
Soviet-era science, translated into English

TWO-LEVEL
ITERATIVE SCHEMES
MATHEMATICS

1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196901.93144

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196901.93144


Abstract
Full Text
UDC 518:517.944/.947

MATHEMATICS

Corresponding Member of the Academy of Sciences of the USSR A. A.
SAMARSKII

TWO-LEVEL ITERATIVE SCHEMES
In this note we consider two-level (one-step, two-term, first-order schemes [1]) it-
erative schemes for solving the equation 𝐴𝑢 = 𝑓 , where 𝐴 is a linear self-adjoint
operator given in a Hilbert space (h.s.). For the study of implicit schemes, the
method [2] of investigating stability with respect to initial data for two-level
difference schemes is used. An implicit scheme of general form is reduced to an
explicit scheme (the simple-iteration scheme). The basic problem in the theory
of iterative schemes is treated as the problem of estimating the norm of the
resolving operator of the equivalent explicit scheme and of choosing the itera-
tion parameters from the condition that this norm be minimal. In the case of
“stationary”schemes, the problem of the minimum of the norm of the transition
operator of the explicit scheme is solved. The study of the computational sta-
bility of iterative schemes is reduced to the problem of stability of schemes with
respect to perturbations of all input data—the operators of the scheme, the right-
hand side, and the initial approximation. In constructing schemes, methods [3]
are used. A class of schemes with a factorized operator 𝐵 = (𝐸+𝜔𝑅1)(𝐸+𝜔𝑅2)
is considered, where 𝑅1 and 𝑅2 are adjoint (“triangular”) operators.

1. Let 𝐻 be a real h.s.; ( , ) the scalar product in 𝐻; (𝐻 → 𝐻) the set of
linear operators acting from 𝐻 into 𝐻. All operators considered below
belong to (𝐻 → 𝐻). We use the notation [2]: 𝐴 > 0 if (𝐴𝑥, 𝑥) > 0 for
all 𝑥 ∈ 𝐻, ‖𝑥‖ ≠ 0; 𝐴 ≥ 𝐵 if (𝐴𝑥, 𝑥) ≥ (𝐵𝑥, 𝑥) for all 𝑥 ∈ 𝐻, etc. Along
with 𝐻 we consider the energy spaces 𝐻𝐷, where 𝐷 = 𝐷∗ > 0, with norm
‖𝑥‖𝐷 = √(𝐷𝑥, 𝑥), 𝐷 ∈ (𝐻 → 𝐻), 𝐷 = 𝐴 or 𝐵.

Let the operator equation be given

𝐴𝑢 = 𝑓, (1)

where 𝑢 is the sought vector and 𝑓 a given vector from 𝐻. For an approximate
solution of equation (1), consider one-step iterative schemes, which we write in
canonical form

𝐵𝑘(𝑦𝑘+1 − 𝑦𝑘)/𝜏𝑘+1 + 𝐴𝑦𝑘 = 𝑓, 𝑘 = 0, 1, … , 𝑦0 ∈ 𝐻 is an arbitrary vector.
(2)
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Here 𝑘 is the iteration number, 𝑦𝑘 the 𝑘-th iterate, 𝜏𝑘+1 > 0 a parameter, and
𝐵𝑘 an arbitrary operator having an inverse 𝐵−1

𝑘 . In what follows it is assumed
everywhere that the initial approximation 𝑦0 is an arbitrary vector from 𝐻.
Since the solution 𝑢 of equation (1) satisfies (2), for the error 𝑧𝑘 = 𝑦𝑘 − 𝑢 we
have:

𝐵𝑘(𝑧𝑘+1 − 𝑧𝑘)/𝜏𝑘+1 + 𝐴𝑧𝑘 = 0, 𝑘 = 0, 1, … , 𝑧0 = 𝑦0 − 𝑢. (3)

The iterative scheme (2) coincides in form with the two-level scheme [2] cor-
responding to the abstract Cauchy problem 𝐵 𝑑𝑢/𝑑𝑡 + 𝐴𝑢 = 𝑓 , 0 ≤ 𝑡 ≤ 𝑡0,
𝑢(0) = 𝑢0. It is therefore natural, instead of saying “one-step iterative scheme”
(method), to say“two-level iterative scheme.”If 𝐵𝑘 = 𝐸, the identity operator,
then (2) is called an explicit scheme; if 𝐵𝑘 ≠ 𝐸, then (2) is an implicit scheme.
We define the family of schemes (2) by the conditions

𝐴 = 𝐴∗ > 0, 𝐵𝑘 = 𝐵∗
𝑘 > 0. (4)

According to (2), the implicit scheme (3) is equivalent to the explicit scheme
𝑥𝑘+1 = 𝑆𝑘𝑥𝑘, 𝑘 = 0, 1, …, where 𝑥𝑘 = 𝐴1/2𝑧𝑘, 𝑆𝑘+1 = 𝐸 − 𝜏𝑘+1𝐶𝑘, 𝐶𝑘 =
𝐴1/2𝐵−1

𝑘 𝐴1/2, 𝑆𝑘+1—

transition operator (from the 𝑘-th iteration to the (𝑘 + 1)-st iteration) for the
explicit scheme. Hence it follows that

𝑥𝑛 = 𝑇𝑛𝑥0, 𝑇𝑛 = 𝑆𝑛𝑆𝑛−1
… 𝑆1, ‖𝑥𝑛‖ ≤ ‖𝑇𝑛‖‖𝑥0‖, ‖𝑥𝑘‖ = ‖𝑧𝑘‖𝐴, (5)

where 𝑇𝑛 is the resolving operator of the explicit scheme equivalent to scheme
(3). In view of (4), 𝑇𝑛 = 𝑇 ∗

𝑛 and ‖𝑇𝑛‖ = sup‖𝑥‖=1 |(𝑇𝑛𝑥, 𝑥)|.
Lemma 1. Let ‖𝑇𝑛‖ ≤ 𝑞𝑛. Then for (2) the estimate

‖𝑦𝑛 − 𝑢‖𝐴 ≤ 𝑞𝑛‖𝑦0 − 𝑢‖𝐴, 𝑛 = 1, 2, … , (6)

is valid, and if 𝐴 and 𝐵 commute, then

‖𝐴𝑦𝑛 − 𝑓‖ ≤ 𝑞𝑛‖𝐴𝑦0 − 𝑓‖. (7)

The iterations according to scheme (2) converge in 𝐻𝐴 if 𝑞𝑛 → 0 as 𝑛 →
∞. Usually it is required to find an approximate solution of problem (1) with
relative error 𝜀 > 0, or with absolute error 𝜀0: (‖𝑦𝑛 − 𝑢‖𝐴/‖𝑦0 − 𝑢‖𝐴) < 𝜀, or
‖𝑦𝑛 − 𝑢‖𝐴 < 𝜀0 under the condition ‖𝑢‖𝐴 ≈ 1. The first requirement is fulfilled
when ‖𝑇𝑛‖ < 𝜀 or 𝑞𝑛 ≤ 𝜀. The number of iterations 𝑛 = 𝑛0(𝜀) for which ‖𝑇𝑛‖ < 𝜀
depends on the choice of 𝐵𝑘 and 𝜏𝑘, which are subject to the requirement inf ‖𝑇𝑛‖
(or min 𝑞𝑛).
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2. In what follows, schemes (2) with constant operators 𝐵𝑘 = 𝐵 are considered
throughout, under the assumption that

𝐴 = 𝐴∗ > 0, 𝐵 = 𝐵∗ > 0, 𝛾1𝐵 ≤ 𝐴 ≤ 𝛾2𝐵, 𝛾2 > 𝛾1 > 0, (8)

where 𝛾1 and 𝛾2 are prescribed constants (𝐴 and 𝐵 are energetically equivalent
(3), convergent (4), spectrally equivalent (5) operators with constant equivalence
constants 𝛾1 and 𝛾2). For 𝐵𝑘 = 𝐵, (3) is equivalent to the explicit scheme

𝑥𝑘+1 = 𝑆𝑘+1𝑥𝑘, 𝑆𝑘+1 = 𝐸 − 𝜏𝑘+1𝐶, 𝑘 = 0, 1, … , (9)

𝐶 = 𝐶(1) = 𝐴1/2𝐵−1𝐴1/2 for 𝑥𝑘 = 𝐴1/2𝑧𝑘,

or

𝐶 = 𝐶(2) = 𝐵−1/2𝐴𝐵−1/2 for 𝑥𝑘 = 𝐵1/2𝑧𝑘.

Hence, and from (8), it follows that

𝐶 = 𝐶∗ > 0, 𝛾1𝐸 ≤ 𝐶 ≤ 𝛾2𝐸. (10)

Introduce the notation

𝜏0 = 2/(𝛾1 + 𝛾2), 𝜌0 = (𝛾2 − 𝛾1)/(𝛾2 + 𝛾1) = (1 − 𝜉)/(1 + 𝜉),

𝜌1 = (1 − √𝜉)/(1 + √𝜉), 𝜉 = 𝛾1/𝛾2. (11)

For scheme (9), the resolving operator 𝑇𝑛 = 𝑇𝑛(𝐶) is an operator polynomial
of degree 𝑛, whose norm satisfies ‖𝑇𝑛(𝐶)‖ ≤ max𝑡∈[𝛾1,𝛾2] |𝑇𝑛(𝑡)| (see (6)).

The parameters 𝜏1, 𝜏2, … , 𝜏𝑛 are found from the condition inf ‖𝑇𝑛(𝐶)‖, which
reduces to the problem of finding minmax𝑡∈[𝛾1,𝛾2] |𝑇𝑛(𝑡)|; its solution has the
form (1)

𝜏𝑘 = 𝜏0/(1 + 𝜌0𝜆𝑘), 𝜆𝑘 = cos[(2𝑘 − 1)𝜋/2𝑛], 𝑘 = 1, 2, … , 𝑛, (12)

and in this case

‖𝑇𝑛‖ ≤ 𝑞𝑛, 𝑞𝑛 = 2𝜌𝑛
1 /(1 + 𝜌2𝑛

1 ).

sovietrxiv.org/items/ru-196901.93144 Machine Translation

https://sovietrxiv.org/items/ru-196901.93144


Hence, and from Lemma 1 with 𝐵𝑘 = 𝐵, for (2) it follows that

‖𝑦𝑘 − 𝑢‖𝐷 ≤ 𝑞𝑛‖𝑦0 − 𝑢‖𝐷, where 𝐷 = 𝐴 or 𝐷 = 𝐵. (13)

3. Let us turn to “stationary”schemes with constant 𝐵𝑘 = 𝐵 and 𝜏𝑘 = 𝜏 :

𝐵(𝑦𝑘+1 − 𝑦𝑘)/𝜏 + 𝐴𝑦𝑘 = 𝑓, 𝑘 = 0, 1, … , 𝑦0 ∈ 𝐻 given. (14)

For 𝑧𝑘 = 𝑦𝑘 − 𝑢 we obtain the homogeneous equation (30) with 𝐵𝑘 = 𝐵 and
𝜏𝑘+1 = 𝜏 . It is equivalent to the explicit scheme with constant transition opera-
tor 𝑥𝑘+1 = 𝑆𝑥𝑘, 𝑆 = 𝐸 − 𝜏𝐶, 𝑘 = 0, 1, 2, …, where 𝐶 = 𝐶(1) for 𝑥𝑘 = 𝐴1/2𝑧𝑘, or
𝐶 = 𝐶(2) for 𝑥𝑘 = 𝐵1/2𝑧𝑘. In this case 𝑇𝑛 = 𝑆𝑛, ‖𝑇𝑛‖ = ‖𝑆‖𝑛, since 𝑆 = 𝑆∗, and
the problem of inf𝜏 ‖𝑇𝑛‖ reduces to the problem of finding inf𝜏 ‖𝑆‖. We shall use
the well-known result (1) for the explicit scheme:

Theorem 1. Let 𝑆 = 𝐸 −𝜏𝐶 and let conditions (10) be satisfied. Then ‖𝑆‖ < 1
for 0 < 𝜏 < 2/𝛾2, and inf𝜏 ‖𝑆‖ is attained at 𝜏 = 𝜏0:

inf
𝜏

‖𝑆‖ = ‖𝐸 − 𝜏0𝐶‖ = 𝜌0.

Corollary. For the scheme (14), (8), with 𝜏 = 𝜏0, the estimates

‖𝑦𝑛 − 𝑢‖𝐷 ≤ 𝜌𝑛
0 ‖𝑦0 − 𝑢‖𝐷, 𝐷 = 𝐴 or 𝐷 = 𝐵. (15)

Remark 1. In (2) it is shown that the necessary and sufficient condition for
the estimate ‖𝑧𝑛‖𝐷 ≤ 𝜌𝑛‖𝑧0‖𝐷, 𝜌 < 1 (𝐷 = 𝐴 or 𝐷 = 𝐵) for the scheme (14)
has the form 1

𝜏 (1 − 𝜌)𝐵 ≤ 𝐴 ≤ 1
𝜏 (1 + 𝜌)𝐵.

Comparing it with (8), we obtain 𝜏 = 𝜏0, 𝜌 = 𝜌0.

Remark 2. For finite-dimensional 𝐻, the estimates (15) were obtained in (4,7 )
by the method of separation of variables. The estimates (15) are inconvenient
for checking, since they contain the unknown exact solution 𝑢 of equation (1).

Theorem 2. For problem (14), under (8) and with 𝜏 = 𝜏0, the estimates

‖𝑦𝑛+1 − 𝑦𝑛‖𝐷 ≤ 𝜌𝑛
0 ‖𝑦1 − 𝑦0‖𝐷, 𝐷 = 𝐴 or 𝐵,

‖𝐴𝑦𝑛 − 𝑓‖𝐵−1 ≤ 𝜌𝑛
0 ‖𝐴𝑦0 − 𝑓‖𝐵−1 . (16)

If 𝐴𝐵 = 𝐵𝐴, then the estimate (7) is valid with 𝑞𝑛 = 𝜌𝑛
0 .

The inequality
‖𝑦𝑛+1 − 𝑦𝑛‖𝐷 ≤ 𝜀‖𝑦1 − 𝑦0‖𝐷
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may serve as a condition for terminating the iterations. The number of iterations
in this case is 𝑛 > 𝑛0(𝜀), where

𝑛0(𝜀) = [ln(1/𝜀)/ ln(1/𝜌0)]

([𝑎] is the integer part of the number 𝑎). Without loss of generality, one may
take ‖𝑢‖𝐴 = 1. In this case the criterion for terminating the iterations may be
the inequality

‖𝑦𝑛 − 𝑢‖𝐷 ≤ 𝜀0.

Lemma 2. For the scheme (14), under (8), the inequalities

1
𝜏𝛾2

‖𝑦𝑛+1 − 𝑦𝑛‖𝐷 ≤ ‖𝑦𝑛 − 𝑢‖𝐷 ≤ 1
𝜏𝛾1

‖𝑦𝑛+1 − 𝑦𝑛‖𝐷 (𝐷 = 𝐴, 𝐵)

hold.

It follows from this that the condition ‖𝑦𝑛 − 𝑢‖𝐷 ≤ 𝜀0 will be fulfilled if

‖𝑦𝑛+1 − 𝑦𝑛‖𝐷 ≤ 𝜀1,

where 𝜀1 = 𝜏𝛾1𝜀0.

4. Let us dwell on the question of computational stability of the scheme (14).
If the computations are carried out with a finite number of digits, then
because of rounding errors, in solving problem (14) we find its approximate
solution ̃𝑦𝑛, which may be regarded as the exact solution of a problem with
perturbed input data

𝐵( ̃𝑦𝑘+1 − ̃𝑦𝑘)/𝜏0 + 𝐴 ̃𝑦𝑘 = ̃𝑓𝑘, 𝑘 = 0, 1, … , ̃𝑦0 ∈ 𝐻. (17)

We shall assume that 𝐴 = 𝐴∗ > 0, 𝐵 = 𝐵∗ > 0, i.e. (17) belongs to the
original family of schemes (14). As a measure of the perturbation of the
operators 𝐴 and 𝐵, it is natural to take the relative change in the energies
of these operators:

|((𝐴−𝐴)𝑥, 𝑥)| ≤ 𝛼(𝐴𝑥, 𝑥), |((𝐵−𝐵)𝑥, 𝑥)| ≤ 𝛼(𝐵𝑥, 𝑥) (0 ≤ 𝛼 < 1)
(18)

for all 𝑥 ∈ 𝐻, which is equivalent to the conditions

‖𝐴−1/2(𝐴 − 𝐴)𝐴−1/2‖ ≤ 𝛼, ‖𝐵1/2(𝐵 − 𝐵)𝐵−1/2‖ ≤ 𝛼.

Theorem 3. Let ̃𝑦𝑛 be the solution of problem (17), and let conditions (8),
(18) be fulfilled. Then, for

𝛼 ≤ 𝜉/(4 + 𝜉), 𝜉 = 𝛾1/𝛾2,

the estimates are valid

‖ ̃𝑦𝑛−𝑢‖𝐷 ≤ ̃𝜌 𝑛‖𝑦0−𝑢‖𝐷+𝛼√1 + 𝛼
1 − 𝛼 (1+ ̃𝜌 𝑛)‖𝑓‖𝐷−1+2(1 − ̃𝜌 𝑛)

𝛾1
max

0≤𝑘≤𝑛−1
‖ ̃𝑓𝑘−𝑓‖𝐷−1 ,
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where

̃𝜌 = 𝜌0 + 2𝛼
1 − 𝛼(1 + 𝜌0) ≤ 1 + 𝜌0

2 < 1 for 𝛼 < 𝜉
4 + 𝜉 , 𝐷 = 𝐴 or 𝐵.

5. Not only the number of actions 𝑄 for computing one iteration, but also the
number of iterations 𝑛0(𝜀), depends on the choice of the operator 𝐵 in the
scheme (14). Therefore it is natural to choose 𝐵 in some admissible family
of operators so that: 1) the ratio 𝜉 = 𝛾1/𝛾2 is maximal (𝜌0 minimal), 2)
𝐵 is an economical operator (𝑄 minimal in some sense, for example, in
order relative to 𝜉 as 𝜉 → 0). In constructing 𝐵, one usually proceeds
from some operator 𝑅 = 𝑅∗ > 0 (see (1−7)), energo-

-tically equivalent to 𝐴 and 𝐵:

𝑐1𝑅 ≤ 𝐴 ≤ 𝑐2𝑅, 𝑐2 ≥ 𝑐1 > 0; (19)

∘𝛾1𝐵 ≤ 𝑅 ≤ ∘𝛾2𝐵. (20)

Then inequalities (8) hold with constants 𝛾1 = 𝑐1
∘𝛾1, 𝛾2 = 𝑐2

∘𝛾2.

Let us investigate the case of a factorized operator (f.o.)

𝐵 = (𝐸 + 𝜔𝑅1)(𝐸 + 𝜔𝑅2), 𝑅 = 𝑅1 + 𝑅2, (21)

where 𝑅1 and 𝑅2 are adjoint operators, 𝑅2 = 𝑅∗
1, so that 𝐵 = 𝐵∗ > 0, and

𝜔 > 0 is a parameter. The numbers ∘𝛾1 and ∘𝛾2 in this case depend on the
parameter 𝜔, which should be chosen so that the ratio ∘𝛾1/ ∘𝛾2 = 𝑓(𝜔) is maximal
(8).
Theorem 4. Let 𝑅2 = 𝑅∗

1, 𝑅 = 𝑅1 + 𝑅2, and 𝑅 ≥ 𝛿𝐸, ‖𝑅2𝑥‖2 ≤
1
4 Δ(𝑅𝑥, 𝑥), Δ ≥ 𝛿 > 0. Then the constants ∘𝛾1 and ∘𝛾2 in (20) are given by the
formulas

∘𝛾1 = 𝛿/2(1 + √𝜂), ∘𝛾2 = 𝛿/4√𝜂, ∘𝛾1/ ∘𝛾2 = 2√𝜂/(1 + √𝜂),

𝜂 = 𝛿/Δ for 𝜔 = 2/
√

𝛿Δ ∗.

Remark 1. Knowing ∘𝛾1, ∘𝛾2, we find 𝛾1 = 𝑐1
∘𝛾1, 𝛾2 = 𝑐2

∘𝛾2 and 𝜏0 = 2/(𝛾1 +𝛾2).
For the number of iterations 𝑛0(𝜀), as 𝜂 → 0 the estimate

𝑛0(𝜀) = 𝑂 ( 1√𝜂 ln 1
𝜀)
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is valid.

Remark 2. If one uses scheme (2) with 𝐵𝑘 = 𝐵, where 𝐵 is the f.o. (21), and
𝜏𝑘+1 are determined according to (12), then

𝑛0(𝜀) = 𝑂 ( 1
4
√𝜂 ln 1

𝜀) .

The question of the computational stability of such a scheme remains open.

Let us consider one more f.o.

𝐵 = (𝐸 + 𝜔1𝑅1)(𝐸 + 𝜔2𝑅2), where 𝑅1𝑅2 = 𝑅2𝑅1, 𝑅𝛼 = 𝑅∗
𝛼 > 0,

𝛼 = 1, 2, 𝑅1 + 𝑅2 = 𝑅 (22)

Theorem 5. Let the conditions 𝛿𝛼𝐸 ≤ 𝑅𝛼 ≤ Δ𝛼𝐸; Δ𝛼 > 0; 𝛼 = 1, 2; 𝛿2 >
0; 𝛿1[1 + 𝛿2(1/Δ1 + 1/Δ2)] + 𝛿2 > 0 be satisfied. Then, for the values of the
parameters 𝜔1 and 𝜔2 equal to

𝜔1 = 𝜔0/(1 − 𝜔0𝑐0) > 0, 𝜔2 = 𝜔0/(1 + 𝜔0𝑐0) > 0, 𝜔0 = 1/√𝛿′
1Δ′

1 =

= 1/√𝛿′
2Δ′

2, 𝛿′
1 = 𝛿1 + 𝑐0, 𝛿′

2 = 𝛿2 − 𝑐0, Δ′
1 = Δ1 + 𝑐0, Δ′

2 = Δ2 − 𝑐0,

𝑐0 = (𝛿2Δ2 − 𝛿1Δ1)/(𝛿1 + 𝛿2 + Δ1 + Δ2),

the equivalence constants of 𝑅 = 𝑅1 + 𝑅2 and the f.o. (22) are equal to

∘𝛾1 = 1 − ̄𝜌
𝜔1 + 𝜔2

, ∘𝛾2 = 1 + ̄𝜌
𝜔1 + 𝜔2

,
∘𝛾1
∘𝛾2

= 1 − ̄𝜌
1 + ̄𝜌 , ̄𝜌 = 1 − √𝜂′

1
1 + √𝜂′

1

1 − √𝜂′
2

1 + √𝜂′
2

,

𝜂′
𝛼 = 𝛿′

𝛼
Δ′𝛼

, 𝛼 = 1, 2.

Schemes with an f.o. of the form (22) occur in solving difference elliptic equa-
tions by the method of alternating directions (see, for example, (8−10)).
Received
2 X 1968

sovietrxiv.org/items/ru-196901.93144 Machine Translation

https://sovietrxiv.org/items/ru-196901.93144


CITED LITERATURE
1 D. K. Faddeev, V. N. Faddeeva, Computational Methods of Linear Algebra,
Moscow, 1960.
2 A. A. Samarskii, DAN, 181, No. 4, 808 (1968).
3 A. A. Samarskii, Zhurn. vychisl. matem. i matem. fiz., 7, No. 1, 62 (1967);
7, No. 5, 1093 (1967).
4 E. G. D’yakonov, Zhurn. vychisl. matem. i matem. fiz., 6, No. 1, 12 (1966);
DAN, 163, No. 6, 1314 (1965).
5 S. G. Mikhlin, Numerical Implementation of Variational Methods, “Nauka,”
Moscow, 1966.
6 L. V. Kantorovich, G. P. Akilov, Functional Analysis in Normed Spaces,
Moscow, 1959.
7 J. E. Gunn, J. Soc. Industr. and Appl. Math., Numer. Anal., Sec. B, 2,
No. 1, 24 (1965).
8 A. A. Samarskii, Zhurn. vychisl. matem. i matem. fiz., 6, No. 4, 665 (1966).
9 E. L. Wachspress, J. Soc. Industr. and Appl. Math., 11, No. 3, 994 (1963).
10 R. S. Varga, Information Processing, Paris, 1960, p. 85—90.

* In the proof of Theorem 4 the inequality 𝐵 ≥ 2𝜔𝑅, indicated by E. Nikolaev,
was used.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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