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The question of the existence, uniqueness, and stability of solutions of the sys-
tem of boundary-layer equations for stationary and nonstationary flows of an
incompressible fluid has been studied in the works of O. A. Oleinik (see (1)). In
() the problem of continuation of the boundary layer for a stationary flow of a
compressible fluid is considered under the assumption that the Prandtl number
o is equal to one.

In the present note we give results concerning the existence and uniqueness of the
solution of the system of boundary-layer equations for a stationary axisymmetric
flow of a compressible fluid for o = 1.

For o = 1 there exists a quadratic relation between the enthalpy and the longi-
tudinal component of velocity (®). Therefore we consider the dynamical system
of equations
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in the domain D {0 <z < X, 0 <y < oo} under the conditions

=0, u|y:0 =0, 19|y:0 =1, (x), lim u(z,y) = u(x). (2)
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The function ry(x) determines the surface of the body being flowed around,
r(0) =0, 7((0) # 0, ro(x) > 0 for z > 0; u;(x) is the longitudinal component of
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the velocity at the outer boundary of the boundary layer, u;(0) = 0, u;(z) > 0
for z > 0, uj(x) > 0 for z > 0. In the case under consideration we have

u2 u2
= 11— — = 1— —L
% uof< 2h0> ; P =Py ( 2h0>

where f is a certain prescribed positive function; k,hg, tg, Pg, Do are certain
positive constants (see (3)).

We shall study problem (1), (2) by the methods developed in (). If we introduce
new independent variables

521‘7 U:U(ﬂﬁvy)/ul(ﬂﬁ)a (4)
then for the function W = pu, /u; we obtain the equation
WQWn77 —nAW, + BW, + CW =0 (5)

in the domain G, {0 <z < X, 0 <7 < 1} with the conditions

W|n:1 =0, (WW,—DW+E) ‘n:o =0, (6)

where A(&, 1) = a(&,n)y,,

_yf(L—afn?)
a(6,m) = pp = piopy(1 — a2ye/te-n S =0

1—afn?
2 ’
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D = py(1 — azg)k/(k_l)vo(f)v E = popof(1)(1 — a?)l/(k_D“;-

The boundary condition (6) for n = 0 means that the first equation of the system
(1) is satisfied for y = 0, while the condition for 7 = 1 ensures fulfillment of the
condition u — u; as y — 0o.

Equation (5), under the conditions of the problem on continuation of the bound-
ary layer, was considered in (2). It is proved there that equation (5) has a solu-
tion in the class of functions W possessing bounded first derivatives in Gy. We
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note that problem (5), (6) has no solution in the indicated class for arbitrarily
smooth data. Therefore, below we shall establish existence and uniqueness the-
orems for the solution of problem (5), (6) in another class of functions, namely
in the class of functions possessing certain singularities at 7 = 1 (see (1)).

Let ©*(n) = op(kh,n). Following O. A. Oleinik, we replace equation (5) with
conditions (6) by the system of ordinary differential equations

(WF2WE — (nAF + ph) (WF — W) b+ BsWE + C*WE =0, (7)

0<n<1, k=0,1,2,...,[X/h]
with the conditions
w®(1) =0, (WEWEF — DPWF 4 E’“)]nzo =0, (8)
where p;, is a certain positive constant for £ > 1, determined by the data of the

problem, and p = 0.

We shall assume that the functions f,u;,r, are twice continuously differen-
tiable, and that vy(x) has a bounded derivative; moreover, |u)| < Nz, vy(z) <
Nyx, N; = const > 0.

Lemma 1. The problem (7), (8) has a solution W¥(n), continuous for 0 < n < 1
and possessing, for 0 < 7 < 1, derivatives up to and including the third order.
For this solution W¥(n) the estimate holds

M(1=n)o <WFn) < My(1—n)o,  o=+/—Inp(l—n) (9)

for kh < X, where M;, M,,1 > p are positive constants independent of h.

Lemma 2. For kh < X, where X; > 0 depends on f,u;, 1, vy, the following
estimates are valid for the solution W¥(n) of problem (7), (8):

—Msyo < W,f < M,o,
Lk k-1
W — WA < M1 =)o, (10)
WkWé“,7 < —Mg, |WkW,’f,m| < M.,

where o is the same as in Lemma 1, and M, are positive constants independent
of h.
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Theorem 1. Suppose that the assumptions stated above concerning the func-
tions f,u;, ¢, vy are fulfilled. Then in the domain Gx {0 <§ < X, 0<n <1}
there exists a unique solution of problem (5), (6) having the following proper-
ties: W (¢, n) is continuous in GX and M, (1 —n)o < W < My(1 —n)o; W, is
continuous in n for n < 1, —M3a < W, < —Myoin Gy ; [We| < Ms(1—n)o;
WW,, <0and WW,  is bounded in (/?\ x,- In any closed domain lying strictly
1n51de Gx,, W and its derivatives, in-

entering equation (5) satisfy the Holder condition. The function W satisfies
equation (5) at all interior points of Gy , and for 0 < § < X, the conditions (6)
are fulfilled.

The uniqueness of the solution W of problem (5), (6) follows from the maxi-
mum principle applied to the equation for the difference of two solutions. The
functions W (1), which are solutions of equations (7) with conditions (8), form,
by virtue of Lemmas 1 and 2, a compact family in the sense of uniform conver-
gence. By virtue of the estimates (9), (10), the limiting (as h — 0) function W
is continuous in G x, and has the properties indicated in Theorem 1.

Since at the interior points of Gy equation (5) is parabolic, the derivatives
We, W, W,, satisfy the Holder condition in any subdomain G X, and inside
Gx,, W satisfies equation (5). By virtue of the boundedness of W% for n < 1,
the derivative W, satisfies the Lipschitz condition with respect to n for n <1,
and condition (6) is fulfilled for n = 0. As a consequence of Theorem 1 we
obtain the following assertion.

Theorem 2. For x < X, in the domain Dy there exists a unique solution of
problem (1), (2) possessing the following propertzes u/uy, u,/uy are bounded
and continuous in Dx , u >0 for y >0 and x > 0, u(x,y) = uy(z) as y — oo;
u,/u; > 0 fory >0, u,/uy — 0 as y — o0; u,,v,,u,, are bounded and
continuous with respect to y in Dy —and continuous with respect to x and y at
the interior points of Dy ; v(x,y) is continuous with respect to y in Dy, with
respect to x and y at the interior points of Dx , and is bounded for bounded y;
the derivative u,,, is bounded in Dy , u,, is bounded for bounded y; u,, and

Uyyy OTE cOntinuous at the interior points of DX1 ; uyy/uy is continuous with

respect to y in Dy . The functions u,v satisfy inside Dy equations (1) and
ulw:O = u‘y:() = 07' U|y:0 = UO(x)'
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