
Soviet-era science, translated into English

ITERATIVE
TWO-LAYER SCHEMES
FOR
NON-SELF-ADJOINT
EQUATIONS
MATHEMATICS

1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196901.88562

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196901.88562


Abstract
Full Text
UDC 518.517.944/947

MATHEMATICS

Corresponding Member of the USSR Academy of Sciences A. A. SAMARSKII

ITERATIVE TWO-LAYER SCHEMES FOR
NON-SELF-ADJOINT EQUATIONS
By the methods of papers (1−3), two-layer (one-step) iterative schemes are in-
vestigated for solving the equation 𝐴𝑢 = 𝑓 , where 𝐴 is a linear non-self-adjoint
operator in a Hilbert space (H.s.). Implicit stationary iterative schemes are
reduced to explicit schemes, for which problems on the minimum of the norm
of the transition operator are solved, and values are obtained for the iterative
parameters as functions of the amount of information about the operator 𝐴. Es-
timates are found for the convergence rate of the method of minimal corrections
for the case 𝐴 ≠ 𝐴∗. The main attention is devoted to the choice of iterative
parameters.

1. Let 𝐻 be a real H.s., ( , ) the scalar product, and ‖𝑥‖ = √(𝑥, 𝑥) the norm
in 𝐻. Throughout we shall consider operators 𝐴, 𝐵, 𝑅, etc., mapping 𝐻
into 𝐻. The notation is the same as in (1).

Consider the equation of the first kind

𝐴𝑢 = 𝑓, (1)

where 𝐴 is a positive (𝐴 > 0) non-self-adjoint operator (𝐴 ≠ 𝐴∗); 𝑢 is the
unknown, and 𝑓 is a given vector in 𝐻. To solve equation (1) we shall use the
two-layer iterative scheme

𝐵(𝑦𝑘+1 − 𝑦𝑘)/𝜏 + 𝐴𝑦𝑘 = 𝑓, 𝑘 = 0, 1, … ,
an arbitrary vector 𝑦0 ∈ 𝐻 is given, (2)

where 𝑘 is the iteration number, and 𝐵 is a self-adjoint positive operator

𝐵 = 𝐵∗ > 0. (3)

All arguments are carried out under the assumption that the initial approxima-
tion 𝑦0 is an arbitrary vector from 𝐻.

The implicit scheme (2), according to (1), is equivalent to the explicit scheme
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(𝑥𝑘+1 − 𝑥𝑘)/𝜏 + 𝐶𝑥𝑘 = 𝜑, 𝑘 = 0, 1, 2, … , 𝑥0 = 𝐵1/2𝑦0 ∈ 𝐻 (4)

for 𝑥𝑘 = 𝐵1/2𝑦𝑘, 𝐶 = 𝐵−1/2𝐴𝐵−1/2, 𝜑 = 𝐵−1/2𝑓 , so that

‖𝑥𝑘‖ = ‖𝑦𝑘‖𝐵 = √(𝐵𝑦𝑘, 𝑦𝑘).

Scheme (4) obviously corresponds to the equation 𝐶𝑣 = 𝜑, where

𝑣 = 𝐵1/2𝑢, 𝐶 = 𝐵−1/2𝐴𝐵−1/2, 𝜑 = 𝐵−1/2𝑓. (5)

To estimate the convergence rate of the iterations, consider the homogeneous
equation with arbitrary 𝑥0 ∈ 𝐻

𝑥𝑘+1 = 𝑆𝑥𝑘, 𝑘 = 0, 1, … , 𝑆 = 𝐸 − 𝜏𝐶, (6)

where 𝑆 is the transition operator of the explicit scheme and 𝐸 is the identity
operator. Equation (6) gives

‖𝑥𝑘+1‖ ≤ ‖𝑆‖‖𝑥𝑘‖, ‖𝑥𝑛‖ ≤ ‖𝑆𝑛‖‖𝑥0‖ ≤ ‖𝑆‖𝑛‖𝑥0‖.

From the preceding it is clear that it is sufficient to restrict oneself to the study
of the explicit scheme, to obtain for it an estimate of ‖𝑆‖, and to choose from the
condition of minimizing ‖𝑆‖. The choice of the parameter 𝜏 and the estimate of
the rate of convergence of the iterations are the main task of the theory.

2. Let us first consider the case when lower bounds are given for the operators
𝐶 and 𝐶−1:

𝐶 ≥ 𝛾1𝐸 or (𝐶𝑥, 𝑥) ≥ 𝛾1‖𝑥‖2, 𝛾1 > 0 for all 𝑥 ∈ 𝐻, (7)

𝐶−1 ≥ 1
𝛾2

𝐸 or ‖𝐶𝑥‖2 ≤ 𝛾2(𝐶𝑥, 𝑥), 𝛾2 > 0 for all 𝑥 ∈ 𝐻. (8)

From (3) it follows directly that

‖𝑆‖ = ‖𝐸 − 𝜏𝐶‖ ≤ √1 − 𝜉, 𝜉 = 𝛾1/𝛾2 for 𝜏 = 1/𝛾2. (9)

For the transition operator

𝑆 = (𝐸 + 𝜔𝐴)−1(𝐸 − 𝜔𝐴) = 𝐸 − 𝜏𝐶,

𝜏 = 2𝜔, 𝐶 = (𝐸+𝜔𝐴)−1𝐴 = (𝐴−1+𝜔𝐸)−1, 𝐴 ≥ 𝛿𝐸, 𝐴−1 ≥ 1
Δ𝐸, Δ > 𝛿 > 0,
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in (3) the estimate was obtained

‖𝑆‖ ≤ √(1 − √𝜂)/(1 + √𝜂), 𝜂 = 𝛿/Δ for 𝜔 = 1/
√

𝛿Δ, 𝜏 = 2𝜔. (10)

Using (9) for 𝐶 = (𝐴−1 + 𝜔𝐸)−1 and taking into account that 𝛾1 = 𝛿/(1 + 𝜔𝛿),
𝛾2 = Δ/(1 + 𝜔Δ), we find 𝜔 = 1/Δ and ‖𝑆‖ ≤ [(1 − 𝜂)/(1 + 𝜂)]1/2. Comparison
with (10) shows that (9) is too crude an estimate (it is unfortunately not possible
to improve (9) under conditions (7), (8)).

Remark. For the implicit scheme (2), conditions (7) and (8) are equivalent to
the conditions

(𝐴𝑥, 𝑥) ≥ 𝛾1(𝐵𝑥, 𝑥), (𝐵−1𝐴𝑥, 𝐴𝑥) ≤ 𝛾2(𝐴𝑥, 𝑥) for all 𝑥 ∈ 𝐻. (11)

3. The amount of information concerning 𝐶 (𝐴 and 𝐵) can be increased by
specifying three numbers 𝛾1, 𝛾2, 𝛾3 instead of two. In this case the estimate of
‖𝑆‖ is improved and becomes the estimate for ‖𝑆‖ when 𝐶 = 𝐶∗. In this section
we consider the case of a complex Hilbert space 𝐻̂.

Theorem 1. Let 𝐻̂ be a complex Hilbert space with scalar product ( , ) and
norm ‖𝑥‖ = √(𝑥, 𝑥); let 𝐶 be a linear operator from 𝐻̂ into 𝐻̂;

𝐶 = 𝐶0 + 𝑖𝐶1, 𝐶0 = Re 𝐶 = 1
2(𝐶 + 𝐶∗), 𝐶1 = Im 𝐶 = 𝐶 − 𝐶∗

2𝑖 .

If the conditions

𝛾1𝐸 ≤ 𝐶0 ≤ 𝛾2𝐸, 𝛾2 > 𝛾1 > 0, ‖𝐶1‖ ≤ 𝛾3, 𝛾3 ≥ 0, (12)

are satisfied, where 𝛾2 > 𝛾1 > 0, 𝛾3 are prescribed numbers, then for 𝜏 = ̄𝜏 ,
equal to

̄𝜏 = 𝜏0(1 − 𝜘2)/(1 + 𝜘𝜌0), 𝜘 = 𝛾3/√𝛾1𝛾2 + 𝛾2
3 , 0 ≤ 𝜘 < 1,

𝜌0 = (𝛾2 − 𝛾1)/(𝛾2 + 𝛾1), (13)

for the norm of the transition operator of scheme (6) the estimate

‖𝑆‖ = ‖𝐸 − ̄𝜏𝐶‖ ≤ ̄𝜌, where ̄𝜌 = (𝜌0 + 𝜘)/(1 + 𝜘𝜌0) < 1 (14)

is valid.

Theorem 2. Let 𝐴 = 𝐴0 + 𝑖𝐴1 and 𝐵 = 𝐵∗ > 0 be given on 𝐻̂, and

𝛾1𝐵 ≤ 𝐴0 ≤ 𝛾2𝐵, 𝛾2 > 𝛾1 > 0, |(𝐴1𝑦, 𝑦)| ≤ 𝛾3(𝐵𝑦, 𝑦)

for all 𝑦 ∈ 𝐻̂. (15)
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Then for the solution of problem (2), for 𝜏 = ̄𝜏 , the following a priori estimates
hold:

‖𝑦𝑛 − 𝑢‖𝐵 ≤ ̄𝜌 𝑛‖𝑦0 − 𝑢‖𝐵, ‖𝑦𝑛+1 − 𝑦𝑛‖𝐵 ≤ ̄𝜌 𝑛‖𝑦1 − 𝑦0‖𝐵, (16)

where ̄𝜌 is given by formula (14).

This theorem refines the estimates of [5], where an approximate solution of the
problem of finding inf ‖𝑆‖ in the finite-dimensional case is given.

Lemma 1. Let 𝐴, 𝑅, 𝐵 be given on 𝐻̂, 𝑅 = 𝑅∗ > 0, 𝐵 = 𝐵∗ > 0,

𝑐1𝑅 ≤ 𝐴0 ≤ 𝑐2𝑅, 𝑐2 ≥ 𝑐1 > 0, |(𝐴1𝑦, 𝑦)| ≤ 𝑐3(𝑅𝑦, 𝑦)

for all 𝑦 ∈ 𝐻̂, (17)

𝑐3 ≥ 0, ̊𝛾1𝐵 ≤ 𝑅 ≤ ̊𝛾2𝐵, ̊𝛾2 ≥ ̊𝛾1 > 0.

Then conditions (15) are satisfied with

𝛾1 = 𝑐1 ̊𝛾1, 𝛾2 = 𝑐2 ̊𝛾2, 𝛾3 = 𝑐3 ̊𝛾2.

4. Let 𝐻 be a real Hilbert space, 𝐶 be given on 𝐻,

𝐶 = 𝐶0 + 𝐶1,

where
𝐶0 = 1

2(𝐶 + 𝐶∗), 𝐶1 = 1
2(𝐶 − 𝐶∗),

so that (𝐶1𝑥, 𝑥) = 0 for all 𝑥 ∈ 𝐻.

If conditions (12) are satisfied, then estimate (14) is valid for the same values
𝜏 = ̄𝜏 and 𝜌 = ̄𝜌. The proof of this assertion practically coincides with the proof
of Theorem 1.

Theorem 3. Let 𝐴, 𝐵 be given on 𝐻, 𝐵 = 𝐵∗ > 0, 𝐴 = 𝐴0 + 𝐴1, 𝐴0 =
1
2 (𝐴 − 𝐴∗), 𝐴1 = 1

2 (𝐴 − 𝐴∗), and suppose that the conditions

𝛾1𝐵 ≤ 𝐴0 ≤ 𝛾2𝐵, (𝐵−1𝐴1𝑦, 𝐴1𝑦) ≤ 𝛾2
3(𝐵𝑦, 𝑦), (18)

where 𝛾2 ≥ 𝛾1 > 0, 𝛾3 ≥ 0 are prescribed numbers, are satisfied. Then, for
𝜏 = ̄𝜏 , estimates (16) are valid for scheme (2).

Lemma 2. Let 𝑅 = 𝑅∗ > 0, 𝐵 = 𝐵∗ > 0, 𝐴 = 𝐴0 + 𝐴1, 𝐴0 = 𝐴∗
0 > 0, and let

𝐴, 𝐵, 𝑅 be given on 𝐻,

𝑐1𝑅 ≤ 𝐴0 ≤ 𝑐2𝑅, (𝑅−1𝐴1𝑦, 𝐴1𝑦) ≤ 𝑐2
3(𝑅𝑦, 𝑦) for all 𝑦 ∈ 𝐻. (19)

Then conditions (18) are satisfied with the constants
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𝛾1 = 𝑐1 ̇𝛾1, 𝛾2 = 𝑐2 ̇𝛾2, 𝛾3 = 𝑐3 ̇𝛾3 (𝑐2 ≥ 𝑐1 > 0, 𝑐3 ≥ 0).

Operators 𝐴 ≠ 𝐴∗ and 𝑅, for which one of the groups of conditions (7)—(8), (19)
or (17) is satisfied, will be called energetically equivalent (en. equiv.) (cf. with
(4), where the spectral equivalence conditions contain 4 constants). If 𝐴 = 𝐴∗,
then conditions (7)—(8), (19) or (17) pass into the conditions 𝑐1𝑅 ≤ 𝐴 ≤ 𝑐2𝑅.

5. The a priori estimates (9) and (16) make it possible to obtain an estimate
of the number of iterations sufficient for finding, by scheme (2), an approx-
imate solution of problem (1) with prescribed accuracy 𝜀 > 0 (see (2)). In
the practical application of the theory one must choose the operator 𝐵 and
compute these constants (see (3–5)). As 𝐵 one may take the factorized
operators (2):

𝐵 = (𝐸 + 𝜔𝑅1)(𝐸 + 𝜔𝑅2) for 𝑅2 = 𝑅∗
1 > 0, 𝑅 = 𝑅1 + 𝑅2; (20)

𝐵 = (𝐸 + 𝜔1𝑅1)(𝐸 + 𝜔2𝑅2) for 𝑅1 = 𝑅∗
1 > 0,

𝑅2 = 𝑅∗
2 > 0, 𝑅1𝑅2 = 𝑅2𝑅1. (21)

The constants ̇𝛾1, ̇𝛾2 and the parameters 𝜔, 𝜔1, 𝜔2 are found in (2). It remains
to compute the constants 𝑐1, 𝑐2, 𝑐3 in conditions (11)—(18) and (17), where 𝑅 =
𝑅1 + 𝑅2, then to find 𝛾1 = 𝑐1 ̇𝛾1, 𝛾2 = 𝑐2 ̇𝛾2, 𝛾3 = 𝑐3 ̇𝛾2, and to use Theorems 1,
2, 3.

6. The two-layer iterative scheme

𝐵(𝑦𝑘+1 − 𝑦𝑘)/𝜏𝑘+1 + 𝐴𝑦𝑘 = 𝑓, 𝑘 = 0, 1, 2, … , (22)

can be treated as a method of corrections:

𝑦𝑘+1 = 𝑦𝑘 − 𝜏𝑘+1𝑤𝑘, 𝑤𝑘 = 𝐵−1𝑟𝑘, 𝑟𝑘 = 𝐴𝑦𝑘 − 𝑓, (23)

where 𝑤𝑘 is the correction, 𝑟𝑘 the residual for the 𝑘-th iteration.

If the constants 𝛾1, 𝛾2, 𝛾3 are not known a priori (or are computed too roughly),
then, in order to compute the parameters 𝜏𝑘+1, it is expedient to use the steepest
descent method (6, 7),

𝜏𝑘+1 = (𝑤𝑘, 𝑟𝑘)/(𝐴𝑤𝑘, 𝑤𝑘) (24)

or the method of minimal corrections, setting

𝜏𝑘+1 = (𝐴𝑤𝑘, 𝑤𝑘)/(𝐵−1𝐴𝑤𝑘, 𝐴𝑤𝑘) (25)
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(for the explicit scheme, 𝐵 = 𝐸, it coincides with the method of minimal resid-
uals proposed in (8)).
If 𝐴 = 𝐴∗, then method (24) converges in 𝐻𝐴, and method (25) in 𝐻𝐴2 , with
the same rate as scheme (2) for constant 𝜏 = 𝜏0, 𝜏0 = 2/(𝛾1 + 𝛾2):

‖𝐴𝑦𝑛 − 𝑓‖ ≤ 𝜌𝑛
0 ‖𝐴𝑦0 − 𝑓‖, 𝜌0 = (1 − 𝜉)/(1 + 𝜉), 𝜉 = 𝛾1/𝛾2

(see (8)). In the case of nonsymmetric 𝐴, only the method of minimal corrections
is applicable. It converges with the same rate as for constant 𝜏 = ̄𝜏 .

Theorem 4. Suppose conditions (18) are satisfied. Then, for the method of
minimal corrections (23), (25), the estimates

‖𝐴𝑦𝑛 − 𝑓‖ ≤ 𝜌𝑛‖𝐴𝑦0 − 𝑓‖ for 𝑛 = 1, 2, … , (26)

are valid, where 𝜌 is determined by formula (14).

In proving Theorem 4, the implicit scheme (22) is reduced to the explicit scheme
𝑥𝑘+1 = 𝑥𝑘 − 𝜏𝑘+1(𝐶𝑥𝑘 − 𝜑), 𝑥𝑘 = 𝐵1/2𝑦𝑘, 𝜑 = 𝐵1/2𝑓 , after which the following
fundamental result is used.

Lemma 3. Let 𝐶 be a non-self-adjoint operator with bounds 𝛾2 ≥ 𝛾1 > 0,
𝛾1𝐸 ≤ 𝐶 ≤ 𝛾2𝐸, and suppose that there exist numbers 𝜏∗ > 0 and 𝜌∗ ∈ (0, 1)
satisfying the conditions

𝛾1𝜏∗ ≤ 1 − 𝜌2
∗ ≤ 𝛾2𝜏∗, (27)

such that the estimate

‖𝐸 − 𝜏∗𝐶‖ ≤ 𝜌∗ < 1 (28)

is valid. Then the inequality

(𝐶𝑥, 𝑥)2 ≥ (1 − 𝜌2
∗)‖𝐶𝑥‖2‖𝑥‖2 for all 𝑥 ∈ 𝐻 (29)

holds.

The conditions (27) and (28), with 𝜏∗ = ̄𝜏 , 𝜌∗ = ̄𝜌, are fulfilled under (18) by
virtue of Theorem 3. Lemma 3 makes it possible, for the explicit method of
steepest descent when 𝐴 = 𝐴∗, to obtain the estimate

‖𝑦𝑛 − 𝑢‖𝐴 ≤ 𝜌𝑛
0 ‖𝑦0 − 𝑢‖𝐴, if 𝛾1𝐵 ≤ 𝐴 ≤ 𝛾2𝐵. (30)

7. The correction 𝑤𝑘 in (21) is the solution of the equation 𝐵𝑤𝑘 = 𝑟𝑘. The
operator 𝐵 is specified either constructively (for example, 𝐵 is the factorized
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operator (20) or (21)) or is constructed as the result of some computational
process. This occurs in one variant of the correction method—the two-stage
method (4,5 ). Let 𝑅 = 𝑅∗ be positive definite with the operator 𝐴, i.e., let one
of the groups of conditions (7)—(8) or (19) be satisfied when 𝐴 ≠ 𝐴∗, or the
condition 𝑐1𝑅 ≤ 𝐴 ≤ 𝑐2𝑅 when 𝐴 = 𝐴∗. To compute the corrections 𝑤𝑘, the
equation

𝑅𝑤 = 𝑟𝑘, 𝑟𝑘 = 𝐴𝑦𝑘 − 𝑓, (31)

is solved either by a direct method (then 𝐵 = 𝑅), or by an iterative method
with resolving operator 𝑇𝑚 and zero initial approximation 𝑤(0) = 0. After 𝑚
iterations we have 𝑤(𝑚) − 𝑤 = −𝑇𝑚𝑤, where ‖𝑇𝑚‖ ≤ 𝑞 < 1, and 𝑤 is the exact
solution of (31). Taking 𝑤𝑘 = 𝑤(𝑚) and substituting 𝑤 = (𝐸 − 𝑇𝑚)−1𝑤(𝑚) into
(31), we obtain 𝐵𝑤𝑘 = 𝑟𝑘, where 𝐵 = 𝑅(𝐸 − 𝑇𝑚)−1. If 𝑇𝑚 = 𝑇 ∗

𝑚, and the
operators 𝑇𝑚 and 𝑅 commute, then 𝐵 = 𝐵∗ > 0 and 𝛾1 = 1 − 𝑞, 𝛾2 = 1 + 𝑞 (see
(4,5 )).
To find the iterations 𝑦𝑘+1 = 𝑦𝑘 − 𝜏𝑘+1𝑤𝑘, one may set:
1) 𝜏𝑘+1 = 𝜏0 when 𝐴 = 𝐴∗; then 𝛾1 = (1 − 𝑞)𝑐1, 𝛾2 = (1 + 𝑞)𝑐2;
2) 𝜏𝑘+1 = ̄𝜏 when 𝐴 ≠ 𝐴∗; then 𝛾1 = (1 − 𝑞)𝑐1, 𝛾2 = (1 + 𝑞)𝑐2, 𝛾3 = (1 + 𝑞)𝑐3.

If 𝑐1, 𝑐2, 𝑐3 are unknown, then one can use the two-stage variational method: 1)
when 𝐴 = 𝐴∗, compute 𝜏𝑘+1 by formula (24); 2) when 𝐴 ≠ 𝐴∗, compute 𝜏𝑘+1 by
formula (25). From (25) it is clear that the two-stage method of minimal cor-
rections (23), (25) requires the successive solution, by means of inner iterations
𝑇𝑚, of two equations:

𝑅𝑤 = 𝑟𝑘, 𝑤(0) = 0, 𝑤𝑘 = 𝑤(𝑚); 𝑅𝑣 = 𝐴𝑤𝑘, 𝑣(0) = 0, 𝑣𝑘 = 𝐵−1𝐴𝑤𝑘 = 𝑣(𝑚).

Knowing 𝑤𝑘 and 𝐵−1𝐴𝑤𝑘 = 𝑣𝑘 = 𝑣(𝑚), from (25) we find 𝜏𝑘+1. By virtue of
Theorem 4, the estimate (26) holds, in which 𝜌 is determined by formula (14).

By analogy with (2), using estimates for ‖𝑆‖, it is not difficult to obtain a priori
estimates expressing the stability of the iterative schemes with respect to the
right-hand side.
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