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MATHEMATICS

Ya. A. ROITBERG

ON THE BOUNDARY VALUES OF GENER-
ALIZED SOLUTIONS OF ELLIPTIC EQUA-
TIONS
(Presented by Academician I. G. Petrovskii, January 28, 1969)

It is known that if a function analytic in a disk has power growth when approach-
ing the boundary, then generalized boundary values exist for it, from which the
function can be recovered by means of the Poisson kernels. In the present paper
it is shown that analogous properties are also possessed by generalized solutions
of elliptic equations. The results obtained also strengthen the Lions—Magenes
theorems on traces (1−3). The paper consists of two sections; the first is aux-
iliary in character, while the main assertions of the paper are contained in §
2.

§ 1. Let 𝐺 be a bounded domain of 𝑛-dimensional space, and let Γ be its
boundary. In 𝐺 = 𝐺 ∪ Γ let a properly elliptic differential expression 𝐿 =
𝐿(𝑥, 𝐷) of order 2𝑚, with complex coefficients, be given. For simplicity we shall
assume that the coefficients of the expression 𝐿 and the surface Γ are infinitely
smooth. For an arbitrary real 𝑠 we consider the spaces 𝑊 𝑠

𝑝 (𝐺), 𝑊 𝑠−1/𝑝
𝑝 (Γ);

‖𝑢‖𝑠,𝑝, ⟨⟨𝑢⟩⟩𝑠−1/𝑝,𝑝 are the norms in these spaces (if 𝑠 ≥ 0 is an integer, then
𝑊 𝑠

𝑝 (𝐺) is the space of S. L. Sobolev, while the spaces 𝑊 𝑠
𝑝 (𝐺) and 𝑊 −𝑠

𝑝′ (𝐺)
(1/𝑝+1/𝑝′ = 1) are dual with respect to (⋅, ⋅) = (⋅, ⋅)𝐿2(𝐺); the spaces 𝑊 𝑠−1/𝑝

𝑝 (Γ)
and 𝑊 −(𝑠−1/𝑝)

𝑝′ (Γ) are also dual with respect to ⟨⋅, ⋅⟩ = ⟨⋅, ⋅⟩𝐿2(Γ) (see (4,5); if 𝑠 is
not an integer, then these spaces are defined by complex interpolation (4,6−9).
Let 𝑙 be an arbitrary integer. As in (5,10−13), denote by 𝑊 𝑙

𝑝,2𝑚(𝐺) = 𝑊 𝑙
𝑝 (𝐺) the

completion of 𝐶∞(𝐺) with respect to the norm

‖𝑢‖𝑊 𝑙𝑝 (𝐺) = (‖𝑢‖𝑝
𝑙,𝑝 +

𝑚
∑
𝑗=1

⟨⟨𝐷 𝑗−1
𝜈 𝑢⟩⟩𝑝

𝑙−𝑗+1−1/𝑝,𝑝)
1/𝑝

(1)

(𝐷𝜈 = 1
𝑖

𝜕
𝜕𝜈 , 𝜈 is the unit vector of the interior normal to Γ at the point 𝑥) .
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The closure 𝑆 of the mapping

𝑢 → (𝑢|𝐺, 𝑢|Γ, … , 𝐷2𝑚−1
𝜈 𝑢|Γ) (𝑢 ∈ 𝐶∞(𝐺))

establishes an isometric correspondence between 𝑊 𝑠
𝑝 (𝐺) and a subspace of the

direct sum

𝐾(2𝑚+1)
𝑙,𝑝 = 𝑊 𝑙

𝑝(𝐺)+̇
2𝑚
∑
𝑗=1

𝑊 𝑙−𝑗+1−1/𝑝
𝑝 (Γ).

Here

𝑆𝑊 𝑙
𝑝 (𝐺) = {(𝑢0, 𝑢1, … , 𝑢2𝑚) ∶ 𝑢0 ∈ 𝑊 𝑙

𝑝(𝐺), 𝑢𝑗 ∈ 𝑊 𝑙−𝑗+1−1/𝑝
𝑝 (Γ) (𝑗 = 1, … , 2𝑚);

for 𝑙 − 𝑗 + 1 − 1
𝑝 > 0,

𝑢𝑗 = 𝐷 𝑗−1
𝜈 𝑢0|Γ}.

For nonintegral 𝑠 we define 𝑊 𝑠
𝑝 (𝐺) by means of complex interpolation between

𝑊 [𝑠]
𝑝 (𝐺) and 𝑊 [𝑠]+1

𝑝 (𝐺).
If 𝑁(𝑥, 𝐷) (𝑥 ∈ 𝐺) is an arbitrary differential expression of order 𝑟 ≤ 2𝑚 with
sufficiently smooth coefficients, and 𝐵(𝑥, 𝐷) (𝑥 ∈ Γ) is an arbitrary boundary
differential expression of order 𝑡 ≤ 2𝑚 − 1 with sufficiently smooth coefficients,
then

𝑁𝑢‖𝑠−𝑟,𝑝 ≤ 𝐶𝑠‖𝑢‖𝑊 𝑠𝑝 (𝐺), ⟨⟨𝐵𝑢⟩⟩𝑠−𝑡−1/𝑝,𝑝 ≤ 𝐶𝑠‖𝑢‖𝑊 𝑠𝑝 (𝐺) (𝑢 ∈ 𝐶∞(𝐺)). (2)

Therefore the closures 𝑁, 𝐵 of the mappings 𝑢 → 𝑁𝑢, 𝑢 → 𝐵𝑢|Γ (𝑢 ∈ 𝐶∞(𝐺))
act continuously from all of 𝑊 𝑠

𝑝 (𝐺) respectively into 𝑊 𝑠−𝑟
𝑝 (𝐺), 𝑊 𝑠−𝑡−1/𝑝

𝑝 (Γ).
In this (strong) sense, for arbitrary 𝑢 ∈ 𝑊 𝑠

𝑝 (𝐺) the quantities 𝑁𝑢 ∈ 𝑊 𝑠−𝑟
𝑝 (𝐺),

𝐵𝑢|Γ ∈ 𝑊 𝑠−𝑡−1/𝑝
𝑝 (Γ) are defined (5, 10−13). The application of differential ex-

pressions to elements of 𝑊 𝑠
𝑝 (𝐺) may also be understood in another (weak) sense.

By integration by parts we find

(𝑁𝑢, 𝑣) = (𝑢, 𝑁+𝑣) +
𝑟

∑
𝑗=1

⟨𝐷𝑗−1
𝜈 𝑢, 𝑅𝑗𝑣⟩ (𝑢, 𝑣 ∈ 𝐶∞(𝐺)),

⟨𝐵𝑢, 𝑣⟩ =
𝑡+1
∑
𝑗=1

⟨𝐷𝑗−1
𝜈 𝑢, 𝐵(𝑗)𝑣⟩ (𝑢, 𝑣 ∈ 𝐶∞(Γ)); (3)

here 𝑁+ is the expression formally adjoint to 𝑁 ; 𝐵(𝑗) are differential expressions
on Γ, containing only tangential differentiations. If now 𝑢 ∈ 𝑊 𝑠

𝑝 (𝐺), 𝑆𝑢 =
(𝑢0, 𝑢1, … , 𝑢2𝑚), then 𝑁𝑢 = 𝑓 ∈ 𝑊 𝑠−𝑟

𝑝 (𝐺) if and only if
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(𝑢0, 𝑁+𝑣) +
𝑟

∑
𝑗=1

⟨𝑢𝑗, 𝑅𝑗𝑣⟩ = (𝑓, 𝑣) (𝑣 ∈ 𝐶∞(𝐺)); (4)

similarly, 𝐵𝑢|Γ = 𝜑 ∈ 𝑊 𝑠−𝑡−1/𝑝
𝑝 (Γ) if and only if

𝑡+1
∑
𝑗=1

⟨𝑢𝑗, 𝐵(𝑗)𝑣⟩ = ⟨𝜑, 𝑣⟩ (𝑣 ∈ 𝐶∞(Γ)). (5)

Below 𝑢|𝐺 is the first component of the vector 𝑆𝑢 (𝑢 ∈ 𝑊 𝑠
𝑝 (𝐺)).

§ 2. We now present the main assertions of this paper.

Theorem 1. For every real 𝑠, the norms ‖𝑢‖𝑊 𝑠𝑝 (𝐺) and

‖𝑢‖𝑊 𝑠,𝑝
𝐿 (𝐺) = ‖𝑢‖𝑠,𝑝 + ‖𝐿𝑢‖𝑠−2𝑚,𝑝 (6)

are equivalent. Therefore 𝑊 𝑠
𝑝 (𝐺) coincides with the completion 𝑊 𝑠,𝑝

𝐿 (𝐺) of the
set 𝐶∞(𝐺) in the norm (6). Moreover, 𝑊 𝑠,𝑝

𝐿 (𝐺) coincides with the set of all pairs
(𝑢0, 𝑓), where 𝑢0 ∈ 𝑊 𝑠

𝑝 (𝐺), 𝑓 ∈ 𝑊 𝑠−2𝑚
𝑝 (𝐺), and, in the sense of distribution

theory, 𝐿𝑢0 = 𝑓, i.e.

(𝑢0, 𝐿+𝑣) = (𝑓, 𝑣) (𝑣 ∈ 𝑊̊ 2𝑚−𝑠
𝑝′ (𝐺) ∩ 𝑊̊ 2𝑚

𝑝′ (𝐺), 1/𝑝 + 1/𝑝′ = 1) , (7)

where 𝐿+ is the expression formally adjoint to 𝐿, and 𝑊̊ 2𝑚
𝑝 (𝐺) is the closure in

𝑊 2𝑚
𝑝 (𝐺) of the set of sufficiently smooth functions finite in 𝐺.

Thus every element (𝑢0, 𝑓) ∈ 𝑊 𝑠,𝑝
𝐿 (𝐺) can be identified in a natural way with

the corresponding element 𝑢 ∈ 𝑊 𝑠
𝑝 (𝐺); therefore (see § 1) for 𝑢 = (𝑢0, 𝑓)

there exist 𝑁𝑢 ∈ 𝑊 𝑠−𝑟
𝑝 (𝐺), 𝐵𝑢|Γ ∈ 𝑊 𝑠−𝑡−1/𝑝

𝑝 (Γ). In particular, there exist
𝐷𝑗−1

𝜈 𝑢|Γ = 𝑢𝑗 ∈ 𝑊 𝑠−𝑗+1−1/𝑝
𝑝 (Γ) (𝑗 = 1, … , 2𝑚), where (𝑢0, 𝑢1, … , 𝑢2𝑚) = 𝑆𝑢;

the element 𝑢 is a solution of the problem

𝐿𝑢 = 𝑓, 𝐷𝑗−1
𝜈 𝑢|Γ = 𝑢𝑗 (𝑗 = 1, … , 𝑚). (8)

We also note that from inequalities (2) and Theorem 1 there follow the theorems
on Lions–Magenes traces (1–3).
Transferring, for 𝑢, 𝑣 ∈ 𝐶∞(𝐺), all differentiations from 𝑢 to 𝑣 by integration
by parts, we easily find, by means of passage to the limit, that for every real 𝑠
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(𝐿𝑢, 𝑣)𝐺 = (𝑢|𝐺, 𝐿+𝑣)+
2𝑚
∑
𝑗=1

⟨𝐷𝑗−1
𝜈 𝑢, 𝑇2𝑚−𝑗+1𝑣⟩ (𝑢 ∈ 𝑊 𝑠

𝑝 (𝐺), 𝑣 ∈ 𝑊 2𝑚−𝑠
𝑝′ (𝐺)) .

(9)

Let ∗ in Theorem 1 mean 𝑠 ⩾ 1, 𝑠 > 𝑛/𝑝, and let 𝑅𝑥 = 𝑅(𝑥, ⋅) = 𝑅(𝑥, 𝑦) be the
Green function of problem (8) (see (11)); then the first component 𝑢0(𝑥) = 𝑢|𝐺
of the solution 𝑢 ∈ 𝑊 𝑠

𝑝 (𝐺) of problem (8) can be found from the formula

𝑢0(𝑥) = (𝑓, 𝑅𝑥) −
𝑚

∑
𝑗=1

⟨𝑢𝑗, 𝑇2𝑚−𝑗+1𝑅𝑥⟩ + 𝑢̃(𝑥); (10)

here 𝑥 ∈ 𝐺∪Γ, 𝑢̃(𝑥) ∈ 𝔑 = {𝜔 ∈ 𝐶∞(𝐺) ∶ 𝐿𝜔 = 0, 𝐷𝑖−1𝜔|Γ = 0 (𝑗 = 1, … , 𝑚)},
(𝑢0 −𝑢̃, 𝔑) = 0. It turns out that if inside 𝐺 the function 𝑓 is sufficiently smooth
and 𝑥 is an interior point of the domain, then formula (10) is valid for every
real 𝑠.
Theorem 2. Let 𝑢0 ∈ 𝑊 𝑠

𝑝 (𝐺), 𝑓 ∈ 𝑊 𝑠−2𝑚
𝑝 (𝐺), and, in the sense of distribution

theory, 𝐿𝑢0 = 𝑓 . If 𝑓 ∈ 𝑊 𝑠+𝑘−2𝑚
𝑝 (𝐺1) (𝐺1 ⊂ 𝐺), where 𝑘 ⩾ 0 and 𝑠 + 𝑘 ⩾ 1,

𝑠 + 𝑘 > 𝑛/𝑝, then for every subdomain 𝐺0 ⊂ 𝐺1 such that 𝐺0 ⊂ 𝐺1, 𝑢0 ∈
𝑊 𝑠+𝑘

𝑝 (𝐺0), and formula (10) is valid for 𝑥 ∈ 𝐺1.

Suppose, for example, that 𝑢0(𝑥) ∈ 𝐶∞(𝐺) and 𝐿𝑢0(𝑥) = 0. Suppose that as
one approaches Γ, 𝑢0(𝑥) has a power-type singularity. Then one can define in a
natural way the regularization 𝑢𝜕 of the function 𝑢0(𝑥); moreover 𝑢0 ∈ 𝑊 𝑠

𝑝 (𝐺)
for some 𝑠 ⩽ 0, depending on the order of the singularity of the function 𝑢0(𝑥)
near Γ, and 𝐿𝑢𝜕 = 0. Therefore, for 𝑢0(𝑥), formula (10) with 𝑓 = 0 is valid
inside 𝐺. Indeed, there exists a neighborhood 𝐺2 in 𝐺 of the surface Γ, through
each point 𝑥 of which passes a unique normal to Γ. Let 𝑥′ ∈ Γ be the base
of the normal passing through the point 𝑥 ∈ 𝐺2, and let 𝛿(𝑥) be the distance
between the points 𝑥 and 𝑥′. If 𝑢0(𝑥) = 𝜔(𝑥)/𝜌𝛼(𝑥), where 𝜔(𝑥) is a function
bounded in 𝐺, 𝜌(𝑥) ∈ 𝐶∞(𝐺) is a positive function in 𝐺, equal to 𝛿(𝑥) in 𝐺2,
and 𝑘 ⩽ 𝛼 < 𝑘 + 1 (𝑘 is a natural number), then we define the regularization
𝑢𝜕 of the function 𝑢0(𝑥) as follows:

(𝑢0, 𝑣) = ∫
𝐺∖𝐺2

𝑢0(𝑥)𝑣(𝑥) 𝑑𝑥+

+ ∫
𝐺2

𝑢0(𝑥) (𝑣(𝑥) − 𝑣(𝑥′) − ⋯ − 1
(𝑘 − 1)!

𝜕𝑘−1𝑣(𝑥′)
𝜕𝜈𝑘−1 (𝛿(𝑥))𝑘−1) 𝑑𝑥.

It is clear that

|(𝑢0, 𝑣)| ⩽ 𝐶‖𝑣‖𝐶𝑘−1+𝜀(𝐺) ⩽ 𝐶‖𝑣‖𝑡,𝑝′ ,
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where 𝛼 − 𝑘 < 𝜀 < 1, and 𝑡 − 𝑛/𝑝′ > 𝑘 − 1 + 𝜀; therefore 𝑢𝜕 ∈ 𝑊 −𝑡
𝑝 (𝐺)

(𝑡 > 𝑛 − 1 + 𝛼 − 𝑛/𝑝).
Let us now indicate the conclusion of the proof of the first assertion of Theorem
1. From inequality (2) it follows immediately that it is enough to establish the
estimate

‖𝑢‖𝑊 𝑠𝑝 (𝐺) ⩽ 𝐶‖𝑢‖𝑊 𝑠,𝑝
𝐿 (𝐺) (𝑢 ∈ 𝐶∞(𝐺)). (11)

We note that, since the expressions {𝑇𝑗(𝑥, 𝐷)}2𝑚
𝑗=1 form a Dirichlet system of

order 2𝑚, it can be shown that for every vector

𝜓 = (𝜓1, … , 𝜓2𝑚) ∈
2𝑚
∑
𝑗=1

𝑊 2𝑚−𝑠−𝑗+1−1/𝑝′

𝑝′ (Γ)

there exists an element 𝑣 ∈ 𝑊 2𝑚−𝑠
𝑝′ (𝐺) such that 𝑇𝑗𝑣|Γ = 𝜓𝑗 (𝑗 = 1, … , 2𝑚), and

the operator 𝜓 ↦ 𝑣 is continuous from

2𝑚
∑
𝑗=1

𝑊 2𝑚−𝑠−𝑗+1−1/𝑝′

𝑝′ (Γ)

to 𝑊 2𝑚−𝑠
𝑝′ (𝐺).

Fix 𝑢 ∈ 𝐶∞(𝐺) and consider the functional ∗∗

𝑙(𝑣) = (𝐿𝑢, 𝑣) − (𝑢, 𝐿+𝑣) (𝑣 ∈ 𝑊 2𝑚−𝑠
𝑝′ (𝐺)).

From (9) it follows easily that 𝑙(𝑣) depends only on the vector 𝜓 = (𝜓1, … , 𝜓2𝑚),
𝜓𝑗 = 𝑇𝑗𝑣|Γ; moreover

|𝑙(𝑣)| = |𝑙1(𝜓)| ⩽

* Below in this paragraph a problem formulated in a conversation with the
author by S. D. Eidelman is studied.

** Cf. the proof in (1) of the trace theorems.

≪ 𝐶1‖𝑢‖𝑊 𝑠
𝐿,𝑝(𝐺)‖𝑣‖𝑊 2𝑚−𝑠

𝑝′ (𝐺) ≪ 𝐶2‖𝑢‖𝑊 𝑠
𝐿,𝑝(𝐺)‖𝜓‖ 𝑚

∑
𝑗=1

𝑊 2𝑚−𝑠−𝑗+1−1/𝑝′

𝑝′ (Γ)
.
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Therefore there exist elements 𝜏𝑗𝑢 ∈ 𝑊 𝑠−𝑗+1−1/𝑝
𝑝 (Γ) (𝑗 = 1, … , 2𝑚) such that

(𝐿𝑢, 𝑣) − (𝑢, 𝐿+𝑣) =
2𝑚
∑
𝑗=1

⟨𝜏𝑗𝑢, 𝑇2𝑚−𝑗+1𝑣⟩ (𝑣 ∈ 𝑊 2𝑚−𝑠
𝑝′ (𝐺)), (12)

(
2𝑚
∑
𝑗=1

⟨⟨𝜏𝑗𝑢⟩⟩𝑝
𝑠−𝑗+1−1/𝑝,𝑝)

1/𝑝

≪ 𝐶2‖𝑢‖𝑊 𝑠
𝐿,𝑝(𝐺) (𝑢 ∈ 𝐶∞(𝐺)). (13)

But from (9) and (12) it follows directly that 𝜏𝑗𝑢 = 𝐷𝑗−1
𝜈 𝑢|Γ; therefore, if 𝑠 is

an integer, then estimate (11) follows from (13) and (1). If 𝑠 is not an integer,
then from the homeomorphism theorem5 it follows that

‖𝑢‖𝑊 𝑠𝑝 (𝐺) ≤ 𝐶 (‖𝐿𝑢‖𝑠−2𝑚,𝑝 +
𝑚

∑
𝑗=1

⟨⟨𝐷𝑗−1
𝜈 𝑢⟩⟩𝑠−𝑗+1−1/𝑝,𝑝 + ‖𝑢‖𝑠,𝑝) (𝑢 ∈ 𝐶∞(𝐺)),

(14)

and from (14) and (13) estimate (11) again follows.

The author expresses deep gratitude to Yu. M. Berezanskii and S. D. Eidelman
for conversations, discussion of the results, and valuable remarks.
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