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TWO-LEVEL ITERATIVE SCHEMES

In this note we consider two-level (one-step, two-term, first-order schemes [1]) it-
erative schemes for solving the equation Au = f, where A is a linear self-adjoint
operator given in a Hilbert space (h.s.). For the study of implicit schemes, the
method [2] of investigating stability with respect to initial data for two-level
difference schemes is used. An implicit scheme of general form is reduced to an
explicit scheme (the simple-iteration scheme). The basic problem in the theory
of iterative schemes is treated as the problem of estimating the norm of the
resolving operator of the equivalent explicit scheme and of choosing the itera-
tion parameters from the condition that this norm be minimal. In the case of
“stationary” schemes, the problem of the minimum of the norm of the transition
operator of the explicit scheme is solved. The study of the computational sta-
bility of iterative schemes is reduced to the problem of stability of schemes with
respect to perturbations of all input data—the operators of the scheme, the right-
hand side, and the initial approximation. In constructing schemes, methods [3]
are used. A class of schemes with a factorized operator B = (E+wR;)(E+wR,)
is considered, where R, and R, are adjoint ( “triangular” ) operators.

1. Let H be a real h.s,; (, ) the scalar product in H; (H — H) the set of
linear operators acting from H into H. All operators considered below
belong to (H — H). We use the notation [2]: A > 0 if (Az,z) > 0 for
all x € H, |z|| # 0; A > B if (Az,z) > (Bz,x) for all z € H, etc. Along
with H we consider the energy spaces Hp, where D = D* > 0, with norm

‘|$HD:\/W7D€(H—>H>,DZAOTB.

Let the operator equation be given
Au=f, (1)
where u is the sought vector and f a given vector from H. For an approximate

solution of equation (1), consider one-step iterative schemes, which we write in
canonical form

B (Yii1 — Vi) /o1 T Ay, =f, k=0,1,..., yo € H is an arbitrary vector.

(2)
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Here k is the iteration number, y, the k-th iterate, 7, > 0 a parameter, and
B, an arbitrary operator having an inverse By !. In what follows it is assumed
everywhere that the initial approximation y, is an arbitrary vector from H.
Since the solution u of equation (1) satisfies (2), for the error z;, = y;, — u we
have:

Bi(zpi1 — 21)/Tipr + Az, =0, k=0,1,..., zy=y—u. (3)

The iterative scheme (2) coincides in form with the two-level scheme [2] cor-
responding to the abstract Cauchy problem Bdu/dt + Au = f, 0 < ¢t < ¢,
u(0) = ugy. It is therefore natural, instead of saying “one-step iterative scheme”
(method), to say “two-level iterative scheme.” If B, = F, the identity operator,
then (2) is called an explicit scheme; if B), # E, then (2) is an implicit scheme.
We define the family of schemes (2) by the conditions

A=A*>0, B,=B;>0. (4)

According to (2), the implicit scheme (3) is equivalent to the explicit scheme
+1 = Skx k = O 1 cey Where 'Tk = Al/ZZk,, Sk+1 = E*Tk._,'_lok’ O}f =
AI/QB 1A1/2 Sk+1

transition operator (from the k-th iteration to the (k + 1)-st iteration) for the
explicit scheme. Hence it follows that

Ty =Tp,0, T =8ns,  Si lzal < ITullzol, il = lzellas — (5)
where T, is the resolving operator of the explicit scheme equivalent to scheme
(3). In view of (4), T,, = T and |T,,| = SUP),_y (T, x)|

Lemma 1. Let |T,| < q,,. Then for (2) the estimate

Hyn - u”A S QnHyO - u”A7 n= 1) 27 L) (6)

is valid, and if A and B commute, then

1Ay, — FIl < 4nll Ay — £II (7)

The iterations according to scheme (2) converge in H, if ¢, — 0 as n —
oo. Usually it is required to find an approximate solution of problem (1) with
relative error £ > 0, or with absolute error eq: (|y,, — ula/lyvo — ull4) < &, or
ly, —u]4 < &y under the condition |u|, =~ 1. The first requirement is fulfilled
when |T,,| < € or ¢,, < e. The number of iterations n = ny(e) for which |T,,| < e
depends on the choice of By, and 7, which are subject to the requirement inf | T, |
(or ming,,).

sovietrxiv.org/items/ru-196901.93144 Machine Translation


https://sovietrxiv.org/items/ru-196901.93144

2. In what follows, schemes (2) with constant operators B), = B are considered
throughout, under the assumption that

A=A">0, B=DB*>0, 7B <A< ,B, Yo >y, >0, (8)

where 7, and 7, are prescribed constants (A and B are energetically equivalent
(3>, convergent (4>, spectrally equivalent (5) operators with constant equivalence
constants v, and v,). For B;, = B, (3) is equivalent to the explicit scheme

Tpp1 = Sps1Th Sp1 =E =740, k=0,1,..., 9)

C=CW=A2B1AY?2 for x) = AY?2,
or

C=C®? =B '2AB'? for z; = B'/?2,.
Hence, and from (8), it follows that

C=C">0, 7E <C <E. (10)

Introduce the notation

T0o=2/(m+7)s  po=(e—1)/(e+r)=010-8/(1+E),

p=01=VO/1+VE,  E=m/n (11)

For scheme (9), the resolving operator T,, = T, (C) is an operator polynomial
of degree n, whose norm satisfies |7,,(C)| < max;cp,, 1|7, (t)] (see ©6)).

The parameters 7,7y, ..., 7,, are found from the condition inf||7,, (C)|, which
reduces to the problem of finding minmax;c(, |7, (t)|; its solution has the

form (1

Tk :To/(1+p0)\k)7 )\k :COS[(2k_1)7T/2n], k= 1,2,...,”, (12)

and in this case

1T < qn,  q, =207/ + p").
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Hence, and from Lemma 1 with B, = B, for (2) it follows that

lyr, — ulp < @,llyo — ulp, where D= A or D= B. (13)

3

3. Let us turn to “stationary” schemes with constant B;, = B and 7, = 7:

B(Yps1 —yp)/T + Ay, = f, k=0,1,..., Yo € H given. (14)

For z, = y, —u we obtain the homogeneous equation (3;) with B;, = B and
Tpy1 = 7. It is equivalent to the explicit scheme with constant transition opera-
tor xp,, = Sz, S=E—-7C, k=0,1,2,..., where C' = CcW for T, = Al/sz, or
C = CW for ), = BY/?z,. In this case T,, = S™, |T,,| = |S|", since S = S*, and
the problem of inf_|T,,|| reduces to the problem of finding inf_ |S|. We shall use
the well-known result (M) for the explicit scheme:

Theorem 1. Let S = E—7C and let conditions (10) be satisfied. Then ||S| < 1
for 0 < 7 < 2/v,y, and inf,_||S| is attained at T = 74:

inf[[S| = [E = 7C = po-

Corollary. For the scheme (14), (8), with 7 = 7, the estimates

ly, —ulp < pglyo —ulp, ~ D=Aor D=B. (15)

Remark 1. In (?) it is shown that the necessary and sufficient condition for
the estimate |z, |p < p"l|%0llp, p <1 (D = A or D = B) for the scheme (14)
has the form

1 1
-(1-p)B<A<-(1+p)B
T T
Comparing it with (8), we obtain 7 =7y, p = p,.
Remark 2. For finite-dimensional H, the estimates (15) were obtained in (4,7)

by the method of separation of variables. The estimates (15) are inconvenient
for checking, since they contain the unknown exact solution u of equation (1).

Theorem 2. For problem (14), under (8) and with 7 = 7, the estimates

1Wns1 = ¥nllp < P8 1YL — w0l o D= Aor B,
Ay, = fllp+ < po | Ayo — flip1- (16)
If AB = BA, then the estimate (7) is valid with g,, = pf.

The inequality
1511 — Ynlp < €lyi —volp
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may serve as a condition for terminating the iterations. The number of iterations
in this case is n > ny(e), where

no(e) = [In(1/e)/In(1/py)]

([a] is the integer part of the number a). Without loss of generality, one may
take |ul| 4 = 1. In this case the criterion for terminating the iterations may be
the inequality

lyn —ullp < €

Lemma 2. For the scheme (14), under (8), the inequalities

1 1

hold.
It follows from this that the condition |y, — u|p < &, will be fulfilled if

Hyn+1 - yn”D < €1
where ¢, = 7y,¢¢.

4. Let us dwell on the question of computational stability of the scheme (14).
If the computations are carried out with a finite number of digits, then
because of rounding errors, in solving problem (14) we find its approximate
solution ¢,,, which may be regarded as the exact solution of a problem with
perturbed input data

B(U1 — Ur)/ 70 + Ay, = [, k=0,1,.., o€ H. (17)

We shall assume that A = A* > 0, B =B* > 0, i.ec. (17) belongs to the
original family of schemes (14). As a measure of the perturbation of the
operators A and B, it is natural to take the relative change in the energies
of these operators:

(A-A)z,2)| < a(Az,2),  [(B-Bja,o)| < a(Br,x)  (0<a<])
(18)

for all x € H, which is equivalent to the conditions
[AV2A- A <o, |BRAB-BB Y <a

Theorem 3. Let §,, be the solution of problem (17), and let conditions (8),
(18) be fulfilled. Then, for

a<&/(4+8), =7/,

the estimates are valid

1+a 21— 5"

=l < 3™l =l T (") + = max 1Sl
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where

2c 1+p0

(1+pg) < <

1 fi — D= Aor B.
< or a<4+€, or

P:P0+1_a

5. Not only the number of actions @ for computing one iteration, but also the
number of iterations n,(¢), depends on the choice of the operator B in the
scheme (14). Therefore it is natural to choose B in some admissible family
of operators so that: 1) the ratio & = 7, /v, is maximal (p, minimal), 2)
B is an economical operator (¢ minimal in some sense, for example, in
order relative to £ as £ — 0). In constructing B, one usually proceeds
from some operator R = R* > 0 (see (177)), energo-

-tically equivalent to A and B:

R <A< cR, cy > ¢q > 0; (19)

"B<R<47,B. (20)
Then inequalities (8) hold with constants v, = clfoyl, Yo = 02%2.
Let us investigate the case of a factorized operator (f.o0.)
B=(E+wR)(E+wR,), R=R,+R,, (21)

where R, and R, are adjoint operators, R, = Rj, so that B = B* > 0, and
w > 0 is a parameter. The numbers :,Yl and '°y2 in this case depend on the
parameter w, which should be chosen so that the ratio %1 / '°y2 = f(w) is maximal
(®).

Theorem 4. Let R, = R;, R = R, + Ry, and R > ¢E, |Ryz|* <
1A(Rz,z), A >0 > 0. Then the constants 'oyl and ’Oy2 in (20) are given by the
formulas

:/1 :5/2(1"‘\/5)7 %’2 :6/4\/777 %’1/%’2 :2\/77/(1""\/77)7

n=0/A for w=2/VIA*

Remark 1. Knowing %1,%2, we find v, = 01%17 Yo = cz'cy2 and 75 = 2/(y1 +72)-
For the number of iterations ny(¢), as n — 0 the estimate

ng(s) = O (\}ﬁ In i)
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is valid.

Remark 2. If one uses scheme (2) with B, = B, where B is the f.o. (21), and
T4 are determined according to (12), then

no(s)O(\;ﬁlni).

The question of the computational stability of such a scheme remains open.

Let us consider one more f.o.
B=(E+w R)(EF+wyR,), where R\ Ry = Ry Ry, R, = R}, >0,
a=1,2 R, +R,=R (22)
Theorem 5. Let the conditions § \F < R, < A E; A, >0; a=1,2; 6, >

0; 01[1 + 05(1/A; + 1/A5)] + d5 > 0 be satisfied. Then, for the values of the
parameters w; and wy equal to

wy = wy /(1 —wyey) >0, wy = wy/ (1 +wyey) > 0, wo = 1//01A] =

=1/3/05A5, 81 =061 +¢cy, 05=0y—cy, A=A+, Ay=A0,—cy,

co = (0349 —01A1) /(01 + 65 + Ay + Ay),

the equivalence constants of R = Ry + R, and the f.o. (22) are equal to

. 1-p . 1+4p Y_1=p L=/ 1= /my

v, = y Yo = 3 s — p= 7 70
ow tw, 7w twy v, L1+p L4+ /my 1+ /15
4
na:A/a a=1,2.

Schemes with an f.o. of the form (22) occur in solving difference elliptic equa-
tions by the method of alternating directions (see, for example, (8719)).

Received
2 X 1968
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