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In the present note a connection is established between quasi-nuclear (*) and
semi-integral ((?), Ch. I, Definition 8) mappings. In addition, along with quasi-
nuclear mappings, we study mappings that are p-quasi-nuclear for 0 < p < 2/3
and ¢g-quasi-nuclear on the left and on the right for 2/3 < ¢ < 1.

I. Definition 1 ((°),2.1.1). Let E,F be locally convex spaces. A continu-
ous linear mapping A : F — F' is called absolutely summing if, for every
summable sequence (x;) in F, the sequence (Ax;) is absolutely summable in F'.

As Pietsch showed ((°),2.2.1), in the case when E,F are Banach spaces, a
mapping A : E — F is absolutely summing if and only if there exists p > 0 such
that

n

n
Dol Az < p sup Y [(z;.2)]
i=1

[z"]<1 %=1

for arbitrary finite sets z,,...,z, € E. The absolutely summing norm of A is
denoted by 7m(A) = inf p over all such p (see (°),2.2.2).

If E, F are locally convex spaces, then, as is known, E® F' is a vector subspace of
the space L(E., F) of all continuous linear mappings from E. into F, where E.
is the dual of F with the Mackey topology. Consider on L(E., F') the topology
¢ of uniform convergence on equicontinuous sets in E’. The topology on E® F
induced from L_(E.,F) is called the e-topology; E ® F with this topology
is denoted by E ®. F, and its completion by E@EF . We shall denote the
projective tensor product of the spaces E and F ((?),Ch. I, Definition 2) by
E®, F, and its completion by E®_F. Modifying Grothendieck’ s arguments on
the representation of I'®F ((?),Ch. I, § 3) and I'!®F ((?),Ch. I, Theorem 2),
we obtain the following

Proposition 1. Let E, F be locally convex spaces and let A : E — F be linear.
If F is complete and 1Q A : I'®_E — ['®_ F is continuous, then A is absolutely
summing. If F and F' are Fréchet spaces and A : E — F' is absolutely summing,
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then 1 A: ' ®. E — ' ®, F is continuous. Moreover, if E and F are Banach
spaces, T(A) = |1 ® A].

With the aid of Proposition 1 the following is established.

Theorem 1. Let E, F be Fréchet spaces and let A : E — F be linear. In order
that A be absolutely summing, it is necessary and sufficient that, for every
compact mapping u : ¢, — E, the composition A o u be nuclear. In the case
when F and F are Banach spaces,

m(A) = sup [Aoul;,

lul<1

where || f|; denotes the trace norm of the nuclear mapping f ((?), Ch. I, Definition 4).
II. Let E, F be Banach spaces and 0 < s < 1. For every u € E® F put

Jul, = inf (3 Al) "

where the infimum is taken over all representations of w in the form >~ A\,z, ® y;
with |lz;]| < 1, |ly;|l < 1. The function u > |u|, defines on £ ® F a metric
topology agreeing with the structure

of the vector space into £ ® F. The completions of F ® F' in this topology are

(s)
denoted by E ® F (see (2), Ch. 2, §1). Let now B(E,F) be the space of all
continuous bilinear forms on F x F, and

(s)
w,: B’ ® F' — B(E, F)

(s)
the canonical mapping. Bilinear forms contained in w,(E’ ® F’) will be called
s-nuclear. For each

(s)
it €ew,(E ®F)
we shall call the number

lals = inf Jlu+wols,
vewzt(u)

s

where w,(u) = @, the s-nuclear norm* of .

Definition 2. Let E, F' be Banach spaces, 0 < p <2/3 and 2/3 <¢<1. A
bilinear form v on E x F will be called p-nuclear at a glance (g-quasinuclear on
the left (on the right)) if the bilinear form

X1 w x1 w 1xp u
NOxN) 2L BxF S R (zl(I) «FZ L ExFYSR (E X IN(J) — Ex F 5% R))
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is p-nuclear (g-nuclear) for some normed homomorphisms “onto”
p:1Y(I) = E and v:1J)— F;

the p-quasinuclear (g-quasinuclear on the left (on the right)) norm of u (nota-
tion [lu,; (Jull,o(ullo,))) is defined to be the p-nuclear (g-nuclear) norm of the
bilinear form

we (px1p) (ue(px1)(ue(lx))).

A mapping 4 : E — F will be called p-quasinuclear (g-quasinuclear on the left
(on the right)) if the corresponding bilinear form on E x F’ is p-quasinuclear (g-
quasinuclear on the left (on the right)); the p-quasinuclear norm (g-quasinuclear
on the left (on the right)) of the mapping & will be called the p-quasinuclear
(g-quasinuclear on the left (on the right)) norm of the corresponding bilinear
form on E x F’ (notation

il (il go (NEllog))-

1-quasinuclear mappings on the left (on the right) will be called quasinuclear on
the left (on the right). It is not difficult to verify that quasinuclear mappings
on the right coincide with the quasinuclear mappings in the sense of Pietsch (%),
and their quasinuclear-on-the-right and quasinuclear ((5), 3.2.3) norms are equal.
By analogy with the definition of p-quasinuclear mappings for 0 < p < 2/3, one
can give a definition of g-quasinuclear mappings for 2/3 < ¢ < 1. However, this
goes beyond the class of mappings whose composition in any finite number are
nuclear. Moreover, it can be shown that every compact mapping

w:l? =2
has the property that, for arbitrary normed homomorphisms
@:IMI) =12 and o:IYJ) — 12
the composition
oS e e
is nuclear.

In view of this, in what follows we shall assume that 0 < p < 2/3 and 2/3 <
q < 1. We indicate the basic properties of p-quasinuclear and g-quasinuclear on
the left (on the right) mappings.

Proposition 2. If £, F,G, H are Banach spaces, v : F' — G is p-quasinuclear
(g-quasinuclear on the left (on the right)) and o : E — F, § : G — H are
continuous, then Sua is p-quasinuclear (g-quasinuclear on the left (on the right)),
and

[Bucl,y < 1Bl Tl (1Bualyo < 181 ulgolad  (I1Bucdoy < 18] luloglel)) -
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Proposition 3. Let E, F', G, H be Banach spaces, let o : E — F be a normed
homomorphism “onto,” g : G — H an isometry “into,” and let v : F — G be
such that

« u B
F—F—-G—H

is p-quasinuclear
B
(E H5r5Gis g-quasinuclear on the left (F LGS His g-quasinuclear on the right)) .

Then w is p-quasinuclear (g-quasinuclear on the left (on the right)), and
lullpy = 1Bual,y  (lulgo = lualgy  (lulog = 1B8ulog)) -

Theorem 2. Let E, F' be Banach. A continuous linear mapping
u:EF—F
is p-quasinuclear (g-quasinuclear on the left (on the right)) if and only if
ty: F" — E'
is p-quasinuclear (g-quasinuclear on the right (on the left)), and

lulpr = 1*ulpy (lulg = Pullog  (lllog = I*ullg0)) -

* For 0 < s < 1 this is not a norm in the usual sense, since |u+7|, < C,(||al,+]|7],),

where C| is a constant depending on s.

Let F, F' be Banach spaces. Denote by N, (E, F) (N, (E, F) (Ny,(E, F))) the
spaces of all p-quasi-nuclear (left (right) ¢-quasi-nuclear) mappings with the

topology defined by the p-quasi-nuclear (left (right) g-quasi-nuclear) norm.

Proposition 4. The spaces N, (E,F), Ny(E,F), Ny (E,F) are com-
plete metric spaces, and if E' or F satisfies the approximation condition
((?),Ch.I, De finition9), then E' ® F is dense in N, (E,F), Ny,(E,F),
Ny, (E, F).

Corollary. Every right quasi-nuclear mapping into the space C(K) of all con-
tinuous functions on a compactum K is nuclear, and the quasi-nuclear and
nuclear norms of this mapping coincide.

1. Definition 3 ((2),Ch.I, Definition8). Let E,F be Banach spaces. A
mapping A : E — F is called left (right) semi-integral if the mapping
1®A:¢y®.E —cy®, F(1®A:1'® FE — I'®, F) is continuous.
The left (right) semi-integral norm of A is the norm of the continuous
mapping 16 A (notation | 4], (|A]5,).
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It follows from Proposition 1 that, if £ and F are Banach spaces, then A :
E — F is absolutely summing if and only if A is right semi-integral, and
moreover |Aly; = m(A). Since [ satisfies the metric approximation condi-
tion ((?), Ch.I, Propositiondl), it follows that |Al}, = Al (IAll6; = [ Alo1)-
Thus, for every right quasi-nuclear mapping A we obtain | Ay, = 7(A) (see also

().
Let us proceed to establish the connection between quasi-nuclear and semi-
integral mappings.

Theorem 3. Let E, F' be Banach spaces and A : E — F' a linear mapping. If A
is right semi-integral, then for every weakly compact ball K in E the composition

k A
Epy - E—F
is right quasi-nuclear and
1A ugllor < I1Alo full,
where wy, is canonical. If for every compact ball K in E the composition
k A
Ey —-FE—F
is right quasi-nuclear, then A is right semi-integral and

I A6 < sup [[Aeugfo;-
<1

Corollary 1. Every right semi-integral mapping from a reflexive space into an

arbitrary Banach space is right quasi-nuclear.

Corollary 2. Let E, F be Banach spaces and A : E — F linear. If there exist
a o(E’, E")-compact ball M in E’ and a positive measure p on M such that

x| < /M (&, ') du(e’)

for every x € E, then A is right quasi-nuclear.

Theorem 4. Let E F be Banach spaces. A mapping A : E — F s left
semi-integral if and only if for every compact ball K in E the composition

Ug A
Ex —ESF

is left quasi-nuclear, and

Ao = sup Ao ugfso,
Jurl<1

where uy, is canonical.

sovietrxiv.org/items/ru-196901.95759 Machine Translation


https://sovietrxiv.org/items/ru-196901.95759

Theorem 5. Let E, F be Banach spaces. In order that A : E — F be right semi-
integral, it is necessary and sufficient that for every compact mapping u : F — ¢,
the composition u o A be nuclear; moreover

1Al6: = sup fue Al;.

lul<1
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