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(Presented by Academician M. A. Lavrent ev on 8 VII 1968)

The author (177); in the cases of one and of several complex variables, has estab-
lished a number of general integral representations of holomorphic functions. In
the present note new general integral representations of holomorphic functions
of one and several complex variables are indicated. Thus, in the case n =1 (§
2) a general integral representation (1) is given, which rather fully reflects the
specific properties of star-shaped domains, while in the case n > 2 (§ 3) a gen-
eral integral representation (4) is given, which rather fully reflects the specific
properties of bounded convex complete n-circular domains and whose other im-
portant feature is its close connection with the Cauchy formula of one complex

variable. In the exposition we adhere to the notation and definitions used in
(1-3:5-8),

§ 1. Let G be a star-shaped domain with respect to the origin in the space C"™
of complex variables zq, ..., z,, n > 1, and let the function f = f(zy,...,2,) be
holomorphic in G. Let, further, £ and k be natural numbers, and let v, ...,y
and Ay, ..., be arbitrary positive numbers satisfying v; > 1 (j = 1,..., k) and
Y= 1 (7=1,...,k). The author (>%5), in the case of the domain G, introduced
the operator

which we shall now denote by Lg?,---m/k [f] or, briefly, by Lflk)[f] (a= (71, V))s

and found the inverse operator L} ¥ [f] (in the former notation, L((:Ifg [7D-

Tk
Denote @ = (7,...,7;). Let now k and k be nonnegative integers satisfying
k+ % > 0. Introduce the notation

LER = PP, LR = PP )«

aa

and set Lgﬁi’o) [f] = f. It is not difficult to see that the first of these two new

operators is inverse to the second, and conversely.
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Let, for each j from the set {1,...,k} (k is a natural number), dgﬁ, ,653) be
arbitrary nonnegative numbers satisfying 5?) + -4+ 655) > 0. Analogously,
let, for each j from the set {1,...,%} (% is a natural number), 5@’_,_’5@
be arbitrary nonnegative numbers satisfying g(lﬁ + -+ g@ > 0. Suppose

that the function f = f(zq,...,2,) is holomorphic in the complete n-circular
(n > 2) domain @ with center at the point (0,...,0). The author (7), in the

case of the domain @, introduced the operator LE!;) [f] (here A = (A4,..., Ap),
A; = ('yj,(ﬁ]) ...,55,])) (j = 1,...,k)) and found the inverse operator Lgm[f].

)

Denote A:= (76, ....6¢) (=1....

* Weset L[f] = f, L[] =f.

k), A= (Al, ,/L,). Let now k and % be nonnegative integers with k+% > 0.
Introduce the notation

P = LS, LN = 2P

and put

0,0
LE4 A> [f ] =r
It is not difficult to see that the first of these two new operators is inverse to
the second, and conversely.

Remark 1. In the same way as above, in the case of a domain G two other
groups of operators are introduced:

I Refl, TP Re fl,

JE P Re £, I8 Re f)

(the same with replacement of Re f by Im f and by f). Analogously also in the
case of a domain Q.**

§ 2. Let G, be a star-shaped domain with respect to the origin in the space C*,
bounded by a closed rectifiable Jordan curve T'.

Theorem 1. Let the function f(z) be holomorphic in the domain G, and let a
be a number equal to 0 or 1. Then, if the function f'*)(z2) and all its derivatives
up to order p (p > 0) inclusive are continuous in the closed domain G, then

fork=0,1,...,p4; k=0,1,2,...; z€ G,

s =)+ o [0 [ [ ] sl Preenas )

27 E—z
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where the integration is performed over the contour T’ in the positive direction.

In the proof one uses the properties of the author’ s operators for star-shaped
domains*** and Cauchy’ s formula.

Among the many consequences following from formula (1), let us note one:

) ] ) )
@, = o / (£§~L<§>[f<5>] ¢ (k=0,1,2,..).

1
2mi Jp (€ — )kt L

For k = 0 this formula becomes Cauchy’ s formula.

Remark 2. We note that if the domain G, is the disk |z| < 1, then under the

conditions of Theorem 1 for k= 0,1, ..., y; k=01,2,..; |z] < 1 the following
formulas also hold:

=i+ 2 [0 150 [t )
) S 14 p? —2pcos(p — )

x L& o) dp (2= pei®), (2)

f(2) = af(0) + iz Im f(@)(0)+

ew —z

a 27 = ip 7 )
+ / T [Lfm’“” [e.“HReLg’z’“>[f<a><ew>]dso. (3)
0

§ 3. Let us pass to the case n > 2.

Theorem 2. Let D € (T), the function f(z) (n > 2)*** be holomorphic in D,

and let a be a number equal to 0 or 1. Then, if the functions f< )( ), v=1,..,n,
and all their partial derivatives up to order p (1 > 0) inclusive are continuous

in D, then for k =0,1,...,; k=0,1,2,...; 2 € D*

* We put Lf)[f] =f (in (7) it was put L<O)[f] = f).
Re f], Ju "[Re f] see (5), §
I J

1(4 [ e f] are introduced

* For the operators T' [Re £l r, [R f] JF

[
1. The operators T'¥ )[Re 11, 1"( k>[R f, J [ ef
analogously.

*#% On these operators see (1 3) and § 1 of the present note.

K 2 = (24, ..., 2,) (and so everywhere below in § 3).
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F(2) = af(0) + — Zn: 27r /dwc/dwg /,g| 1 anﬂlnal LE;;@) L‘iu” X

v=1
x Lt [Fé,“)(f, r0)] de,
(4)
where the circle || = 1 is oriented in the usual way.
The proof is similar to the proof of Theorem 5.1 in the author’ s paper (°).

Remark 3. From the integral representation (4) it is clear that it has the
same important property (connection with the Cauchy integral) as the integral
representations (2) previously obtained by the author (*°) from (*) (see (%),
p. 1219) and (5.1) from (°) (see (°), § 5, item 4)*.

Among the many corollaries following from formula (4), let us note one:

_ ( k+k gn ktl—1
ik = f ||

% k
<L [ R, 0)]] de

(k=0,1,...,p0 (0<pu<n—1); k=0,1,2,..).

For k = 0 this formula becomes the formula obtained earlier, in a somewhat
different form, by Opyal and Sityak (8).

Remark 4. With the aid of the new operators introduced in the present paper,
other integral representations previously obtained by the author ((*), Theorem
5; (7), Theorems 2, 3) in the case of n (n > 2) complex variables are also
generalized. Thus, under the assumptions of Theorem 5 (in the case of convex
domains D**) from (3), along with formula (3) written in (%), there is also a
more general formula, obtained from the indicated formula (3) by replacing

-1
i [(De-om) | sy el

Tk
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Among the many corollaries following from this more general formula, let us
note one:

pg - =k Eon L) s (B s [P S ol €0 A ds

zeD (27-”')71 ) n—k+k

~

(k=0,1,...;,0(0<pu<n-—1); k=0,1,2,...).

For p =0, k = 0 this formula becomes the formula established earlier by L. A.
Aizenberg (?).

Under the assumptions of Theorem 2(3) from (7), along with formula (2) (re-
spectively (3)) from (7), there will also be valid a more general formula obtained
from

* Under the assumptions of Theorem 2, along with formula (4), there are also
two general formulas (corresponding to formulas (2), (3)), one of which has the
same property as formula (4), but with respect to the Poisson integral, the other
with respect to the Schwarz integral.

** By D is meant the same convex domain in C™ that is considered in (%'1).

formula (2) (respectively, (3)) by replacing LE;M[I], Lf)[fl(,a)(«f)] (respec-
tively, LS,V ], LE A2 (ry (7)eir, . v, (7)€i#n)]) respectively by L' 21,

r'n

P AX

k,—k)r pla . —k,k k—k)r plo i i
L )[fﬁ '(©)] respectively L VL], LSV (ry (e, r, (r)eien),
where k£ = 0,1,2,.... Similarly for the corresponding formulas in the case

p =0 (see (7), p. 264, footnote). We note that from the more general formula
corresponding to formula (a) from (7) (see (7), p. 264, footnote), there follows,
as a corollary, the formula

- x
=Bkt [ Ly 1f6) e,
(2mi)™ o, & o - ky+1 . ko1 €,
14 I )
-g) (-g)
(here k = ky + -+ k,, (ky,...,k, are arbitrary nonnegative integers, Lfgk) [f] =
L(ljkk:) [ Lifkkn:l) [ng;ll)[f]] -], and z is the same as in Theorem 2 of (7); more-

over, for this formula Remark 2 from (7), including the footnote to it, remains
in force (see (7), p. 265)). For k = 0 this formula becomes the Cauchy formula.
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Remark 5. Taking into account what was noted earlier (see, for example, (7),
Remark 5), the remarks concerning the corresponding integrals remain fully
valid for all the content of the present note connected with 7y, ..., v, Y1, -, 7%
also in the case when 7, ..., 7y, %1, ..., ¥; are arbitrary positive numbers.
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