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MATHEMATICS

B. M. BUDAK, M. Z. MOSKAL

ON THE CLASSICAL SOLUTION OF THE
MULTIDIMENSIONAL STEFAN PROBLEM

(Presented by Academician A. N. Tikhonov on 14 VI 1968)

In the present note we prove the existence, uniqueness, and stability with respect
to perturbations of the initial data of a regular classical solution of the multi-
dimensional Stefan problem (problem A) (cf. (1'?)). The exposition is given
for the case when the number of spatial independent variables N = 2, but the
method and the result are easily extended to the case N > 2.

Problem A. Suppose it is required to find the temperature u = u(xy, x4, t) in
Qp : I x [0,T], where I : {(zy,2,), 0 =1 <ay <lyy =1y, 0 =1, <y <
lyo = Iy}, and the surface S : 2, = z,(5,1), 2o = 29(5,1), s <s< s, 0<t <
T, of phase separation, representing the set of all points of @T at which u = 0,
and dividing @T into two regions, in one of which v < 0, and in the other v > 0,
under the following conditions.

At the points Qp =1II x (0, T], where IT : {(x,2,), I1; <21 <lgy, l1s <y <
I35}, not belonging to S, u(x,, z,,1t) satisfies the equation

Uy = a?(uixlxl + Uiz, ) a; = const > 0, 1=1,2, (1)

where i = 1 refers to that part of @T where u < 0, i = 2 to that where u > 0;
moreover on S the relations

u; = uy =0, (2)

D, + (k; gradu; — ky grad u,, grad ®) =0, k; = const, k, = const, (3)

hold, where ®(x,x5,t) = 0 is the equation of the surface S, obtained by elimi-
nating the parameter s from the equations x; = x(s,t), T4 = x4(s,1).

On 817@7, =T x [0,T], where T is the boundary of II, it must be that
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8u/8n‘8b§T = F(x,t), = (z1,29) €T, 0<t<T, (4)

where 9/0n is differentiation along the normal to 9,Q.. For t = 0 there must
be

u|t:0 = ‘P(xlvxZ)a z €I, (5)

71(5,0) = ¢ (s), T5(5,0) = ¥y(s), st <s< s, (6)

where 2, = ¥,(s), 15 = y(s), st < s < s, is a simple nonclosed smooth
curve (in particular, 1] (s) and 1,(s) are continuous and 1}2(s) 4+ 14*(s) # 0 for
sl < s < s'), connecting an interior point of the edge [I;; < z; < lyy, T =
ly5, t = 0] with an interior point of the edge [l < 2y < lyy, Ty = lyy, t = 0]
and dividing II into two regions, in one of which ¢(z,z5) < 0, and in the other
o(x1,x5) > 0, moreover the interior points of this curve are interior points of

the face II.

In the definition of a classical solution of problem A one is concerned with the
surface S : x; = m1(s,1), Ty = 24(s,1), s < s < s, 0 <t < T, of phase
separation, satisfying the following requirements:

Requirements B. 1) S is a simple nonclosed smooth surface (in particular,
T14(8, 1), Top(8,1), T14(8,t), To,(s,t) are continuous and

23(s,t) + 23(s,t) # 0 for s* < s < s', all interior points of which are interior
points of Q.. 2) The boundary S is a closed curve consisting of four pieces

{ln <ay =2y(s7,8) <lyy, wg =5(s",t) =1y, 0SS T,

{1, <2y =2,(8M 1) <lyy, 29 = a9(sM 1) =1y, 0Kt < T},

{111 <z =21(5,0) = Yy(5) <lyy, 0 <y =29(8,0) = Py(s) <y, st <s< SH, Vo (8) # lyg; s
for s # sl s},
(I <z =2.(5,T) <lyy, lig < Ty = 29(5,T) < lyy, st <5< s

5(5,T) # Ly lpg for s # s, s }.
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Definition 1. By a classical solution of problem A (problem (1)—(6)) we shall
mean functions u = u(z,, 24, t) and a surface S : 7 = z1(s,t), T5 = x5(s,1),
sl <5< 0<t<T, such that: 1) the surface S satisfies the requirements
B; 2) the function u = u(z,,z4,t) is continuous in @T, and its derivatives u, ,
Uy, s Uy g5 Ug gy Usp, s, Uy r€ continuous in the closed regions into which the
surface S divides the parallelepiped @ 3) all relations (1)—(6) are fulfilled.

Lemma. If the function u = u(xy,x,,t) and the surface S : x; = z,(s,1),
Ty = To(s,t) satisfy all the conditions of Definition 1 with (3) replaced by

Ox, /Ot = k10uq [0z — kyOuy/0z4,

0xo /0t = k10uy /0xy — kyOuy /x5 on S, (3"

then u = u(xy, zo,t) and S : z; = x,(s,1), x5 = x5(s, t) form a classical solution
of problem A.

Definition 2. A function v = u(z,,z,,t) and a surface S : z; = z,(s,1),
Ty = x5(s,t), satisfying the conditions of the lemma, will be called a regular
classical solution of problem A. To prove the existence, uniqueness, and stability
with respect to perturbations of the initial data of a regular classical solution of
problem A, we reduce it, replacing relation (3) by relations (3"), to an equivalent
system of nonlinear Volterra integral equations of the second kind.

Let us first specify the formulation of condition (4) of problem A, writing it for
each of the lateral faces of Q:

U1x1(l11ax2vt) = Fy(z4,1), “2m1<1217$2>t) = Fy(z,,1),
lig Sy <lyy, 0<t<T; (4,)

uixg(wlﬂll27t) = Fyy(zq,1); i=1, Ij; <z <xy(shb);
i=2, z(sT,t) < a2y <y, 0<t<T; (4,)

Wig, (21,199, 1) = Fip(xq,1); i=1, 1<z < 931(3Hat)§
i=2, (s t) <2y <y, 0<t<T. (45)

Next we introduce the “Green functions” :

sovietrxiv.org/items/ru-196901.87196 Machine Translation


https://sovietrxiv.org/items/ru-196901.87196

Hl(x17x2,t;§17€277-) = G11<m1?t7€17T)G21<x2at7€27T)7

My (2, 29,8561, 85, 7) = Gro(21, 6,81, 7)Gop(9, 1,65, 7),
where G, and G, are Green functions for the half-lines 0 < k; < 400 and

—o0 < 27 < I with coefficients a; and ay, while G,;, ¢ = 1,2, are Green
functions for the segment 0 < z, < I, with coefficients a;, i = 1,2 (3).

For a classical solution of problem A the representation holds

uy (2, Ty, t) // 0(&1, &) Iy (21, 29,1,£1,&5,0) dE; dEy+

—&—a%// Fy (&, 7)1y (2,24, t,0,&5, 7) d€y dT+

1=0

—|—a1// Fiy (&, 7)1y (24, 29,1, €4,0,7) d€y dT+

Jra%// Fio(&,m) I (2, 29,8, &y, 1y, 7) d€y AT+

Ea=ly

+a‘% // U‘l{l ($1(877)7x2(877—)a T) Hl(mlaantvml(Sa’r)ax2(8,T>,T> d£2 dr+

§1=21(8,7), §a=25(5,T)

+a% // u152 (l‘l(S, T)v .232(8, 7—)) T) Hl(xh Lo, t7 Il(S, T)a mQ(Sv T>7 T) d£1 d7-7
§1=x,(s,7),§a=w5(s,7)
(71)

u2($17$2at):// (&1, 6) g (z, 9,1, &4, €5, 0) d§y déy+
=0

+a§// Fy(&y, 7) Hg(2y, w9, 1,11, &, T) d&y dT+

&=l

+a%/ F21(£17T) H2('r1ax27ta§17077-) dgl d7-+

2=0

+a§/ Foo (&, 7) My (2y, 09, t,8y, 1y, 7) d§y dT+

2=l
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+a% // u2§1 (.731(877'),1'2(3,7'),7') HQ(xlax%ta Z‘1<S,T)7

&1=x1(5,7), §a=25(s,T)

To(8,7),7) déy dT + a3 // Use, (21(8,T), T9(s,7), T) X

&1=x1(8,7), Ea=25(5,T)
XHQ(I‘l,xQ,t,:L‘l(S,T),IQ(S,T),T)dfl dT' (72)
Introduce the notation:

uimj(xv (s’t)va(sat)vt) - Uij($7t)a

uimjmk(zl(svt)7‘T2(57t)7t) = Pijk = uirkwj(xl(sat)7x2(57t)7t> = Pirjs  (8)

x4(8,t) = z(s, 1), 1=1,2; j=1,2; k=1,2;
sf<s<s, 0<t<T.
Theorem 1. Let, for the initial data of problem A, the following conditions be
satisfied:

a) Fi(zg,t), Fy (29,1), Fy(79,t), i = 1,2, are continuous for 0 = l;, <z, <

logg =1y, 0 <t LT

b) Fjj(x1,t), Fijy (x1,t), Fij(zy,t), i = 1,2; j = 1,2, are continuous for

0=1, <z <ly, 0<t<T;

c) Uy (s), Vo(s), ¥)(s), wh(s) are continuous, ¥}2(s) + 12 (s) # 0 for s <
s < sl

d) ¢(zq,24) is continuous for 0 = [;; < 7 < lyy, 0 = 1y < 29 < lyy;
P5 Pur Pu, ATC continuous in both closed domains into which the curve

xy = Py(s), Ty = Py(s), sT < s < s divides the face II: 0 < z; <
I, 0 <@y <y

e) the compatibility conditions are satisfied.

Then problem A with relations (3) instead of (3) is equivalent, by virtue of (7,),
(8), to the system of nonlinear integral equations B for x4, # 0.

System B.

vl = f el M, sy dey + //5 T dey
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va? [ Fatnni, dgdrva? [| Folen), dé dre
§2=0 §a=ly

+af//€

1=

o, dydra? [ vl ) 1L, dE, dr,
(8,7),&2=25(s,7) &1=21(5,7), Ea=To(5,T)

zi(s,t) = P;(s) "‘/ {k1pin1 (s, 7)21 (8, T) + Di1a(s, T)2a(s, 7))
0
— ka[pi12(8,7)21(8,7) + Paja(s, T)25(s, 7)]} d, i=1,2,

where

t
ry(s,1) = 95(s) + / kyvns(s.7) — kovys(s, D)) dr, 0= 1,2,
0

L
Pi(sit) = _/ o€, ) e | ) d&+ // Pe, (€1,&2) Hie, d&1dE,
0 ) =0

&1=1(s

t oy t g
_%2/ Fi§2(§2»7') H@‘ df2d7_a?/ / Fi (&, 1) 1L, d&ydt
0 Y0 1= b1 0 Y0 &1=lin
I t
~a [, de-a? [ P ar
0 1=l 0 &1=z1(s,7)
t el _ t
vad [ [ Fag 6| | dgdre-vial [ Fanitg |, o dr
0 Yo 0

§2=l12

2=la

t el
—}—af/ / Fi2§1<£177) Hi£1| dé,dr+a; // V;1(5,7) Wiy, 2, déodT
0 Jo &=la €1=w1(5,7), €a=5(s,7)

1

+ CL,LZ // 7)12(8, T) Hizlxl dgldTa i=1,2,

§1=21(5,7),€o=5(5,7)
and p;15(s,t) and p;oq(s,t) are expressed in terms of v;;(s,t) analogously.

Theorem 2. For 0 <t < T < T, where T > 0 is estimated in terms of the
initial data of the problem, the solution of system B exists and is unique.

From Theorems 1 and 2 there follows the existence and uniqueness of a regular
classical solution of problem A on the interval 0 <t < T.

Theorem 3. The regular classical solution of problem A for 0 <t < T is stable
in the norm C with respect to perturbations of the initial data in C.
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As in the one-dimensional case (%), the regular classical solution can be contin-
ued, with its properties preserved, to an interval 0 < ¢t < f, T < T < T, on
which the surface S does not intersect the faces [x; =0, 0 <z, <1y, 0 <t < T,
[t =1, 0< 2y, <y, 0<t<T]

Remark. The results set forth extend to the case of the multifront Stefan
problem, as well as to the case of a nonlinear heat equation with linear principal
part and nonlinear boundary conditions and conditions on the fronts.

Moscow State University
named after M. V. Lomonosov

Received
12 VI 1968
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