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Inequalities for singular integral operators have found broad application in the
modern theory of partial differential equations. The problem of obtaining a
priori estimates of solutions of boundary-value problems is essentially reduced
to estimates of potential-type integral operators and their derivatives. In es-
timating volume potentials in the metrics L, Calderén-Zygmund’ s result is
used (see also paper (3)) on the boundedness of singular integral operators. Sur-
face potentials, however, are estimated by analogous inequalities, but already
in norms of fractional order.

In the present note we formulate our second basic estimate of a singular integral
with a kernel depending on the generalized difference of arguments. The case of
a volume potential generated by a generalized shift operator was studied earlier
by the authors in paper ().

Let EF, be the unbounded domain of the (n + 2)-dimensional Euclidean space

of points (z,y,t), = (x,...,x,), y > 0, t > 0, and let, in addition, E;
denote the (n + 1)-dimensional half-space of points (z,y).

Put, for 0 < A < 1,

1/p
Jullz, o (5t) = ( | |u<x,y,t>|pykdxdydt> 7 (1

n+2

s , 1/p
_ k |§0($ ,$z+h,y)—(p<$,y)|p
[eleonr, iy = ( [E | Yrdzdy /0 A dh |

n+1 (2)
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1/p
| Tho(z, y) — @z, y)|P
[Plyrr, (B = / y* dz dy / T dh| . (3)
. . A

n+1

For A =1 we set

[QO]I l,Lp,k(E:rwl) =

79

1/p
oo / . _ / . D
:< savay [ (@2, + 2h,y) = 2022, + hyy) + ()] dh) |
B 0

h1+p
(4)
[‘p]y,l,Lka(EZH) =
© T2 (z,y) — 2T (a,y) + ol p)P )
= y* dx dy/ Y . dh . ()
2 0 b
In the case 1 < A < 2 we set
j4 1/p
[Qo]y,)\,prk(E;Hl) = /E+ y dr dy/o T E0-hp dh ) (6)

n+1

where Tyh is the generalized shift operator, defined by the formula

Tro(z,y) Lk +1)/2) /OO ga(x, VY2 + h2 — 2yh cos oz) sin" "t ada.  (7)
0

~ T(1/2)0(k)

It is not hard to see that the integral (6) exists for every 1 < p < co. Let I > 0.
Define the number I’ by the formula

v 1, if [ is not an integer,
li- 1, if [ is an integer.

We now put, for r = (1/2)’,
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n

|<P|l,LM = Z[D:éi(p]zi,lfl/,vak + [B;Lp]y,lfQT,Lp’k' (8)

i=1

Here and below By denotes iteration of the Bessel operator

9 ko

B, = — 4+ ——
Yooyt yoy

k> 0.

In the case p = 2 and [ > 0, the norm (8) is equivalent to the norm

|<P|1,L27k = (/E+

1/2
2 4 2\ 5 2 %
(&P +m! @1y (&) nFdgdn | 9)
n+1
where @;,_1)/, is the mixed Fourier-Bessel transform, introduced by one of the
authors in [2].

Indeed, for the corresponding finite functions in L, ;, in the case 1 < A =
1—2(1/2)" <2, we have

0 - it .

o v By, y) = G /E 2" P12 (&M G 1) 2 (M) G 1) 2 (y)1* dE dy.
n+1

According to Parseval’ s equality for the mixed Fourier-Bessel transform, we
obtain

[Byelyar,, =

N (el UL S SN
- n ‘@(k—l)/2‘ | oz nrdgdn|

(10)

where r = (1/2)", A=1—2(l/2)".

Taking into account the behavior of the Bessel function j,(x) near zero, we
find that the integral in parentheses in equality (10) converges and is equal to
Cn**2. In a known way, the first terms on the right-hand side of equality (8)
are transformed. From (10) and the last remark, in this case the equivalence of
the norms (8) and (9) follows.

In the case A =1 (I is an integer), we have, as above,

[B;@]y,LLP,k =

sovietrxiv.org/items/ru-196901.88442 Machine Translation


https://sovietrxiv.org/items/ru-196901.88442

1/2
% dh) nk d¢ dn} .
(11)

c o ‘A ‘2 > Gk—1)/2(20h) = 21y o (nh) + 1]
kol n |P-1)/2 A
B

n+1l

Making the change of variable of integration according to the formula nh = z
and taking into account the estimate for the function ji,_q)/9, we find that the

integral in (11) converges and is equal to the quantity Con?. In an analogous
way, the equivalence of (8) and (9) is proved also in the case 0 < A < 1.

2. We formulate a theorem whose proof is analogous to the corresponding
proof given in (4).

Theorem 1. Let

U(.’E,y,t) = / T;K(f_sayat)<ﬁ(f»77)nk dgdnv t> 0»
o

n+1

where qul is the generalized shift operator and the kernel K satisfies the inequal-
ity

|K‘ < C (Z ‘aj‘ilri + yrn+1 + trn+2)_s ,

where all numbers r;>1 and the number

1 k+1 1
u:S—Zer + >0 (p>1).
T Tn+1 PTpio

a) If, for some ¢ < n,
oo
/ K(z,y,t)dx; =0
and the number I, = r;u satisfies the condition 0 < I, < 1, then

||uHLp,k<EI:$:2) = C[(p]xwlivLP,MEIH)'
b) I

/ K(z,y,t)y*dy =0
0

and the number [, = r, ,p satisfies the condition 0 <, ,; < 1, then

lullr, 50 < Clelyt i n, 55,0
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c) fri=ry=..=r,,4=r,

K(z,y,t)y" dzdy =0

+
En+1

and the number [ = ru satisfies the condition 0 < [ < 1, then

||U||Lp,k(E;12) < C[‘P]l,Lp,,C(E+ ).

n+1

The following theorem plays an important role in the theory of boundary-value
problems for partial differential operators containing the singular Bessel differ-
ential operator.

Theorem 2. Let

U(l’,y,t) = / TJK],q<x7€7yat)50<£vn)nk df d77, t> 07
E

o+
n+1

where K  is the Poisson kernel defined by the formulas of the paper (5). If, for
every positive integer /, the norm [90]171/p,Lp . < 00, then

”DSBZUHLP‘,C(EZXZ) < C[@]l—l/p,prk(E:;H)v (12)

where s +2r=10+m; +q+n+k+1.

The proof of this theorem is based on the use of Theorem 1, and we shall
only outline the main scheme of the proof, omitting the detailed calculations.
Without loss of generality one may assume that ¢ is a cor-

corresponding finite and infinitely differentiable function, and that [ = 1 or
=2

Let [ = 1. From the estimates of the Poisson kernels (see the theorem from (5))

it follows that

’DSBZKj,q’ <C [|33|2 + yg + tg]*(n+k+2)/2.

With the aid of this inequality, the fulfillment of all the conditions of Theorem
1 is proved.

In the case | = 2, we represent the kernel K in the form K; = ApK,  and
write
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D*Bju(r,,t) = 3 / D*D2 BITJK, o(a — &y, ) (& )y d€ dn
= (13)

b [ DB, oo — € 0pl€ i de dn.

In the first term on the right-hand side of equality (13), integration by parts
with respect to the variable £, should be performed, transferring one derivative
to the function ¢. The resulting functions can again be estimated with the aid
of Theorem 1. Using the self-adjoint form of writing the operator B, the last
term in (13) can be written in yet another form. The required estimate is then
obtained as a result of applying Holder’ s inequality to the last integral.

Voronezh State
University

Received
3 11T 1969
CITED LITERATURE
1. I. A. Kipriyanov, M. I. Klyuchantsev, DAN, 186, No. 6 (1969).

2. A. 1. Kipriyanov, Tr. Mat. Inst. im. V. A. Steklova AN SSSR, 89, No. 2
(1967).

3. S. G. Mikhlin, DAN, 117, No. 1 (1957).

4. K. K. Golovkin, V. A. Solonnikov, Tr. Mat. Inst. im. V. A. Steklova AN
SSSR, 70, 47 (1964).
5. I. A. Kipriyanov, M. I. Klyuchantsev, DAN, 183, No. 5 (1968).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196901.88442 Machine Translation


https://sovietrxiv.org/items/ru-196901.88442

	Abstract
	Full Text
	I. A. KIPRIYANOV, M. I. KLYUCHANTSEV
	ESTIMATES OF A SURFACE POTENTIAL GENERATED BY A GENERALIZED SHIFT OPERATOR
	CITED LITERATURE


