝜀 (2𝜀)−𝐴𝜆/𝜀−𝛼 Γ(2𝛼 + 1)

Γ(−𝑛′ + 1)
1

𝑚 + 𝜆,

where 𝜆 =
√

𝑚2 − 𝜀2, 𝑛′ = 𝐴𝜆/𝜀 − 𝛼.

4. The scattering amplitude is expressed, as is known (3), in terms of phase
shifts

𝜂𝑘(𝜀) = arg 𝑐(𝜀, 𝑘) + 𝐴𝜆
|𝑣| ln 2|𝑣|,

where 𝑘 is an integer (𝑘 ≠ 0), 𝜀 = 𝑖𝑣 (𝑣 < 0).
We shall call the quantities

𝛿(𝑘, ±𝑚) = 1
𝜋 lim

𝜆→±𝑚
arg 𝑐(𝜀, 𝑘)

𝑐0(𝜀, 𝑘) (|𝜆| > 𝑚) (4)

the quantum defects of the continuous spectrum.

We find sufficient conditions for the existence of the limits appearing on the
right-hand side of (4). First we introduce the notation

𝑔2(𝑟, 𝑘, 𝑚) = 𝑏1𝐻(1)
2𝛼 (2

√
2𝑚𝐴𝑟), 𝑔1(𝑟, 𝑘, −𝑚) = 𝑏2𝐻(1)

2𝛼 (2𝑖
√

2𝑚𝐴𝑟),

where 𝐻(1)
2𝛼 (𝑧) is the Hankel function,

𝑏1 = 𝐴2(2𝑚𝐴)𝛼𝜋
𝑖(𝛼 + 𝑘)Γ(2𝛼 + 1) , 𝑏2 = 𝐴𝜋

𝑖Γ(2𝛼 + 1)(−2𝑚𝐴)𝛼.

Let, moreover,

𝑔1(𝑟, 𝑘, 𝑚) = − 1
𝐴 (𝑟 𝑑

𝑑𝑟 − 𝑘) 𝑔2(𝑟, 𝑘, 𝑚),

𝑔2(𝑟, 𝑘, −𝑚) = 1
𝐴 (𝑟 𝑑

𝑑𝑟 + 𝑘) 𝑔1(𝑟, 𝑘, −𝑚), (5)

𝑆(𝑘, ±𝑚) = 1 + ∫
∞

0
𝜓(𝑟, 𝑘, ±𝑚)𝐻1(𝑟) [ 𝑔2(𝑟, 𝑘, ±𝑚)

−𝑔1(𝑟, 𝑘, ±𝑚)] ,
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where

𝐻1(𝑟) = [ 0 𝑞(𝑟)
−𝑞(𝑟) 0 ] .

Theorem 2. Let the potential 𝑞(𝑟) be regular and, for any 𝐿, let the inequality

∫
∞

0
𝑒𝐿

√
𝑡 ̂𝑞(𝑡) 𝑑𝑡 < ∞

hold.

Then for 𝛼 > 1/2 the limits exist

lim
𝜆→±𝑚

𝑐(𝜀, 𝑘)
𝑐0(𝜀, 𝑘) , 𝜆 = 𝜆̄, |𝜆| > 𝑚,

and the equalities hold

lim
𝜆→±𝑚

𝑐(𝜀, 𝑘)
𝑐0(𝜀, 𝑘) = 𝑆(𝑘, ±𝑚).

Thus, the quantum defects are determined by the formulas

𝛿(𝑘, ±𝑚) = 1
𝜋 arg 𝑆(𝑘, ±𝑚). (6)

We note that formulas (4) and (6) determine the quantum defects up to an
integer summand. For a unique determination let us consider the potential

𝑉𝜌(𝑟) = −𝐴/𝑟 + 𝜌𝑞(𝑟), 0 ≤ 𝜌 ≤ 1.

By arg 𝑐(𝜀, 𝑘)
𝑐0(𝜀, 𝑘) and arg 𝑆(𝑘, ±𝑚) we shall mean the angle through which,

about the origin, the vector representing respectively 𝑐(𝜀, 𝑘, 𝜌)/𝑐0(𝜀, 𝑘, 𝜌) and
𝑆(𝑘, ±𝑚, 𝜌) turns, when 𝜌 runs through the real values from 0 to 1. It is easy
to see that equality (6) is preserved.

5. The discrete spectrum of the Dirac equation is located, as is known, inside
the interval (−𝑚, 𝑚). If 𝐴 > 0 and

∫
∞

0
|𝑞(𝑟)| 𝑑𝑟 < 0,
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then the only accumulation point of the discrete spectrum is the point 𝑚. We
give here a more detailed description of the discrete spectrum. Let us renumber
its points 𝜆𝑛 in increasing order.

Theorem 3. Let the potential 𝑞(𝑟) be regular and let, for any 𝐿, the inequality
hold

∫
∞

0
𝑒𝐿

√
ln 𝑡 ̂𝑞(𝑡) 𝑑𝑡 < ∞.

Then, for 𝛼 > 1/2, the asymptotic equality holds

𝜆𝑛 = 𝑚
√1 + 𝐴2/[𝛼 + 𝑛 + 𝛿𝑘 + 𝜒(𝑛, 𝑘)]2

, (7)

where 𝜒(𝑛, 𝑘) → 0 as 𝑛 → ∞, and 𝛿𝑘 does not depend on 𝑛.

In formula (7), 𝑛 = 1, 2, … for 𝑘 > 𝐴; 𝑛 = 0, 1, 2, … for 𝑘 < −𝐴,

𝛿𝑘 = 1
𝜋 arg 𝑆(𝑘, 𝑚). (8)

The number 𝛿𝑘 will be called the quantum defect of the discrete spectrum. Recall
that for 𝑞(𝑟) = 0 the exact formula holds

𝜆0
𝑛 = 𝑚

√1 + 𝐴2/(𝛼 + 𝑛)2 .

It follows from Theorems 2 and 3 that the quantum defects of the discrete and
continuous spectra are related by the equality:

𝛿𝑘 = 𝛿(𝑘, 𝑚) = 1
𝜋 arg 𝑆(𝑘, 𝑚).

We note that superpositions of potentials of the form

𝑒−𝛽𝑟𝛾𝑟−𝑠 (𝛽 > 0, 1/2 < 𝛾 < 1, 𝑠 < 1)

satisfy the conditions of Theorems 2 and 3.

6. The quantum defects 𝛿(𝑘, ±∞) of the continuous spectrum are defined by
means of the equality

𝛿(𝑘, ±∞) = 1
𝜋 lim

𝜆→±∞
arg 𝑐(𝜀, 𝑘)

𝑐0(𝜀, 𝑘) (𝜀 =
√

𝑚2 − 𝜆2).
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We shall find the form of 𝛿(𝑘, ±∞), without assuming the potential 𝑞(𝑟) to be
regular.

Theorem 4. Let 𝑞(𝑟) = 𝑞(𝑟), ∫
∞

0
|𝑞(𝑟)| 𝑑𝑟 < ∞, 𝑘 = 𝑘̄, |𝑘| > 𝐴.

Then the formula is valid

lim
𝜆→±∞

𝑐(𝜀, 𝑘)
𝑐0(𝜀, 𝑘) = exp [±𝑖 ∫

∞

0
𝑞(𝑟) 𝑑𝑟] .

Corollary. If ∫
∞

0
|𝑞(𝑟)| 𝑑𝑟 < ∞, then the quantum defects 𝛿(𝑘, ±∞) exist, do

not depend on 𝑘, and have the form

𝛿(±∞) = ± ∫
∞

0
𝑞(𝑟) 𝑑𝑟. (9)

Thus, the equality holds:

𝛿(+∞) = −𝛿(−∞). (10)

Let us recall that in the nonrelativistic case

𝛿(±∞) = 0.

From equality (10) and the form of 𝑐0(𝜀, 𝑘) it follows that

lim
𝜆→±∞

𝜂𝑘(𝜀) = − lim
𝜆→∓∞

𝜂𝑘(𝜀) + 𝜋(𝛼 + 1).

In conclusion, we note that the results concerning the continuous spectrum
(items 2, 3, 4, 6) remain valid also for the case 𝐴 < 0.
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