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MATHEMATICAL PHYSICS
V. 1. KOROZA

ON A VARIATIONAL METHOD FOR THE
BOUNDARY-VALUE PROBLEM OF WAVE
PROPAGATION

(Presented by Academician A. Yu. Ishlinskii on 25 VII 1968)

Consider the problem of wave propagation in a certain three-dimensional region
W, containing a rectilinear z-axis and bounded by some surface II. We shall
assume that all possible sections S(z;) of the interior of the waveguide W by
planes z = z; perpendicular to the z-axis are simply connected and bounded.

The propagation of a monochromatic wave in the region W is described by the
Helmholtz equation

Au(r) + k?u(r) = 0, reW, (1)

in which the wave number k& will be assumed independent of r. In the problem
of an acoustic wave the function u is the velocity potential V (V = grad u), and
the boundary condition corresponding to an ideally rigid boundary should be
taken in the form du/On|gy = 0 (n is the outward normal to II). In the more
general case, equation (1) should be considered with the boundary condition

[Ou/0n + a(ll)u],; = 0. (29)

A boundary condition of the form

ulp =0, (25)

corresponding to an ideally soft surface II, is also possible.

Consider the region W', bounded by the sections S(z,), S(z) for arbitrary
values z, and z; (z, < #;) and by the piece II" of the surface II lying between
the planes z = 2, and z = z;. By direct computation of the variation of the
functional
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u) = /// / [(grad u)? — k*u?] dw + //, au? do (3)

on the set of functions taking prescribed values in S(z,) and S(z,), it is easy to
verify that the solutions of problem (1)—(2;) with additional conditions in the
indicated sections are extrema of (3). In this case condition (2;) turns out to be
natural. When solving problem (1)—(2,), however, in expression (3) one should
put a = 0 and take care that condition (25), which is not natural, is fulfilled.

Assuming that the surface II is smooth and can be defined by the equation
p = R(z,¢) (cylindrical coordinates), we shall seek the solution of the problem,
using the idea of work (1), in the form

)= nm(r)fi (), (4)

where {n7 (r)} is some prescribed system of functions, on which in problem (1)
—(25) the additional requirements 1}, (II) = 0 are imposed.

After substituting (4) into (3) and subsequently varying under the above-
indicated conditions in S(z;) and S(z;), we arrive at a boundary-value problem
for a system of ordinary differential equations

d nn’ dfn/’ nn’ gn’ n’ 'n nn’ rn’
(5)

Here
Grns ) = [ () as:
S(2)

2
o (2) = K2G, — //S . (gradnp,, gradn’, ) dS — / ()
z 0

Fg;r;,_// ( )dS

C, = |cos(t,,e,)l, C,= | cos(T, e@)|

2%z @

aRdp
I CZC‘[, ,

7, and 7, are unit vectors tangent to II, with 7, lying in the plane passing

through the z-axis, and 7, in the plane perpendicular to this axis.
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Retaining in (4) only a finite number of terms (m = 0,1,2,...,.M —1; n =
0,1,2,...,N —1), we arrive at system (5) with a finite number of equations. In
this case the finite systems of functions G ,, ®7" , and F)'" , can be arranged
in the form of square matrices GG, ®, and F', and the unknowns f;, in the form
of a vector f, after which system (5) can be written in the form

4

df
dz z

df
G—+Ff| —FT—+®of=0 6
[ d * } dz + ’ (6)
where the superscript 7 denotes transposition. The arrangement of the elements
in the indicated matrices may be, for example, as follows:

AOOAOI AOM*I
A A A
— — 104711 1M-1
A= Ap | = 7
AM*lOAMfll AM*lM*l
A?)Sm/ A(r)r}m/ Agz%_’l
10 11 IN-1
A, = HAnn/ ,” — Amm/ Amm’ Amm’ .
N—-10 N-11 N—-1N-1
AN-10 gN-11 o gN
— 0 1 N—-1 r0 1 N—1 0 1 N—1\7
f_<f0af()a"'a 0 7f17f1a"'a 1 7"'7fM717fM717"'7 Mfl) .
: nn’  _ cm'n nn’  _ gn'n :
In view of the fact that G7" , = G and @77 , = &7 | the matrices G and

® are symmetric: G = G" and ¢ = 7.
df
Setting g = Gd— +Ff,h=(f0, ..., A=Y, 68, ..., g=})7, we arrive at the Hamil-
z
tonian form of system (6):
Jdh/dz = H(2)h, (7)

where J = —J7 and H(z) = H(z)" are real square matrices of order 2M N:

(0 —I (4 FG'F —FTG!
J([ 0>a H(Z)< _G—lF G—l )

Without loss of generality one may require that the set of functions {n7 (r)}

satisfy the orthogonality conditions G;‘{;:L/ = 5%5%. These requirements are
satisfied, for example, by the system

M (£) = U7 (1)1, (), (8)

where
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Vmle) = M g +em (M)

i 2 T (" p/ R)
Rz o)\ (w2 —m2 (™)
V2 J, (" p/R)
R(z,0) J . (A™)

for problem (1)—(2;);

m (1) =

for problem (1)—(2,);

9

)

E(x) is the greatest integer not exceeding x; ME{”’ and l/7<1m

are the n-th positive
roots of the equations iJm(ac) = 0 and J,,(z) = 0, respectively, and, in
accordance with the adopted system of counting, the least roots are assigned
the index n = 0.

Let us consider characteristic special cases.

Suppose that the shape of the boundary and the function «(IT) do not depend
on the coordinate z. Then R = R(y) (the boundary is the surface of a cylinder
with a generatrix of general form), o = a(y), the matrix H is constant (does not
depend on z), and the matrix F' = 0. An arbitrary solution of (7) is expressed
by the formula

h = exp(Az)h, where A= J1H = (_O(I) é) .

Taking into account the specific form of the matrix A, we may write

ho cos(®1/22) O1/25in(D1/22) h
T =02 5in(®1/22) cos(P1/22) 0

whence

f = cos(®/22)f, + &1/ 2sin(d1/22)g,. (9)
Putting ® = P~1® P, where @ is real and diagonal and P is real and nonsin-
gular, after substitution in (9) we obtain the arbitrary solution in the form of

a combination of the eigenwaves of the waveguide under consideration, varying
harmonically with the coordinate z:

Pf= cos((btl)mz)Pfo + @61/2 sin((bémz)PgO. (10)
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As we see, the propagation constants of the eigenwaves are equal to the elements

of the matrix <I>(1)/ ? and may be determined directly from the matrix ®/2 as its
eigenvalues.

If, on the other hand, the shape of the boundary and a( ) do not depend on
the azimuth ¢, R = R(z), and the coefficients G, F and &, are pro-

mm mm/? mm

portional to (m/. This leads to the splitting of the system (5) into independent
subsystems corresponding to different values of the index m, which testifies to
the independence of waves with different values of the index of azimuthal varia-
tions m. Considering such subsystems separately, one should take M = 1, while
m is arbitrary but fixed.

As an example, consider the case R = a = const, a = const. Selecting, in
accordance with the exposition, the subsystem with index m = 0, and calculat-
ing &7 = [k2 — (140 /a)?]0" — 2a/a for problem (1)—(2,) and determining the
spectrum of the matrix ®'/2, we obtain, to within O(a?), the following values
of the propagation constants:

\/k2 0>/a2 —2a/a,

which, for a = 0, pass into the well-known expressions for a circular cylindrical
waveguide with rigid walls.

In the case where the boundary has period D along the z-axis, H(z+D) = H(z),
and the system (7) possesses all the properties set forth in [2]. Application of
the formulas of the theory of parametric resonance given in [2] makes it possible
to determine effectively the passbands and stopbands of a periodic waveguide as
a function of the boundary shape and of the various parameters characterizing
the problem.

As an example, let us present the results of a calculation for azimuthally sym-
metric waves (m = 0) in an azimuthally symmetric waveguide with periodic
boundary p = R(z) = R(z + D). Setting R(z) = a[l + »g(92)], ¥ = 27/D,
a=0in (2,),

o) 2
(€)= (o cosliz + B sinlz) / g(€)dé =0,
=1 0
we obtain a system of inequalities determining the stop bands in the (%, ¥)-plane:

9 — i)+ O(%) < 9 < 0+ xf) + O(x2) (11)

jh=0,1,2,...; =12, ..

Here
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1952 = (wj +wp)/l, wi=k— (ug-m/a)Q;

vai + Bt w; +wp,

o 2 |wvin + wpvnsl J#h,
) ’
X =
’ Ver+s |, (h : ,
7 w—] 2k= — - — 2wyl J=Nh
2y, )? . 1
Vih = o oS for j # h, Vi =~ (12)
(17)2 = ()2 ()2

Fixing the index j in (11), we obtain the totality of all stop bands of the principal
(h = j) and combination (h # j) resonances for each value [ = 1,2, ... for the
proper (j-th) waveguide wave satisfying Floquet’ s condition.

Now consider a characteristic example of a nonsmooth boundary. Let us in-
vestigate what the conditions must be in the plane z = z* (z; < 2* < z)
for joining two smooth waveguides. Let S, (S_) be the domain bounded by
the curve p = R(z* + 0,9) = R, (z*,¢) (or, respectively, by the curve p =
R(z*—0,9) = R_(z*,¢)) and lying in the plane z = z*; C be the intersection
of S_ and S_; C_(C_) be the set of points of S, (S_) not belonging to S_(S. ).
It is assumed that C is a nonempty connected set containing the trace of the
z-axis in the plane z = 2*, and the union II* of the sets C', and C_ together
with the boundary is contained in II, while no other point of the plane z = z*
belongs to II.

Allowing the possibility of discontinuity of the values of the vectors f(z) and g(z)
at the point z = z*, it is not difficult to obtain, from considerations of extremal-
ity of the functional (6), with the aid of the formula for the total variation, the
conditions at the point of discontinuity:

g(z*—0)+ G(CHf(z* —0) =0,

—g(2* +0) + G(C, )f(z* +0) = 0.

Here

G(C) = {GC. G = [ (mal)| .. 5.
C

+
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