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A. A. Kaplan, G. Sh. Rubinshtein

ON THE KUHN—TUCKER THEOREM
(Presented by Academician L. V. Kantorovich on 5 III 1969)

The equivalence conditions, given in this note, for a convex programming prob-
lem and the problem of a saddle point of the corresponding Lagrange function
may be regarded as a generalization of the Kuhn—Tucker conditions to the case
of nondifferentiable functions.

Problem I (the basic problem). On some open convex set 𝐺 in the 𝑚-
dimensional arithmetic space 𝑅𝑚, concave functions 𝑔1, 𝑔2, … , 𝑔𝑛, 𝑓 are given
and, in addition, a certain convex set 𝑋0 ⊂ 𝐺 is singled out. It is required to
maximize the function 𝑓 in the domain Ω = ⋂𝑛

𝑗=0 𝑋𝑗, where

𝑋𝑗 = {𝑥 ∈ 𝐺 ∶ 𝑔𝑗(𝑥) ≥ 0}, 𝑗 = 1, 2, … , 𝑛.

Problem 𝐼∗ (the dual problem). Let 𝑌 0 be the set of vectors 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑛)
from 𝑅𝑛 with nonnegative components (𝑦 ≥ 0). It is required to minimize the
function 𝜑(𝑦) = sup𝑥∈𝑋0 𝐺(𝑥, 𝑦), where

𝐺(𝑥, 𝑦) =
𝑛

∑
𝑗=1

𝑦𝑗𝑔𝑗(𝑥) + 𝑓(𝑥), (1)

in the domain Ω∗ = {𝑦 ∈ 𝑌 0 ∶ 𝜑(𝑦) < +∞}.
Vectors 𝑥 ∈ Ω, 𝑦 ∈ Ω∗ are called feasible in problems 𝐼 and 𝐼∗, and the sought
vectors are called optimal.

For any feasible vectors 𝑥 and 𝑦, the relation 𝑓(𝑥) ≤ 𝐺(𝑥, 𝑦) ≤ 𝜑(𝑦) is evidently
valid. Therefore, for optimality of a vector 𝑥0 ∈ 𝑋0, it is sufficient that it be
feasible and that there exist 𝑦0 ∈ 𝑌 0 for which 𝜑(𝑦0) = 𝑓(𝑥0). This condition is
equivalent to the existence of 𝑦0 ∈ 𝑌 0 such that 𝐺(𝑥, 𝑦0) ≤ 𝐺(𝑥0, 𝑦0) ≤ 𝐺(𝑥0, 𝑦)
for all 𝑥 ∈ 𝑋0, 𝑦 ∈ 𝑌 0. The corresponding point (𝑥0, 𝑦0) is called a saddle
point for the function (1), called the Lagrange function of problem I.

A significant place in the theory of convex programming is devoted to clarifying
additional assumptions concerning the set 𝑋0 and the functions 𝑔1, 𝑔2, … , 𝑔𝑛

under which the assertion (!) is valid: for optimality of a vector 𝑥0 ∈ 𝑋0 in
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problem I, the existence of a vector 𝑦0 such that (𝑥0, 𝑦0) is a saddle point of the
function (1) is not only sufficient but also necessary.

Conditions of this kind for convex programming problems with differentiable
functions were first obtained in the work of Kuhn and Tucker (1). Subsequently,
other conditions ensuring the validity of assertion (!) were also found. The
theorems given below provide new conditions of the indicated type.

Problem I reduces to finding the maximal 𝑡 for which the point 𝑡𝑒𝑛+1 =
(0, 0, … , 0, 𝑡) of 𝑅𝑛+1 belongs to the convex set 𝐴− = {𝑎 = 𝑎′ − 𝑎″ ∶ 𝑎′ ∈
𝐴, 𝑎″ ≥ 0}, where 𝐴 = {𝑎 = 𝐹(𝑥) ∶ 𝑥 ∈ 𝑋0}, 𝐹(𝑥) = (𝑔1(𝑥), … , 𝑔𝑛(𝑥), 𝑓(𝑥)).
In this case the maximum 𝑡 coincides with the maximum of 𝑓 on Ω. Problem
𝐼∗ reduces to finding the minimal 𝑡 for which there exists a hyperplane 𝐻
passing through the point 𝑡𝑒𝑛+1 and strictly separating from the set 𝐴− the ray
{𝑡′𝑒𝑛+1 ∶ 𝑡′ > 𝑡}. In this case the minimum 𝑡 coincides with the minimum of 𝜑
on Ω∗, and for a fixed 𝑥0 ∈ Ω the existence

for the function (1) a saddle point (𝑥0, 𝑦0) is equivalent to the existence, for
𝑡 = 𝑓(𝑥0), of a hyperplane 𝐻 with the indicated properties (see, for example,
(2′)).
If 𝑥0 is an optimal vector in problem I, then there always exists a hyperplane
𝐻 passing through the point 𝑓(𝑥0)𝑒𝑛+1 and separating the set 𝐴− and the ray
{𝑡𝑒𝑛+1 ∶ 𝑡 > 𝑡(𝑥0)}. If 𝐴− contains an interior point of the form 𝑡∗𝑒𝑛+1, this
hyperplane strictly separates from 𝐴− the corresponding ray, i.e., assertion (!)
is valid. The existence of such an interior point is equivalent to the existence
of a point 𝑥∗ ∈ 𝑋0 at which 𝑔𝑗(𝑥∗) > 0, 𝑗 = 1, 2, … , 𝑛 (Slater’s condition (3)).
This condition is one of the simplest ones ensuring the validity of assertion (!).
When it is violated, not all separating hyperplanes strictly separate the ray of
interest to us, and more delicate arguments are required to prove the existence
of the needed hyperplane. We give some definitions.

The limiting cone of a convex set 𝑋 at a point 𝑥0 ∈ 𝑋 is called

𝑋𝑥0 = 𝐾𝑥0(𝑋̄),

where

𝐾𝑥0 = ⋃
𝑥∈𝑋

𝐿(𝑥0, 𝑥), 𝐿(𝑥0, 𝑥) = {𝑧 = 𝑥0 + 𝑡(𝑥 − 𝑥0) ∶ 𝑡 > 0},

and the bar denotes closure. By 𝑋𝑥0𝑥1…𝑥𝑟 is meant the limiting cone of the set
𝑋𝑥0𝑥1…𝑥𝑟−1 at the point 𝑥𝑟.

A concave function 𝑔 defined in 𝑅𝑚 is called superlinear relative to the
point 𝑥0 if

𝑔(𝑥0 + 𝑡(𝑥 − 𝑥0)) = 𝑔(𝑥0) + 𝑡(𝑔(𝑥) − 𝑔(𝑥0))
for all 𝑥 ∈ 𝑅𝑚, 𝑡 > 0.

sovietrxiv.org/items/ru-196901.88069 Machine Translation

https://sovietrxiv.org/items/ru-196901.88069


For a concave function 𝑔 defined on an open convex set 𝐺 ⊂ 𝑅𝑚, by a support
function at the point 𝑥0 ∈ 𝐺 is meant the function defined in 𝑅𝑚

𝑔𝑥0(𝑥) = 𝑔(𝑥0) + 𝑔′
𝑥0(𝑥 − 𝑥0),

where
𝑔′

𝑥0(𝑢) = lim
𝑡→+0

1
𝑡 [𝑔(𝑥0 + 𝑡𝑢) − 𝑔(𝑥0)].

Here 𝑔𝑥0𝑥1…𝑥𝑟 is a function supporting 𝑔𝑥0𝑥1…𝑥𝑟−1 at the point 𝑥𝑟. It is easy to
show that it is superlinear relative to any point from the affine hull of the points
𝑥0, 𝑥1, … , 𝑥𝑟, and moreover

𝑔𝑥0𝑥1…𝑥𝑟(𝑥) ≥ 𝑔𝑥0𝑥1…𝑥𝑟−1(𝑥).

Lemma 1. If a concave function 𝑔, defined on an open convex set 𝐺 ⊂ 𝑅𝑚, is
such that sup 𝑔(𝑥) > 0, 𝑔(𝑥0) = 0, then the limiting cone 𝑋𝑥0 of the set

𝑋 = {𝑥 ∈ 𝐺 ∶ 𝑔(𝑥) ≥ 0}

is
{𝑥 ∈ 𝑅𝑚 ∶ 𝑔𝑥0(𝑥) ≥ 0}.

Proof. It is easy to see that 𝑔𝑥0(𝑥) ≥ 0 for 𝑥 ∈ 𝐾𝑥0(𝑋), and hence also for
𝑥 ∈ 𝑋𝑥0 . Conversely, if 𝑔𝑥0(𝑥) ≥ 0, then for sufficiently large 𝑛 the points

𝑦𝑛 = 𝑛 − 1
𝑛 𝑥0 + 1

𝑛𝑥

belong to 𝐺 and
𝑔𝑥0(𝑥) = 𝑛𝑔(𝑦𝑛) + 𝜀𝑛,

where 𝜀𝑛 ≥ 0, lim 𝜀𝑛 = 0. It can be shown that the points

𝑧𝑛 = 𝑥 + 𝜀𝑛
𝑔(𝑥∗) (𝑥∗ − 𝑦𝑛),

which converge to 𝑥, where 𝑥∗ is a fixed vector for which 𝑔(𝑥∗) > 0, are contained
in 𝐾𝑥0(𝑋), and, consequently, 𝑥 ∈ 𝑋𝑥0 .

Lemma 2. If 𝑥0 is an optimal vector of problem I, in which

sup 𝑔𝑗(𝑥) > 0, 𝑗 = 1, 2, … , 𝑛,
𝑛

⋂
𝑗=0

𝑋𝑗
𝑥0 = Ω𝑥0 ,

then 𝑥0 is also optimal for the problem of maximizing 𝑓𝑥0 in the domain

Ω0 = {𝑥 ∈ 𝑋0
𝑥0 ∶ 𝑔𝑗

𝑥0(𝑥) ≥ 0, 𝑗 ∈ 𝐽0}, 𝐽0 = {𝑗 ∶ 𝑔𝑗(𝑥0) = 0}. (2)
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Proof. Taking into account that for 𝑗 ∉ 𝐽0 the cones 𝑋𝑗
𝑥0 coincide with 𝑅𝑚,

by the preceding lemma we have

Ω0 =
𝑛

⋂
𝑗=0

𝑋𝑗
𝑥0 = Ω𝑥0 .

Hence, using the continuity of the function 𝑓𝑥0 and its expression through 𝑓 , it
is easy to obtain the required inequality

𝑓𝑥0(𝑥) ≤ 𝑓𝑥0(𝑥0)

for all 𝑥 ∈ Ω0.

Lemma 3. Suppose that in problem I 𝐺 = 𝑅𝑚, 𝑋0 = 𝑋0
𝑥0 , 𝑔𝑗(𝑥0) = 0, 𝑗 =

1, 2, … , 𝑛, and the functions 𝑔1, 𝑔2, … , 𝑔𝑛, 𝑓 are superlinear relative to 𝑥0. If,
moreover, 𝑥0 is an optimal vector and the set 𝐿 of optimal vectors of the problem
is an affine manifold, then there exists a vector 𝑦0 such that the point (𝑥0, 𝑦0)
is a saddle point for the function (1).

Proof. It can be shown that, under the assumptions made, the vector function
𝐹 introduced above maps every affine manifold 𝐿′, parallel to 𝐿, into a single
point. By 𝑄 we denote the affine complement of 𝐿 containing the point 𝑥0 (i.e.,
(𝐿 − 𝑥0) ⊕ (𝑄 − 𝑥0) = 𝑅𝑚). In view of what has been said, the set 𝐴 ⊂ 𝑅𝑛+1

in the present case coincides with 𝐹(𝑋0 ∩ 𝑄), and 𝐴 and 𝐴− are cones with
vertex 𝐹(𝑥0) = 𝑓(𝑥0)𝑒𝑛+1. If the vector 𝑦0 of interest to us did not exist, then
the point (𝑓(𝑥0) + 1)𝑒𝑛+1 would belong to the closure of the cone 𝐴−, i.e., there
would be 𝑡𝑖 > 0 and vectors 𝑧𝑖 ∈ 𝑋0 ∩ 𝑄 such that

𝑡𝑖𝑔𝑗(𝑧𝑖) ≥ −1
𝑗 (𝑗 = 1, 2, … , 𝑛), 𝑡𝑖(𝑓(𝑧𝑖) − 𝑓(𝑥0)) = 1,

lim 𝑧𝑖 = 𝑧∗, 𝑧∗ ∈ 𝑋0 ∩ 𝑄, 𝑧∗ ∈ 𝐿, 𝑡∗ = lim 𝑡𝑖 > 0.
But this is impossible, since for 𝑡∗ < +∞, for the vector 𝑧∗ ∈ 𝑄 we would
have 𝑓(𝑧∗) > 𝑓(𝑥0), while for 𝑡∗ = +∞ the vector 𝑧∗ would be optimal and,
consequently, would be contained in 𝐿.
Theorem 1. If in problem I sup 𝑔𝑗(𝑥) > 0, 𝑗 = 1, 2, … , 𝑛, then, for the assertion
(!) to hold for an arbitrary concave function 𝑓 , it is necessary and sufficient that

𝑛
⋂
𝑗=0

𝑋𝑗
𝑥0𝑥1…𝑥𝑟 = Ω𝑥0𝑥1…𝑥𝑟 , (3)

whatever the vectors 𝑥0 ∈ Ω, 𝑥𝑘 ∈ Ω𝑥0𝑥1…𝑥𝑘−1 , 𝑘 = 1, 2, … , 𝑟, may be.

Sufficiency. Let 𝑥0 be an optimal vector of problem I. By Lemma 2 it is also
optimal in the problem of maximizing the function 𝑓𝑥0 in the region Ω0, defined
according to (2). If the set 𝐿 of optimal vectors in this problem is not an affine
manifold, then we pass to maximizing the function 𝑓𝑥0𝑥1 in the region Ω𝑥0𝑥1
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(𝑥1 is a fixed interior point of the set 𝐿 in its affine hull), and so on. Finally, we
arrive at the problem of maximizing the function 𝑓𝑥0𝑥1…𝑥𝑟 in the cone Ω𝑥0𝑥1…𝑥𝑟 ,
in which 𝑥0 is an optimal vector and the set of optimal vectors is an affine
manifold. The cone Ω𝑥0𝑥1…𝑥𝑟 admits the representation

Ω𝑟 = {𝑥 ∈ 𝑋0
𝑥0𝑥1…𝑥𝑟 ∶ 𝑔𝑗

𝑥0𝑥1…𝑥𝑟(𝑥) ≥ 0, 𝑗 ∈ 𝐽𝑟}, (4)

where 𝐽𝑟 = {𝑗 ∶ 𝑔𝑗
𝑥0𝑥1…𝑥𝑟−1(𝑥𝑟) = 0}. On the basis of Lemma 3, the Lagrange

function of this problem has a saddle point (𝑥0, ̃𝑦0), from which, by adding
components 𝑦0

𝑖 = 0 for 𝑗 ∈ 𝐽𝑟, one obtains a saddle point (𝑥0, 𝑦0) for the
Lagrange function of the original problem I.

Necessity. Suppose that, for 𝑥0, 𝑥1, … , 𝑥𝑟, relation (3) is violated, i.e., some
ray ℒ(𝑥0, ̃𝑥) belongs to the difference of the cones ⋂𝑛

𝑗=0 𝑋𝑗
𝑥0𝑥1…𝑥𝑟 and Ω𝑥0𝑥1…𝑥𝑟 .

In view of the closedness of the latter, there exists a linear function 𝑓 for which
𝑓(𝑥) ≤ 𝑓(𝑥0) if 𝑥 ∈ Ω𝑥0𝑥1…𝑥𝑟 , and 𝑓(𝑥) > 𝑓(𝑥0) for 𝑥 ∈ ℒ(𝑥0, ̃𝑥). It can
be shown that, for the problem of maximizing such a function 𝑓 in the region
Ω = {𝑥 ∈ 𝑋0 ∶ 𝑔𝑗(𝑥) ≥ 0, 𝑗 = 1, … , 𝑛}, assertion (!) is false.

Let us note that the inequalities sup 𝑔𝑗(𝑥) > 0 in the proof of Theorem 1 were
used only to justify the coincidence, when

𝑔𝑗
𝑥0𝑥1…𝑥𝑘(𝑥𝑘) = 0,

of the cones
{𝑥 ∈ 𝑅𝑚 ∶ 𝑔𝑗

𝑥0𝑥1…𝑥𝑘(𝑥) ≥ 0}

and 𝑋𝑗
𝑥0𝑥1…𝑥𝑘 . This means that the following also holds.

Theorem 2. For the assertion (!) to hold for an arbitrary function 𝑓 , it is
necessary and sufficient that, for any vectors 𝑥0 ∈ Ω, 𝑥𝑘 ∈ Ω𝑥0𝑥1…𝑥𝑘−1 , 𝑘 =
1, 2, … , 𝑟, the cone (4) coincide with the cone Ω𝑥0𝑥1…𝑥𝑟 .

It is precisely this proposition that should be regarded as a direct generalization
of the Kuhn–Tucker theorem to the case of nondifferentiable functions. Further,
from Theorem 1 it follows⋯

Theorem 3*. If in problem I sup 𝑔𝑗(𝑥) > 0, 𝑗 = 1, 2, … , 𝑛, and the sets
𝑋0, 𝑋1, … , 𝑋𝑛1 are polyhedra (intersections of a finite number of half-spaces),
then, provided there exists a vector 𝑥∗ ∈ Ω such that 𝑔𝑗(𝑥∗) > 0, 𝑗 = 𝑛1+1, … , 𝑛,
assertion (!) is valid.

Proof. We show that in the present case the nontrivial inclusion of relation
(3) is valid. Let ̃𝑥 ∈ ⋂𝑛

𝑗=0 𝑋𝑥0 . Then the open segment (𝑥∗, ̃𝑥) is contained in
each of the cones 𝐾𝑥0(𝑋𝑗) (for 𝑗 = 0, 1, … , 𝑛1—by virtue of their closedness, and
for 𝑗 = 𝑛1 + 1, … , 𝑛—by virtue of the solidity of the corresponding convex sets).
That is,

(𝑥∗, ̃𝑥) ⊂
𝑛

⋂
𝑗=0

𝐾𝑥0(𝑋𝑗) = 𝐾𝑥0(Ω),
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and, consequently, ̃𝑥 ∈ Ω𝑥0 . By means of the same arguments, relation (3) is
verified successively for 𝑟 = 1, 2, …
Institute of Mathematics
Siberian Branch of the Academy of Sciences of the USSR
Novosibirsk
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