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The equivalence conditions, given in this note, for a convex programming prob-
lem and the problem of a saddle point of the corresponding Lagrange function
may be regarded as a generalization of the Kuhn—Tucker conditions to the case
of nondifferentiable functions.

Problem I (the basic problem). On some open convex set G in the m-
dimensional arithmetic space R™, concave functions g', ¢>,...,¢", f are given
and, in addition, a certain convex set X° C G is singled out. It is required to
maximize the function f in the domain Q = ﬂ;;o X7, where

Xj:{xeG:gj(x)z()}, 1=12..,n.

Problem I* (the dual problem). Let Y be the set of vectors y = (v, Ys, -, Y,
from R™ with nonnegative components (y > 0). It is required to minimize the

function ¢(y) = sup,_ vo G(2,y), where

Cley) =3y (@) + @), W
=1

in the domain Q* = {y € Y" : ¢(y) < +o0}.

Vectors x € Q, y € Q* are called feasible in problems I and I*, and the sought
vectors are called optimal.

For any feasible vectors z and y, the relation f(z) < G(z,y) < ¢(y) is evidently
valid. Therefore, for optimality of a vector 20 € X°, it is sufficient that it be
feasible and that there exist y° € Y° for which p(y°) = f(2°). This condition is
equivalent to the existence of y° € Y such that G(z,3°) < G(2°,4°) < G(2°,y)
for all z € XY, y € Y°. The corresponding point (2°,1°) is called a saddle
point for the function (1), called the Lagrange function of problem I.

A significant place in the theory of convex programming is devoted to clarifying
additional assumptions concerning the set X% and the functions ¢!, ¢, ..., g"
under which the assertion (1) is valid: for optimality of a vector x° € X° in
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problem I, the existence of a vector y° such that (z°,1°) is a saddle point of the
function (1) is not only sufficient but also necessary.

Conditions of this kind for convex programming problems with differentiable
functions were first obtained in the work of Kuhn and Tucker (). Subsequently,
other conditions ensuring the validity of assertion (!) were also found. The
theorems given below provide new conditions of the indicated type.

Problem I reduces to finding the maximal ¢ for which the point te"™! =

(0,0,...,0,t) of R™™! belongs to the convex set A~ = {a = a’ —a” : @’ €
A,a” > 0}, where A = {a = F(z) : z € Xo}a F(z) = (gl(CE),...,gn(ZE),f(’J))).
In this case the maximum ¢ coincides with the maximum of f on Q. Problem
I* reduces to finding the minimal ¢ for which there exists a hyperplane H
passing through the point te™*! and strictly separating from the set A~ the ray
{t’e™*! : ¢/ > t}. In this case the minimum ¢ coincides with the minimum of ¢
on Q*, and for a fixed 20 € Q the existence

for the function (1) a saddle point (z°,3°) is equivalent to the existence, for
t = f(20), of a hyperplane H with the indicated properties (see, for example,

(2))-

If 2° is an optimal vector in problem I, then there always exists a hyperplane
H passing through the point f(z%)e"*! and separating the set A~ and the ray
{ten™! : t > t(2°)}. If A~ contains an interior point of the form #*e"*!, this
hyperplane strictly separates from A~ the corresponding ray, i.e., assertion (!)
is valid. The existence of such an interior point is equivalent to the existence
of a point z* € XY at which ¢/(z*) >0, j=1,2,...,n (Slater’ s condition (3)).
This condition is one of the simplest ones ensuring the validity of assertion (!).
When it is violated, not all separating hyperplanes strictly separate the ray of
interest to us, and more delicate arguments are required to prove the existence
of the needed hyperplane. We give some definitions.

The limiting cone of a convex set X at a point 2° € X is called

X0 = K,0(X),

x x

where

Kpo=|J L% x),  L(a®x)={z=a"+tz—2°:t >0}
rzeX

and the bar denotes closure. By X 0,1, is meant the limiting cone of the set

X, 0p1 a1 at the point 27.

A concave function g defined in R™ is called superlinear relative to the
point z0 if

g(a® +t(x —2°)) = g(2°) + t(g(z) — g(a"))
forallz € R™, t > 0.
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For a concave function g defined on an open convex set G C R™, by a support
function at the point z° € G is meant the function defined in R™

G0 (x) = g(x(J) + g/mo(fﬂ - mo)v

where

Here g 0,1 .- is a function supporting g 0,1 -1 at the point z". It is easy to

show that it is superlinear relative to any point from the affine hull of the points

20, 21, ..., 2", and moreover

93041z (J?) > 9z0zl  gr-1 (J?)

Lemma 1. If a concave function g, defined on an open convexr set G C R™, is
such that sup g(x) > 0, g(z°) = 0, then the limiting cone X0 of the set

X={zeG:g(r)>0}
{x € R™: g,o(x) > 0}.

Proof. It is easy to see that g,o(z) > 0 for z € K_o(X), and hence also for
x € X,0. Conversely, if g,o(x) > 0, then for sufficiently large n the points

n—1 0 1
x4+ —x
n

Yn =
belong to G and
Ggo (:E) - ng<yn) +En
where €, > 0, lime,, = 0. It can be shown that the points

En *
zZ, =T xr — s
n + g(x*>( yn)

which converge to z, where x* is a fixed vector for which g(z*) > 0, are contained
in K,0(X), and, consequently, € X 0.

Lemma 2. If 20 is an optimal vector of problem I, in which
supg’(z) >0, j=1,2,..,n, ﬂXiOZsz
§=0

then 2° is also optimal for the problem of mazimizing f,o in the domain

WP ={zeXl: gz)>0,jeJ%  JO={j:g/a") =0} (2)
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Proof. Taking into account that for j ¢ J° the cones Xi o coincide with R™,
by the preceding lemma we have

n
Q0 =) X7 = Q0.
j=0

Hence, using the continuity of the function f o and its expression through f, it
is easy to obtain the required inequality

fzo (:E) < fa:[)(ajo)
for all z € Q0.

Lemma 3. Suppose that in problem I G = R™, X° = Xgo, @20 =0, j=
1,2,...,n, and the functions g*,¢>,...,g", f are superlinear relative to x°. If,
moreover, z° is an optimal vector and the set L of optimal vectors of the problem
is an affine manifold, then there exists a vector y° such that the point (x°,9°)

is a saddle point for the function (1).

Proof. It can be shown that, under the assumptions made, the vector function
F introduced above maps every affine manifold L’, parallel to L, into a single
point. By @ we denote the affine complement of L containing the point z° (i.e.,
(L—2°) & (Q—2") = R™). In view of what has been said, the set A C R""!
in the present case coincides with F(X° N Q), and A and A~ are cones with
vertex F(z%) = f(2)em*L. If the vector 3 of interest to us did not exist, then
the point (f(2°)+ 1)e™*! would belong to the closure of the cone A~ i.e., there
would be ¢, > 0 and vectors z* € X° N Q such that

tig’(z") = —% G=12...n), (f(z')—f@") =1,

limz! =2*, 2*e€X'NQ, z*€L, t*=limt;,>0.

But this is impossible, since for t* < +oo, for the vector z* € @Q we would
have f(z*) > f(z"), while for t* = 400 the vector z* would be optimal and,
consequently, would be contained in L.

Theorem 1. If in problem I sup ¢(z) > 0, j = 1,2, ..., n, then, for the assertion
(1) to hold for an arbitrary concave function f, it is necessary and sufficient that

ﬂ Xiozl.“w‘ = Qmozlmw” (3)
§=0

whatever the vectors z° € Q, 2% € Q0,1 s, k= 1,2,...,7, may be.

Sufficiency. Let z° be an optimal vector of problem I. By Lemma 2 it is also
optimal in the problem of maximizing the function f,o in the region °, defined
according to (2). If the set L of optimal vectors in this problem is not an affine

manifold, then we pass to maximizing the function f,o,: in the region €, 0,1
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(x! is a fixed interior point of the set L in its affine hull), and so on. Finally, we

arrive at the problem of maximizing the function f 0,1 .~ in the cone Q0,1 .,
in which 20 is an optimal vector and the set of optimal vectors is an affine
manifold. The cone €,0,1 .~ admits the representation

QO ={ze Xgoxl,,,y* : gi%lmx,.(x) >0, jeJ}, (4)
where J" = {j : gi%lmxr,l(ﬂ) = 0}. On the basis of Lemma 3, the Lagrange

function of this problem has a saddle point (2°,4°), from which, by adding
components ¢ = 0 for j € J", one obtains a saddle point (z°,3°) for the
Lagrange function of the original problem I.

Necessity. Suppose that, for 20, 2!, ... 2", relation (3) is violated, i.c., some

ray £(x°, %) belongs to the difference of the cones ﬂ?:o X7 and
In view of the closedness of the latter, there exists a linear function f for which
flz) < f(2°) if 2 € Quog1 e, and f(z) > f(2°) for z € £(2°,%). Tt can
be shown that, for the problem of maximizing such a function f in the region
Q={reX:gi(x) >0, j=1,...,n}, assertion (!) is false.

1. g7 2021, 7"

Let us note that the inequalities sup ¢(z) > 0 in the proof of Theorem 1 were
used only to justify the coincidence, when
Taogt..or () =0,

of the cones _
e € R™: gro (@) = 0}

and Xi 0g1_ - Lhis means that the following also holds.

Theorem 2. For the assertion (!) to hold for an arbitrary function f, it is
necessary and sufficient that, for any vectors 2° € Q, 2% € Q k=
1,2,...,r, the cone (4) coincide with the cone Q

20zl xk-1)

Ozl 7"

It is precisely this proposition that should be regarded as a direct generalization
of the Kuhn-Tucker theorem to the case of nondifferentiable functions. Further,
from Theorem 1 it follows:-

Theorem 3*. If in problem I supg’/(z) > 0, j = 1,2,...,n, and the sets
X0 X1 ..., X™ are polyhedra (intersections of a finite number of half-spaces),
then, provided there exists a vector z* € Q such that ¢7(z*) > 0, j = ny+1,...,n,
assertion (!) is valid.

Proof. We show that in the present case the nontrivial inclusion of relation
(3) is valid. Let T € ﬂ;;o X,o0. Then the open segment (z*,7) is contained in
each of the cones Ko (X7) (for j = 0,1, ...,n,;—by virtue of their closedness, and

for j =nq, 4+ 1,...,n—by virtue of the solidity of the corresponding convex sets).
That is,

(2%, F) C () Kpo(X7) = Kp0(),
§=0
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and, consequently, & € Q0. By means of the same arguments, relation (3) is
verified successively for r = 1,2, ...
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