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In the paper (') we studied positive (bounded below) solutions of some evolu-
tionary hypoelliptic equations. It subsequently became clear that one can avoid
the apparatus of fundamental solutions and a priori estimates (if one restricts
oneself to L;-theorems); this made it possible to include in the discussion some
evolutionary non-hypoelliptic equations (for example, equations of the type of
the equation of transverse vibrations of an elastic rod) and to weaken the re-
strictions on the coefficients. In addition, the results of () (in a strengthened
version) can be extended from (positive bounded below) classical solutions to
complex-valued generalized solutions belonging to certain cones. The latter
makes it possible to pass to the study of solutions of systems of partial differen-
tial equations of arbitrary period. All this is set forth in the present note.

1. Lemmas on lateral smoothing

Consider the system

L(t,x,0/0t, D )u = f(t,x). (1)

Let the operator £(t,x,0/0t, D,) satisfy the conditions:

1) The matrix £(t,x,0,i0) of size N x N is uniformly elliptic in the sense of
1. G. Petrovskii; its highest order is 7.

2) There exists p > 1 such that the elements £(t,z, A, i0), l;;(t,x, A, i0), con-
tain terms of degrees kg, kq, ..., k, in X\, 04, ..., 0, respectively, for which

n ) n?

kop +ky + - +k, <r.

3) There exists a Lagrange-adjoint operator £*(t,z,d/0t, D,) with continu-
ous bounded coefficients.

sovietrxiv.org/items/ru-196901.87495 Machine Translation


https://sovietrxiv.org/items/ru-196901.87495

Let K* be a cone in the complex space C'V, the closure of which has only one
common point with a certain half-space. Let u(t, 2) be a solution of system (1).
Define the vector-functions

u(t,z), ifue KT,
ut(t,z) = {07 g K

~(t,2) 0, ifue KT,
u (t,z) =
u(t,z), ifug¢g KT.

Then v = u™ +u.

Denote by HE}TTTQ) the parallelepiped T} < t < Ty, |z; — a:?| <a,j=1,..,n,
0 _ ,0 _

and by 37 the cube |z; — 29| < a; It o) =107 1) W=y,

Lemma 1 (on interior lateral smoothing). Let:

1) u(t,z) be a weak solution in IT? of the system Lu = f;

(tlth)
2)
|fldtde = | f| < oo;
12
(t1,t9)
3)
|u~|dtdx < M,
H?tl,tz)
4)
lut|dtde < 1.
Hl

(t1.,t2)

Then there exist positive constants 0 < ay, hy > t;, hy < ty, A, depending
only on the constant of uniform ellipticity § and the constant A majorizing the
moduli of the coefficients of the operator £*, such that

/1 fu(t, )| dt dz < Ay (1+ M +|f]). ()
ot

(hy,h2)

Lemma 2. Suppose conditions 1)—4) of Lemma 1 are satisfied (¢, =0, t, =T
and
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max ky—1 max ko—1
2 0*u(0, z) 2 OFu(T, x)
5) ; /22 ok dr < B or ; /22 ok de < B].

Then there exist positive constants ay, hy < T, Ay > 1, depending only on §, A,
such that

// lu(t, 2)| dtdz < \y(1+ M+ |f] + B) @)
H(lt;r,;? ho)
or
I ttoldeds < 201431 4151+ B, @)
iy )

Lemma 3 (metric). Suppose conditions 1)—4) of Lemma 1 are satisfied. Then
for any h € (0,hy; —t;) (hy from Lemma 1) there exist positive constants as, Az,
depending only on ¢ and A, such that

/1 Tt D] dtdr < A1+ M+ [FI7). (3)
mitash ?

(t1+h,to—h)

Lemma 4 (metric). Suppose conditions 1)—5) of Lemmas 1, 2 are satisfied.
Then for any h € (0,hy) (hy from Lemma 2) there exist positive constants
Ay, a, (depending only on ¢ and A) such that

/]1 nl/p ‘u(t,$)| dtdl’ S )\4(1 + Bh + M _|_ |f‘h7/p> (4)
o 7t
or
// oy 0t D) dEd <N (14 Bh+ M + |f|A7/P). (@)
g,

2. Theorems on the growth of solutions in a layer. Unique-
ness of the solution of the Cauchy problem

A simple consequence of Lemma 4 is the theorem describing the character of
the growth of solutions of system (1) defined in the layer IIf§ ;. = Il.

Theorem 1. Suppose:

1) u(t,z) is a weak solution of the system Lu = f, continuous in IT;
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I 1s1dtde < (ol
Mg

3)
max ky—1 k
0"u(0, z)
> — | dz < Fy(lz])
> [ |Fon
maxko 1
OFu(T, x)
( > L MSFmﬂQ;
4)
|u= (¢, z)| dt de < F5(|x]),
H?OIT)
where F(r), 1 = 1,2,3, are positive nondecreasing functions defined for
r € [0,00).
Then
|£L'| p/(p—1) 3
5% Jj=1
(5)
(or

c, (Jf«l) pl)} (; Fi(lz] +2) + 1) .

// u(t,z)|dtde < C; exp
HZz
(57)

In particular, if u(0,2) = 0, f(t,x) = 0, Fy(r) = exp[rh(r)], where h(r) is a
positive nondecreasing function,

// u(t,z)|dt de < Cexp
2,z

(0 t)

C, || p/(p=1) - -
(( )1/17) ] (exp[(Jz| +2)h(Jz| +2)]+1).
(6)

From the last estimate, in the case of Petrovsky-parabolic systems, using the

uniqueness theorem of G. N. Zolotarev (?3), one obtains, in particular, the
following new uniqueness theorem for the solution of the Cauchy problem.

Theorem 2. Let u(t,z) be a solution in Il of a system, uniformly parabolic
in the sense of Petrovsky, with Holder-continuous bounded coefficients,

Lu =0,
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satisfying zero initial data, for which

(¢, 2)| < K explle|h(jz])], /
Then u(t,z) = 0.

3. Growth of a solution defined in the whole space

As a simple consequence of Lemma 1, we give the following theorem.

Theorem 3. Let u(t,z) be a solution in the whole space (t, zy,...,z,,) of the
system
Lu =0,
for which
// lu—|dtdx < M(Ty,T,)
Hfle,TQ)

for any positive 77 and T5. Then for any positive e, T3, T,
u(t, z)| < Cle, Ty, Tp) explelz[P/ P~ V)] (7)

in Il 1,)-
Let us note that the equation
ou oPu
2 (=112
ot (=1) oxP

has a positive solution in the whole plane,
o0
u, = Z exp [(=1)P'mPt + mx — mPp(m)], (8)
m=0

with
lim p(m) = oo,

m—0o0

which (because of ¢(m)) does not satisfy the inequality

Ju, | < K exply(|z]) |z [P/ 1], lim 4(r) =0,
=00

ol

where t(r) tends to zero arbitrarily slowly.

Lemma on enclosure from below (for p = 2k + 1) and from above (for
p = 2k). Growth of solutions in the half-infinite (in ¢) cylinder. Let
system (1) consist of a single equation with real coefficients, and let K+ be a
positive ray.

Lemma 5 (on enclosure from below for p = 2k + 1, from above for p = 2k).
Let:
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1) u(t,z) be a weak solution of the equation Lu = f in H({T’O);

2)
// f(t,x)|dtde = |f| < oo;
H2
3)
max ky—1 L 2
0"u(0
Z / M dr < B forp=2k+1,
par otk
=i 2
maxko 1
OFu(—T, x)
R a— dx<B for p = 2k;
4)
// “(t,x)| dtdz < M,
(T(J)

// [ut|dedt <1 (p=2k+1); // lut|dedt <1 (p=2k).
Hl ) —T,-Tq

(=T1,0) )

Then there exist positive constants ag, A5, and hy < T —1T}, depending only on
6 and A, such that for p =2k +1

//1 fu(t, 2)| dt dx < Ag(1+ B + M+ |f]),

I T1 hg,0)

and for p =2k

//Ha lu(t,z)|dtde < A\s(1+ B+ M + [ f]). 9)

( T,-T1+h3)

A simple consequence of Lemma 4 is
Theorem 4. Let:

1) u(t,z) be a solution of the hypoelliptic equation Lu = 0 in II_, o for
p = 2k + 1; for p = 2k, u(t,z) be a solution of the equation Lu = 0 in

Mo 003

// |lu=(t,z)|dtde <M (p=2k+1),
Loo,0)
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// |u=(t,z)|dtde < M for p = 2k.
H(L

[0,00)

Then in every HZLOO 0 for p=2k+1 and in every HEZ)_OO) forp=2k,0<n<a,

lu(t, z)| < Cy(n) exp[Cy(n)t]. (10)

Example (8) shows that for p = 2k+ 1 inequality (10) is not valid in IT}! and

for p = 2k in H?foo o
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