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In the present note we state existence theorems for boundary-value problems
satisfying the Lopatinskii condition in weighted spaces, analogous to those con-
sidered in (1).

1°. Notation, formulation of the problem. Let Q be a bounded plane do-
main with piecewise smooth boundary I', containing a finite number of nonzero
angles, divided by a finite number of smooth curves -, into parts 2. In 2, let
operators L, (z,y,0/0z,0/dy) be given, and on I',v,, respectively, operators
B(z,y,0/0x,0/0y) and Ck(x,y,d/0x,0/dy) in the form of matrices of dimen-
sions respectively N x N, m x N, and 2m x N (the number m will be defined
below), whose elements lgjm, bijs
erators of orders respectively s; +t;, 0; +t;, 0; +t;, max; s; = 0 (see (*)). The
operators L, are uniformly elliptic and satisfy the additional condition on L (see
(*)). Then the number m introduced above is equal to half the order of det L,,.

and cij are homogeneous linear differential op-

The coefficients entering into lg’;), b;j, i, are assumed sufficiently smooth (at
angular points and points of intersection of the curves this assumption can be

weakened).

Consider the problem (see (?))

L,u(mayaa/axva/ay)U:f(“cay)a (CL’,y) € Q,u; (1)
B(J;,y,@/o%,@/@y)U:ga(x,y), (-T,y) ey (2)
CJU+_C;U7 :Ql)u(x,y), (l',y) € M (3)
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in the functional spaces

U0 = S //Q po-26l0) DA | drdy,  j=1,..., N,

la|<k
lllyirr2 o0y = EMT Ol e )

where Iy € W¥(w) is an extension of ¢ from the boundary dw into the domain
w, and 7 is the product of the distances from the point (z,y) to all angular
points and points of intersection of the pairs (T',7,) and ('yu,v,,). The direct
product of the spaces

Wak_sl N Wak—sN % Wak_01_1/2 e X Wakfamfl/Q
will be denoted by Hclf Suppose that the operators B,C:F jointly cover the
operators L, in the sense of (*).

2°. Problems with one angular point. First consider problem (1)—(2) in
a domain not divided by the curves v,, with boundary I' containing only one
angular point (for example, the origin), and pose the auxiliary problem

B(0,0,0/0x,0/0y)U = ¢, (x,y) € Ty, (5)

where I'y consists of two rays issuing from the angular point tangent to I', and
Q, —

the interior of the angle between them. After the change of variables

x=e¢e¢ T cosw, y=e "sinw, Uj:e’tﬂ'TVj(w,T), j=1,...,N,

and the Fourier transform with respect to 7

F\) = [ m F(r)e 7 dr

the auxiliary problem (4)—(5) is transformed into a boundary-value problem in
the strip 0 < w < wy, for a system of ordinary differential equations with respect

to the functions V(w,7), j=1,..., N,
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L(w,d/dw,iNV = F(w,\); (6)

B(w,d/dw,iNV|

w=0;wq

=2(\), (7)

where L and B are the Fourier transforms with respect to 7 of matrices consist-
ing, respectively, of the elements

eI (0,0,0/02,0/dy), e HITH, (0,0,0/0a,0/0y)

and, by construction of the system, independent of 7. If problem (4)—(5) is
properly elliptic and satisfies the Lopatinskii condition, then problem (6)—(7)
satisfies conditions analogous to Conditions I and II for systems formulated in
(4) for the case s; = 0, t; = 2m. Applying the method set forth in (4), one can
show that for sufficiently large A there exists a resolving operator R()\), acting
from the intersection of the Sobolev spaces

k— k— k—o,—1/2 k—o,,—1/2
WET1 e x WETSN s W2 e wkom Y
to the space
HF = W s s WE,

which is a meromorphic function of A and is such that V = R(A)(F, ®) is the
solution of problem (6)—(7) satisfying the estimate

wo ks d17 2 wo N dkfsiﬁ"_ 2 B
Z [1 + ‘)\|2(k+tj*11)] — I dw<C Z il |>\|k75’5F-|2 det
0 q=0 4 o e dwk—si i

+ Z |>\|2(k70i>71 (|51"w:0|2 + |5i|i_‘*’02)} : (8)
i=1

Theorem 1. Suppose that the resolving operator R()) for problem (4)—(5)

has no poles on the line Im A = h. Then for (f,¢) € Hy ;1) there exists a
unique solution of problem (4)—(5), satisfying the estimate

Wil <CUFelag, - ©)

Theorem 2. If () for the auxiliary problem (4)—(5) has no poles on the line
Im A = h, then for (f,¢) € Hé“(k_h_n, under the fulfillment of a finite number
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of conditions of the type of functionals in Hg(kfhfl), F,(f,») =0, there exists
a solution of problem (1)—(2)

s k4t .
UJGWQ J(k—h—l)ﬂ j:1,7N

If this solution is unique, then the estimate (9) is valid for it.

3°. Adjoint problems. We now consider problem (1)—(3) with one line of
discontinuity -y, intersecting I' at nonzero angles at the origin and at the point
Q). Rotate the coordinate axes so that the z-axis becomes tangent to I', and
the y-axis coincides with the inward normal. Then the equations of the curves
T, v in a neighborhood of the origin can be represented in the form y = yp(x),
y = y,(x). Since the angle between I' and 7 is nonzero, the transformation
Ty =Y —Yp, Y = Y — Y, is a smooth nondegenerate one, carrying problem
(1)—(3) into the corresponding problem for the half-plane. Putting further, for

y <0, z=—y, Ujx,—z) = V;(z,2), we see that,

that problem (1)—(3) is equivalent to the “doubled” boundary-value problem (1)
—(2) with one straight angle, i.e., to a problem with twice as many equations and
boundary conditions; moreover, proper ellipticity and the covering condition are
preserved.

Consider the auxiliary problem

L(0,0,0/0x,0/0y)U = f, (z,y) € Qg; (10)

B(0,0,0/0z,0/0y)U = ¢, (r,y) € Ly; (11)

C*(0,0,0/0x,0/0y) Ut — C—(0,0,0/0x,0/0y)U~ = 1, (z,y) €7y, (12)

where Q,,T are the same as in problem (4)—(5), and =, is the tangent to 7.
Passing to the “doubled” problem, we construct R(\).

Theorem 3. If R()) of the “doubled” problem (10)—(12) has no poles on the
line Im A = h, then for (f,p,v) € Hg(kth) there exists a unique solution of
problem (10)—(12) satisfying the estimate

Uil s < CUF ol - (13)
2(k—h—1)

2(k—h—1)

If the domain € is divided by two intersecting curves «; and ~,, which do not
have a common tangent at the point of intersection, then, after performing the
transformations z; =y —y, , y; =y —Y,,, by analogous reasoning we obtain a
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“quadrupled” boundary-value problem with one corner. Consider the auxiliary
problem

L(0,0,0/0xz,0/09)U = [, (2,y) € Qp; (14)

C+(0,0,0/0z,0/0y)UT—C,,(0,0,0/0x,0/0y)U~ = ¢, (Z,9) € 1o, v=12.

(15)
Theorem 4. If R()) of the “quadrupled” problem (14)—(15) has no poles on
the line Im A = h, then for (f, ) € H;“(kihfn there exists a unique solution of
problem (14)—(15) satisfying the estimate

1Uilleess < CUlig,
Theorems 1, 3, and 4 make it possible to construct a regularizer for problem (1)
—(3) (see (1,%,%)); therefore the following is true.

Theorem 5. If R, of the auxiliary problems (4)—(5) for each corner point,
R, of the “doubled” auxiliary problems for each point of intersection of I', 7,
and R, of the “quadrupled” auxiliary problems for each point of intersection
of the curves (Vu,’yy) have no poles on one and the same line Im A = A, then
for (f,p,v) € Hé?(k_h_l), upon satisfaction of a finite number of conditions of

the type of functionals in Hg(kfhfl), there exists a solution of problem (1)—(3),
U; € W;thhil), j=1,..,N. If it is unique, then an estimate of type (13) is
valid.

Remark. The curves v, may close up without reaching the boundary. If they
do not intersect, then normal solvability holds (see (?)).

In conclusion I express my gratitude to Prof. S. D. Eidelman for posing the prob-
lem and for his constant attention to the present work, and also to Prof. Kondrat’
ev for useful discussions and valuable advice.
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