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MATHEMATICS

P. P. ZABREIKO, Yu. S. KOLESOV, M. A. KRASNOSEL′SKII

IMPLICIT FUNCTIONS AND THE AVERAG-
ING PRINCIPLE OF N. N. BOGOLYUBOV—N.
M. KRYLOV
(Presented by Academician N. N. Bogolyubov, 27 V 1968)

In recent years interest in the theory of implicit functions has increased. As is
well known, the conditions of the classical theorems on implicit functions con-
tain substantial assumptions on the smoothness of the corresponding operators.
These assumptions exclude from consideration the most interesting and impor-
tant applications. For example, the classical theorem of N. N. Bogolyubov on
averaging on an infinite interval clearly has the character of a theorem on an
implicit function, but it does not follow from the standard theorems on implicit
functions.

Below we propose one generalization of the theorem on implicit functions, from
which there immediately follows the averaging principle on an infinite interval
under more general conditions than those indicated by N. N. Bogolyubov and
his students.

1. Let Λ, 𝐸, 𝐹 be Banach spaces. Suppose that for ‖𝜆‖ ≤ 𝑎, ‖𝑥‖ ≤ 𝑏 there is
defined an operator 𝑓(𝜆, 𝑥) with values in 𝐹 , satisfying the condition 𝑓(0, 0) = 0.
We shall assume that for all 𝜆 from the ball ‖𝜆‖ ≤ 𝑎 there exists the Fréchet
derivative 𝑓 ′

𝑥(𝜆, 0) of the operator 𝑓(𝜆, 𝑥) and, moreover, that the condition

‖𝑓(𝜆, 𝑥1) − 𝑓(𝜆, 𝑥2) − 𝑓 ′
𝑥(𝜆, 0)(𝑥1 − 𝑥2)‖ ≤ 𝑞(𝜌, 𝑟)‖𝑥1 − 𝑥2‖ (1)

(‖𝜆‖ ≤ 𝜌; ‖𝑥1‖, ‖𝑥2‖ ≤ 𝑟),

is fulfilled, where 𝑞(𝜌, 𝑟) (𝑞(0, 0) = 0) is a function continuous at zero.

Theorem 1. Suppose the following conditions are fulfilled:

a) lim
𝜆→0

‖𝑓(𝜆, 0)‖ = 0;

b) for all 𝜆 from the ball ‖𝜆‖ ≤ 𝑎 there exists an operator Γ(𝜆) = [𝑓 ′
𝑥(𝜆, 0)]−1,

and
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‖Γ(𝜆)‖ ≤ 𝑐 (‖𝜆‖ ≤ 𝑎). (2)

Then there exist positive numbers 𝑎0, 𝑏0 such that, for ‖𝜆‖ ≤ 𝑎0, the equation
𝑓(𝜆, 𝑥) = 0 has in the ball ‖𝑥‖ ≤ 𝑏0 a unique solution 𝑥 = 𝑥(𝜆), and ‖𝑥(𝜆)‖ → 0
as ‖𝜆‖ → 0.

For the proof it is necessary to consider the operator

Π(𝜆, 𝑥) = 𝑥 − Γ(𝜆)𝑓(𝜆, 𝑥). (3)

In view of (1) and (2), this operator satisfies the Lipschitz condition

‖Π(𝜆, 𝑥1) − Π(𝜆, 𝑥2)‖ ≤ 𝑐𝑞(𝜌, 𝑟)‖𝑥1 − 𝑥2‖ (‖𝜆‖ ≤ 𝜌; ‖𝑥1‖, ‖𝑥2‖ ≤ 𝑟).

Hence, in particular, the inequality follows

‖Π(𝜆, 𝑥)‖ ≤ 𝑐𝑞(𝜌, 𝑟)‖𝑥‖ + 𝑐‖𝑓(𝜆, 0)‖ (‖𝜆‖ ≤ 𝜌, ‖𝑥‖ ≤ 𝑟).

Choose the numbers 𝑎0 and 𝑏0 so that for ‖𝜆‖ ≤ 𝑎0 the inequalities 𝑐𝑞(𝑎0, 𝑏0) =
𝑞 < 1, 𝑐‖𝑓(𝜆, 0)‖ ≤ (1 − 𝑞)𝑏0 are fulfilled. Then the operator (3), for ‖𝜆‖ ≤ 𝑎0,
satisfies on the ball ‖𝑥‖ ≤ 𝑏0 the conditions of the contraction mapping principle.

2. In what follows, 𝑅 denotes a finite-dimensional space; the norm of an element
𝑥 ∈ 𝑅 and the norm of a linear operator 𝐶 acting in 𝑅 are denoted respectively
by |𝑥| and |𝐶|. Let 𝒞 be the space of functions 𝑥(𝑡), continuous and bounded
on the entire axis, with values in 𝑅, with the usual norm.

Let 𝐵 be a matrix having no zero or purely imaginary eigenvalues, and let
𝐺0(𝑡, 𝑠) be the Green’s function for the problem of bounded solutions of the
equation

𝑑𝑥/𝑑𝑡 = 𝐵𝑥 + 𝑓(𝑡). (4)

Lemma. Let 𝑓(𝑡) be a bounded continuous function. Then the equality

lim
𝑇 →∞

∥ 1
𝑇 ∫

𝑡+𝑇

𝑡
𝑓(𝑠) 𝑑𝑠∥

𝒞
= 0 (5)

is equivalent to the equality

lim
𝜀→∞

∥∫
∞

−∞
𝐺0(𝑡, 𝑠)𝑓(𝑠

𝜀) 𝑑𝑠∥
𝒞

= 0. (6)
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Suppose that we are given a bounded and continuous matrix-function 𝐴(𝑡)
(−∞ < 𝑡 < ∞). We shall consider the problem of bounded solutions for the
differential equation

𝑑𝑥/𝑑𝑡 = 𝐴(𝑡/𝜀)𝑥 + 𝑓(𝑡). (7)

Theorem 2. Let

lim
𝑇 →∞

∥ 1
𝑇 ∫

𝑡+𝑇

𝑡
[𝐴(𝑠) − 𝐵] 𝑑𝑠∥

𝒞
= 0. (8)

Then there exists an 𝜀0 > 0 such that, for 0 < |𝜀| ≤ 𝜀0, the problem of bounded
solutions of equation (7) has a Green’s function 𝐺𝜀(𝑡, 𝑠), and as 𝜀 → 0 the
integral operators 𝐺𝜀 with kernels 𝐺𝜀(𝑡, 𝑠) converge in norm to the integral
operator 𝐺0 with kernel 𝐺0(𝑡, 𝑠).
For the proof, consider the matrix

𝐻(𝑡, 𝜀) = ∫
∞

−∞
𝐺(𝑡, 𝜏) [𝐴(𝜏

𝜀 ) − 𝐵] 𝑑𝜏.

It follows from the lemma that, as 𝜀 → 0, the norm |𝐻(𝑡, 𝜀)| tends uniformly to
zero. After the substitution 𝑥 = 𝑦 + 𝐻(𝑡, 𝜀)𝑦, equation (7) becomes the system

𝑑𝑦/𝑑𝑡 = 𝐵𝑦 + 𝐷(𝑡, 𝜀)𝑦 + [𝐼 + 𝐻(𝑡, 𝜀)]−1𝑓(𝑡), (9)

where 𝐷(𝑡, 𝜀) tends uniformly to zero as 𝜀 → 0. Therefore there exists an 𝜀0 > 0
such that, for 0 < |𝜀| ≤ 𝜀0, equation (9) has a unique bounded solution

𝑦𝜀(𝑡) = 𝐺𝜀𝑓𝜀(𝑡),

where

𝑓𝜀(𝑡) = [𝐼 + 𝐻(𝑡, 𝜀)]−1𝑓(𝑡)

and

𝐺𝜀𝑓(𝑡) = ∫
∞

−∞
𝐺𝜀(𝑡, 𝑠)𝑓(𝑠) 𝑑𝑠,

with ‖𝐺𝜀 − 𝐺0‖ → 0 as 𝜀 → 0. Thus equation (7) also has a unique bounded
solution
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𝑥𝜀(𝑡) = 𝐺𝜀𝑓(𝑡),

where

𝐺𝜀𝑓(𝑡) = ∫
∞

−∞
𝐺𝜀(𝑡, 𝑠)𝑓(𝑠) 𝑑𝑠;

here

𝐺𝜀(𝑡, 𝑠) = [𝐼 + 𝐻(𝑡, 𝜀)]𝐺𝜀(𝑡, 𝑠)[𝐼 + 𝐻(𝑠, 𝜀)]−1.

It can be shown that, for some 𝛿 > 0, the Green functions 𝐺𝜀(𝑡, 𝑠) of equation
(7) converge to the Green function 𝐺0(𝑡, 𝑠) uniformly with weight 𝑒𝛿|𝑡−𝑠|.

Theorem 2 admits a converse.

Theorem 3. Suppose that, for sufficiently small 𝜀, equation (7) has a unique
bounded solution 𝑥𝜀(𝑡) = 𝐺𝜀𝑓(𝑡) for every bounded continuous function 𝑓(𝑡).
Suppose that, as 𝜀 → 0, the operators 𝐺𝜀 converge, in the norm of operators
acting in 𝒞, to the operator 𝐺0.

Then equality (8) holds.

3. Theorem 4. Let 𝑋(𝑡, 𝑥) (−∞ < 𝑡 < ∞, |𝑥| ≤ 𝑎) be an operator with
values in 𝑅, continuous in 𝑡 and uniformly continuous with respect to 𝑡
in 𝑥; let there exist the Fréchet derivative 𝐴(𝑡) = 𝑋𝑥(𝑡, 0), and let, for
−∞ < 𝑡 < ∞, |𝑥1|, |𝑥2| ≤ 𝑟 ≤ 𝑎, the inequality

∣𝑋(𝑡, 𝑥1) − 𝑋(𝑡, 𝑥2) − 𝐴(𝑡)(𝑥1 − 𝑥2)∣ ≤ 𝜔(𝑟)|𝑥1 − 𝑥2|. (10)

hold, where 𝜔(𝑟) → 0 as 𝑟 → 0. Suppose that the matrix 𝐵 has neither zero nor
purely imaginary eigenvalues. Finally, suppose that, uniformly with respect to
𝑡, the equalities

lim
𝑇 →∞

∣ 1
𝑇 ∫

𝑡+𝑇

𝑡
𝑋(𝑠, 0) 𝑑𝑠∣ = 0, (11)

lim
𝑇 →∞

∣ 1
𝑇 ∫

𝑡+𝑇

𝑡
[𝐴(𝑠) − 𝐵] 𝑑𝑠∣ = 0. (12)

hold. Then there exist 𝑎0, 𝜀0 > 0 such that, for 0 < |𝜀| ≤ 𝜀0, the equation

𝑑𝑥/𝑑𝑡 = 𝜀𝑋(𝑡, 𝑥) (13)
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has a unique solution 𝑥𝜀(𝑡), lying in the ball |𝑥| ≤ 𝑎0 for all 𝑡, and

lim
𝜀→0

‖𝑥𝜀(𝑡)‖𝒞 = 0. (14)

Proof. Equation (13) (for 𝜀 ≠ 0) is equivalent to the integral equation

𝑥(𝑡) − ∫
∞

−∞
𝐺0(𝑡, 𝑠)𝐹 [𝜀, 𝑠, 𝑥(𝑠)] 𝑑𝑠 = 0, (15)

where

𝐹(𝜀, 𝑠, 𝑥) = {𝑋(𝑠/𝜀, 𝑥) − 𝐵𝑥, if 𝜀 ≠ 0,
0, if 𝜀 = 0.

The left-hand side of equation (15) is an operator 𝑓(𝜀, 𝑥) acting in the space
𝒞. It is not difficult to see that, by virtue of (10), this operator is Fréchet
differentiable at the zero point, and

𝑓 ′
𝑥(𝜀, 0)ℎ = ℎ(𝑡) − ∫

∞

−∞
𝐺0(𝑡, 𝑠)𝐹 ′

𝑥(𝜀, 𝑠, 0)ℎ(𝑠) 𝑑𝑠.

In this case condition (1) is satisfied. Now, to prove the theorem, one may use
Theorem 1.

Condition a) of Theorem 1 follows from (11) and the lemma.

The proof of condition b) rests on (12) and Theorem 2. Indeed, from the equality
𝑓 ′

𝑥(𝜀, 0)ℎ = 𝑔 it follows that the function ℎ − 𝑔 is a bounded solution of the
differential equation

𝑑𝑧/𝑑𝑡 = 𝐵𝑧 + 𝐹 ′
𝑥(𝜀, 𝑡, 0)ℎ(𝑡)

or, what is the same, the equation

𝑑𝑧/𝑑𝑡 = 𝐴(𝑡/𝜀)𝑧 + [𝐴(𝑡/𝜀) − 𝐵]𝑔(𝑡).

By virtue of Theorem 2,

‖ℎ − 𝑔‖ℰ ≤ ‖𝐺𝜀‖𝐿‖𝑔‖ℰ,

where
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𝐿 = sup
−∞<𝑡<∞

|𝐴(𝑡) − 𝐵|,

whence

‖ℎ‖ℰ ≤ 𝑐‖𝑔‖ℰ.

In other words, all the operators 𝑓 ′
𝑥(𝜀, 0) have uniformly bounded inverse oper-

ators
Γ(𝜀) = [𝑓 ′

𝑥(𝜀, 0)]−1.
Condition b) of Theorem 1 is fulfilled.

4. Let us make a few remarks. Above, for differential equations with a small
parameter, the problem of bounded solutions was considered. If the right-
hand sides of equation (13) are uniformly, with respect to 𝑥, almost pe-
riodic in 𝑡 (or 𝜔-periodic in 𝑡), then it is easy to show that the existing
unique bounded solution 𝑥𝜀(𝑡) is almost periodic (𝜔-periodic).

Theorem 4 carries over to equations in Banach spaces.

The authors express their gratitude to V. Sh. Burd for discussion of the article
and for advice.
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