Soviet-era science, translated into English

ON THE PROBLEM OF
COEFFICIENTS

MATHEMATICS
1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196901.90970

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196901.90970

Abstract

Full Text

UDC 517.54

MATHEMATICS

I. A. ALEKSANDROV, V. Ya. GUTLYANSKII

ON THE PROBLEM OF COEFFICIENTS
IN THE THEORY OF UNIVALENT FUNC-
TIONS

(Presented by Academician M. A. Lavrent ev on 27 I 1969)

1°. In the complex plane I, the set of values of the functional

I(f)=cpn (n=12,.) (1)

on the class S of holomorphic univalent functions in the disk £ = {z: |2| < 1},

f(2)=z+c2%+ . 2™+
forms a closed disk K, with center at the point I = 0. Finding the radius of
this disk is one of the principal problems in the theory of univalent functions.

The boundary functions with respect to the functional (1) on the class S are
solutions of the differential-functional equation

QU (£ —w+ 7 (%), )

where

Q(w) =a Y _{f™}, uw,
m=1

N(Z) = [Z{f}n+1 + i m{f}mzm—n—l‘| )

m=1

By {¢}, here and below we denote the coefficient of z* in the expansion of the
holomorphic function ¢(z) in a series in a neighborhood of the origin; = = e**,

sovietrxiv.org/items/ru-196901.90970 Machine Translation


https://sovietrxiv.org/items/ru-196901.90970

—7m < a < m, is the unit vector of the outward normal to K, at the boundary
point I = {},1.

The study of the geometric properties of the functions forming the set S(n,z)
of solutions of equation (2) on the class S is the subject of the works (17?).

~

It is known that, for fixed n (n = 1,2,...) and o, —7 < a < 7, the set S(n,x)
contains those 2n functions

f2)=z/Q1—e2)?=2+2e2+ ...+ (n+ 1)e"2""1 + ..., (3)
for which & = ¢;, &, = e®/"¢!*" where &™) = ¢%! (1 =0,...,2n — 1). Each
of them contributes to K, either the point (n + 1)z, or the point —(n + 1)z.
Function (3) maps the disk E onto the plane with a ray removed, joining the
point w = —1/(4€) with w = oo and, under continuation, passing through the

~

point w = 0. S(1,z) consists only of functions of the form (3) with ¢ = +z.

2°. In this note we give new examples of solutions of equation (2) and find
a lower estimate for the number of functions constituting S (n,x). Satisfying
the necessary condition of extremality in the coefficient problem, the proposed
solutions contribute interior points to K,,, which is easy to see by comparing

their moduli with the moduli of the corresponding coefficient

functions (3). However, with respect to a sufficiently large part of their neigh-
borhood in the class S, regarded as a metric space with a metric convergence in
which is equivalent to uniform convergence inside the disk, all known solutions
of equation (2), including the new ones, are extremal.

3°. We denote, as usual, by S, (p = 1,2, ...) the subclass of the class S consisting
of functions

f(z)=z+ c;’ﬁlz“l + o+ c,(f;)sz”H + -,

possessing p-fold rotational symmetry. Obviously, S; = S.

Taking p (p = 2,3,...) to be one of the divisors of the number n (n = 2,3, ...)
and putting n = kp, consider the problem of determining the range of values of
the functional

I(f) = Cgﬂ

on the class S,. Every function contributing a boundary point to this domain
satisfies the equation

Q,(f(2) (2f'(2)/ f(2))? = Ny (2) + N, (1/2), (4)
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where

k
Qp(w) =7 Z{fserl}kprlwispﬂ L= eiav —T<a< T,
s=1

k k—1
Ny(z) == g{f}kgﬂrl + Z(SP + D{f}opsr 2?9 |
s=0

Theorem 1. Let p be a divisor of the number n (n =2,3,...; p=2,3,...), and
let k be the quotient obtained by dividing n by p. Then all solutions of equation
(4) belonging to S, are contained in S(n, z).

The proof of the theorem can be carried out by directly verifying that every

solution of equation (4) also satisfies equation (2).

Corollary 1. For any fixed n (n =1,2,...), the functions

z 2 ~
A A xazmy?n —° i Emznﬂ o € Sn, @),

Each of them maps the disk E onto the whole plane with slits removed, begin-
(n)

1 m—a;
ning at the points w = %e’ai/negm (or w = weTzel ),
) 2mi

egn:en (1=0,..,n—1),

and, upon continuation, passing through the point w = 0.

Corollary 2. Suppose that the number n admits a binary factorization n = kp
with factors k, p different from unity. Then

z _2/p n+ q
f(z):MM):Z+...+< ; )(—g)kz Ly..eS(n,x)

for e = eai/kegzk) (1=0,..,2k—1).

~

Corollary 3. In S(4,x), in addition to the functions indicated in Corollaries
atkrw ;

1 and 2, there are the functions f(z) = np(nz), n = e = * (k= 0,1), where
w = ¢(z) is implicitly defined by the equation

1 1— 1— 1
In v aw_\/ aw:z—f—gln@ a=4e .

a
2 1—+1—aw w z 2

The function ¢(z) maps the disk E onto the domain obtained by removing from
the plane the ray w, < Rez < +00, wy, = 1/a, and two analytic arcs symmetric
with respect to the real axis, forming angles 27/3 with this ray at the point w,.

sovietrxiv.org/items/ru-196901.90970 Machine Translation


https://sovietrxiv.org/items/ru-196901.90970

The function ¢(z) is a solution of equation (4) for k =p =2 and x = +1.

Theorem 2. If the canonical factorization of the number n has the form

n=pi'py? - pe*  (p1Pa, -, ), are prime numbers), (5)

~

then the set S(n,z) consists of no fewer than 2/3(n) elements, where

ko o+l 1

g = T1%—

r=1

In particular,

~

Upper estimates for the number of elements in S(n, z) are unknown. The points

obtained from S| (n, z) by functions in K,, form isolated circular orbits K (n) with
center at I = 0. Lower estimates for the number v(n) of such orbits are given
by

Theorem 3. If n has the canonical factorization (5), then

() > 1+ (g +ag + -+ ) + (agag + agag + - + oy _yap)+

o apag + apagay + 4 sy qay) o+ aqag ey,

In particular,

Upper estimates for n(n) are unknown.

4°. Analogous propositions hold for solutions of the functional-differential equa-
tions characterizing, in the method of interior variations, the boundary functions
in the problem on the range of values of the functional

I(F)=b, (6)
on the class ¥ of univalent functions in |z| > 1 of the form F(z) = z 4 by +
by/z+ - +b,/z" + -, holomorphic in 1 < |z| < oco.

In view of the duality of the problem on the range of values of the functional (1),
[(6)] on S[X] to a certain functional depending polynomially on the coefficients
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of functions of the class X[S], the non-uniqueness theorems indicated for the
class S[X] carry over, with natural changes, to the class X[S].

In conclusion we note that the theorems on non-uniqueness of solutions of the
equations constituting a necessary condition for extremality of a function in the
method of interior variations also occur in more general problems connected
with the determination of ranges of values of functionals analytically depending
on the coefficients of a function f(z) of the class S. We indicate only one of

~

them, having first agreed to denote by S(nq,...,n;; ) the set of solutions of the
differential-functional equation corresponding to the problem on the range of
values of the functional

I(f) = J(Cn1+17"'1cnl+1) (7)
on the class S; J = J(wy,...,w;) is an analytic function in the domain of
variation of the coefficients (c,, ;1,...,¢,,11), f(2) € S, in the space Cl.
Theorem 4. Let p be a common divisor of the numbers nq,...,n; (I =2,3,...).

Then all solutions of the equation characterizing boundary functions with re-

~

spect to the functional (7) on the class S, belong to S(ny,...,n; ).
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