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In the present note we consider the boundary-value problem

de,/dt = fi(t,zq,...,z,) (1=1,2,...,n); (1)
where f;(t,zq,...,2,) (i = 1,2,...,n) are real functions defined in the domain
R, y(a<t<b, —00<xq,..,z, <+x), —00 < a<b< +oo, and t; € [a,b]
(i=1,2,...,n). By a solution of this problem we mean absolutely continuous

functions x4 (t), ..., z,,(t) on [a, b] satisfying the system (1) for almost all ¢ € [a, b]

rn

and the boundary conditions (2).

Problem (1)—(2) was posed by O. Nicoletti (*). Various sufficient conditions
for the existence and uniqueness of its solution were given in (~7). In contrast
to the cases considered by other authors, in the present note it is assumed
that the functions f;(¢,z,...,x,) (i = 1,2,...,n), having singularities at ¢t = ¢,

(i =1,2,...,n), in general are not summable with respect to t on the interval
[a, b].

Below we adopt the following notation:

The notation ¢(t, 4, ..., z,,) € K(a,b), where m is an arbitrary natural number,
means that the function (¢, x4, ...,x,,), for every r € (0,400), satisfies the
Carathéodory conditions in the domain a < ¢t < b, —r < z,...,2,, < 7, ie,
o(t, zq, ..., T,,) is measurable in ¢ on the interval [a,b] for all x; € [—r,r] (i =
1,2,...,m), is continuous in x4, ...,x,, in the domain —r < z,,...,z,, < r for

almost all ¢ € [a, b], and

sup ‘(P(t,]?l,...,.l?m” EL(a7b>'

lz;|<r (i=1,2,...,m)

By K(a,b;ty), where t, € [a,b], is denoted the set of all functions belonging to
the set K (a, ) for all a and S satistying a < a < 8 <b, t; € [a, 5].
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Theorem 1. Let

fit,zy, .., x,) € K(a,b;t;) (1=1,2,...,n) (3)

and let the inequalities

it zy, o xy,) sign[(t —t)z,;] < g;(E 2], ey |2,]) (i=1,2,...,n),

hold in the domain R,,, where the functions g;(t,zq,...,x,) € K(a,b) (i =

rrn

1,2,...,n) are nonnegative and nondecreasing in each z; 1<j<n. Moreover,
suppose that there exists a positive number M such that

pi) <M fora<t<b (i=1,2,..,n)

whatever absolutely continuous functions p,(t) (i = 1,2,...,n) on the interval
[a,b] may be that satisfy on this interval the conditions

pit;) =0, 0<pi(t)sign(t —t;) < g;(t, pr(t), ., pu(t))

(i=1,2,..,n). (4)

Then problem (1)—(2) has at least one solution.

Corollary 1. Suppose that conditions (3) are satisfied and, in the domain R,
the inequalities

IA

fi(t’x17"' 7xn) SIgn[(t_tz)xl]
S hv(t7 “Tl‘7 cee \m1_1|)wl(|xl|) (Z = 13 27 ,TL),

hold, where hy(t,zy) = h,(t) € L(a,b), h;(t,z,...,x,_1) € K(a,b) (i =2,...,n),
and w;(z) (i = 1,2,...,n) are continuous, positive, nondecreasing functions on
the interval [0, +00) satisfying the conditions

+o00

dt

—— =400 (1=1,2,...,n).
/o w;(t)

Then problem (1)—(2) has at least one solution.

Corollary 2. Suppose that conditions (3) are satisfied and, in the domain R,
the inequalities

fi(t’xh 7xn) Slgn[(t - tz)xl] S
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<y (uz scj> ;] + h; (t, > |ij> (i=1,2,..,n),
j=1 j=1

hold; the functions g,(¢,z) € K(a,b) and h,;(t,z) € K(a,b) (i = 1,2,...,n) are
nonnegative and nondecreasing in z, and
}) dr

[t (hi(T,x) exp{ /Tt g;(s,x)ds

where M is some positive constant. Then problem (1)—(2) has at least one
solution.

n

max

<z for x > M,
a<t<b 4—

Corollary 3. Suppose that conditions (3) are satisfied and, in the domain R,
the inequalities

ab»

fi(t,xy, ..., @, ) sign[(t — t;)z;] < g; (tz |a;j|k> (i=1,2,...,n), (5
j=1

hold, 1 < k < +o00, and the functions g,(t,z) € K(a,b) (i = 1,2,...,n) are
nonnegative, nondecreasing in x, and

b
/ g(t,x)dt <1, for x > M, (6)

where M is some positive constant, and

o S22

zexp(—ly)<y<z | =1

1/k

Then problem (1)—(2) has at least one solution.

Condition (6) is satisfied, for example, if

. 1/k
{Z[gi(t Irl’“)]k} < g(t)]a] + h(t, |z]),

i=1

b
g(t) >0 fora<t<hb, / g(t)dt <1,

and the function h(t,z) € K(a,b) is nonnegative, nondecreasing in z, and

1t
lim 7/ h(t,z)dt = 0.
a

rT—+00 T

If, in addition, one assumes that f;(t,zq,...,,) € K(a,b) (i =1,2,...,n),

k = 2 and, instead of (5), the inequalities
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|fi<t7x17 7xn)| < g; (ta Z |xj|2> (7' = 1327 ,’I’L),

J=1

hold, then we obtain the theorem of Lasota—Olech (?).

Theorem 2. Suppose that for (¢, zq,...,2,), (t,y1,..-,Y,) € R, the inequali-
ties

itz o) = filt gy, oy sign[(E — &) (2 — ;)] <
<gi(t7|3§17y1|7a|$n7yn‘) (i:172a"'an)v

hold, where the functions g,(t,z4,...,z,) € K(a,b) (: = 1,2,...,n) are non-
negative and nondecreasing in each z;, 1 < j < n. Moreover, there do not
exist absolutely continuous functions p,(t) (¢ = 1,2,...,n) on the interval [a, b],
among which at least one is not identically equal to zero and which would satisfy

conditions (4). Then problem (1)—(2) has at most one solution.

Corollary 1. Suppose that for (t,24,...,2,), (t,Y1,--,Y,) € R, the inequali-
ties

it zy, s zn) = (6 Y1, -, yp)] sign[(E —¢;) (2; — ;)] <
< g;(W)|z; —y + hi(t) Z |9Uj - yj' (i=1,2,...,n),
J=1

hold, where the functions g;(¢t) € L(a,b) and h;(t) € L(a,b) (i =1,2,...,n) are

nonnegative and
t t
/ 9;(7) exp (/ h;(s) ds) dr
t; T

i

n

max < 1.

a<t<b £
=1

Then problem (1)—(2) has at most one solution.

Corollary 2. Suppose that for (t,24,...,2,), (t,Y1,--,Y,) € R, the inequali-
ties

it wy, o 2,) — [iltyys s )] sign[(t —t) (x; — v;)] <
. 1/k
=1

hold, where 1 < k < 400, and the functions g,;(t) € L(a,b) (i = 1,2,...,n) are
nonnegative and
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b n 1/k
/ { [gxmk} dt <1,
a =1

Then problem (1)—(2) has at most one solution.

According to Corollaries 2 and 3 of Theorem 1, it is easy to conclude that if
f(t,0,...,0) € L(a,b), f;(t,zq,...,2,) € K(a,b;t;) (i = 1,2,...,n) and either
the conditions of Corollary 1 or the conditions of Corollary 2 of Theorem 2 are
satisfied, then problem (1)—(2) has one and only one solution.

Theorem 3. Suppose that

fz<t7 ‘t - tl‘xlv (L) |t - tn|mn) € K(aab; tz)7

vraimax |f;(¢,0,...,0)] <400 (i =1,2,...,n)

a<t<b

and, for (¢,2¢,...,2,), (t,y1,-.-,Y,) € Rgp, the inequalities

[fl(t’ Lyyeees an) - f’L(t’ Y1y - 7yn)] Slgn[(t - tz)<x1 - yl)} <

T~y |z =y
where 0 < o;, 3, <1 (i=1,2,...,n) and
n
B
1
uZl—a <

Then system (1) has one and only one solution x4 (t), ..., z, (), satisfying the
boundary conditions

— x;(t)
lim, tlft
?

<400 (i=1,2,..,n).

Thilisi State University

Received
30 X 1968

sovietrxiv.org/items/ru-196901.91641 Machine Translation


https://sovietrxiv.org/items/ru-196901.91641

REFERENCES
1. R. Conti, Math. Nachr., 23, 161 (1961).

2. A. Lasota, C. Olech, Ann. Polon. Math., 18, No. 2, 131 (1966).
3. A. Lasota, Z. Opial, Ann. Polon. Math., 19, No. 1, 13 (1967).
4. O. Nicoletti, Atti Acad. Sci. Torino, 33, 746 (1897).

5. A. I. Perov, A. V. Kibenko, Izv. AN SSSR, ser. matem., 30, No. 2, 249
(1966).

6. V. P. Skripnik, Matem. sborn., 55 (97), No. 4, 449 (1961).

7. M. Svec, Mat. Fyz. Sb. Slovensk. Acad. Vied. a Umeni, 2, 3 (1952).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196901.91641 Machine Translation


https://sovietrxiv.org/items/ru-196901.91641

	Abstract
	Full Text
	ON A SINGULAR NICOLETTI PROBLEM
	REFERENCES


