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MATHEMATICS

V. G. VERDIEV

ON THE LOCATION OF THE POINTS OF
MAXIMAL DEVIATION IN CHEBYSHEV
APPROXIMATION OF CONTINUOUS FUNC-
TIONS
(Presented by Academician S. N. Bernstein on 6 XI 1968)

Let 𝑓(𝑡) ∈ 𝐶2𝜋; let 𝑇𝑛(𝑡; 𝑓) be the trigonometric polynomial of order ≤ 𝑛 least
deviating from 𝑓(𝑡) in the metric of the space 𝐶2𝜋;

𝐸∗
𝑛(𝑓) = max |𝑓(𝑡) − 𝑇𝑛(𝑡; 𝑓)| (0 ≤ 𝑡 ≤ 2𝜋);

let 𝑀∗
𝑛(𝑓) be the set of points 𝑡 ∈ [0, 2𝜋) where

𝐸∗
𝑛(𝑓) = |𝑓(𝑡) − 𝑇𝑛(𝑡; 𝑓)|.

Put

𝑀∗(𝑓) =
∞
⋃
𝑛=0

𝑀∗
𝑛(𝑓).

For 𝑓(𝑥) ∈ 𝐶[−1, 1], 𝐸𝑛(𝑓) and 𝑀(𝑓) are defined analogously.

In paper (1) M. I. Kadets formulated a theorem which is a generalization of
Theorem II (2), p. 88, of S. N. Bernstein, and from which it follows that the set
𝑀(𝑓) of any function 𝑓(𝑥) ∈ 𝐶[−1, 1] is everywhere dense on [−1, 1]. The aim
of the present note is to prove that the set 𝑀∗(𝑓) of any function 𝑓(𝑡) ∈ 𝐶2𝜋 is
everywhere dense on the interval [0, 2𝜋].
As noted in (1), the series

∞
∑
𝑛=0

𝐸∗
𝑛(𝑓) − 𝐸∗

𝑛+1(𝑓)
𝐸∗𝑛(𝑓) + 𝐸∗

𝑛+1(𝑓)

diverges, whence it follows that
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lim
𝑛→∞

(𝐸∗
𝑛(𝑓) − 𝐸∗

𝑛+1(𝑓)
𝐸∗𝑛(𝑓) + 𝐸∗

𝑛+1(𝑓))
1/𝑛

= 1.

Lemma 1. If 𝑓(𝑡) ∈ 𝐶2𝜋 and 𝐸∗
𝑝(𝑓) = 𝐸∗

𝑟−1(𝑓) > 𝐸∗
𝑟(𝑓) (𝑝 < 𝑟 − 1), then

the polynomial 𝑇 ∗
𝑟 (𝑡) = 𝑇𝑝(𝑡; 𝑓) − 𝑇𝑟(𝑡; 𝑓) has 2𝑟 simple zeros 𝑧1 < 𝑧2 < ⋯ <

𝑧2𝑟 ∈ (0, 2𝜋); the points {𝑢𝑖}2𝑟
𝑖=1 of maximal deviation from zero of the difference

𝑓(𝑡) − 𝑇𝑝(𝑡; 𝑓) alternate with the zeros {𝑧𝑖} of the polynomial 𝑇 ∗
𝑟 (𝑡).

Since 𝐸∗
𝑝(𝑓) = 𝐸∗

𝑟−1(𝑓), we have 𝑇𝑝(𝑡; 𝑓) = 𝑇𝑟−1(𝑡; 𝑓).
For the proof of Lemma 1 it suffices to note that

𝑇𝑝(𝑡; 𝑓) − 𝑇𝑟(𝑡; 𝑓) = [𝑇𝑟−1(𝑡; 𝑓) − 𝑓(𝑡)] − [𝑇𝑟(𝑡; 𝑓) − 𝑓(𝑡)]

and that 𝐸∗
𝑟−1(𝑓) > 𝐸∗

𝑟(𝑓).
Denote by 𝑊𝑛(ℎ) the class of trigonometric polynomials 𝑇 (𝑡) of order 𝑛 having
the following properties:

1) the polynomial 𝑇 (𝑡) has, in (0, 2𝜋), 2𝑛 simple zeros

𝑧1 < 𝑧2 < ⋯ < 𝑧2𝑛;
2)

min
0≤𝑖≤2𝑛

‖𝑇 ‖[𝑧𝑖,𝑧𝑖+1] ≥ ℎ‖𝑇 ‖[0,2𝜋] (𝑧0 = 0, 𝑧2𝑛+1 = 2𝜋; 0 < ℎ ≤ 1).

Lemma 2. Let 𝑥1, 𝑥2, … , 𝑥2𝑛 ∈ (0, 2𝜋) be the zeros of a polynomial
𝑇 (𝑡) ∈ 𝑊𝑛(ℎ); let 𝑡1, 𝑡2, … , 𝑡2𝑛 ∈ [0, 2𝜋] be the zeros of its derivative 𝑇 ′(𝑡); let
𝑦1, 𝑦2, … , 𝑦2𝑛 ∈ (0, 2𝜋) be the zeros of a polynomial 𝑄(𝑡) ∈ 𝑊𝑛(ℎ); and let
𝑞1, 𝑞2, … , 𝑞2𝑛 ∈ [0, 2𝜋] be the zeros of its derivative 𝑄′(𝑡). If 𝑇 (𝑡𝑖) = 𝑄(𝑞𝑖) for
𝑖 = 0, 1, … , 𝑗 − 1, 𝑗 + 1, … , 2𝑛 and 𝑇 (𝑡𝑗) > 𝑄(𝑞𝑗) > 0 (𝑇 (𝑡𝑗) < 𝑄(𝑞𝑗) < 0), then

0 ≤ 𝑡1 < 𝑞1 < 𝑡2 < 𝑞2 < ⋯ < 𝑡𝑗−1 < 𝑞𝑗−1 < 𝑞𝑗+1 < 𝑡𝑗+1 < 𝑞𝑗+2 <

< 𝑡𝑗+2 < ⋯ < 𝑞2𝑛 < 𝑡2𝑛 < 2𝜋; (1)

0 < 𝑥1 < 𝑦1 < 𝑥2 < 𝑦2 < … < 𝑥𝑗 < 𝑦𝑗 < 𝑦𝑗+1 < 𝑥𝑗+1 < …

… < 𝑦2𝑛 < 𝑥2𝑛 < 2𝜋; (2)
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𝑦1 − 𝑥1 < 𝑦2 − 𝑥2 < … < 𝑦𝑗 − 𝑥𝑗;

𝑥𝑗+1 − 𝑦𝑗+1 > 𝑥𝑗+2 − 𝑦𝑗+2 > … > 𝑥2𝑛 − 𝑦2𝑛. (3)

As in the proof of Lemma 1 in (3), here one can also indicate the process of
passing from the polynomial 𝑇 (𝑡) to the polynomial 𝑄(𝑡), from which (1) and
(2) will follow.

Let us prove assertion (3). Suppose that, for some fixed 𝑖 (1 < 𝑖 ⩽ 𝑗), 𝑦𝑖 −
𝑥𝑖 ⩽ 𝑦𝑖−1 − 𝑥𝑖−1. By the condition of Lemma 2, on the interval [0, 2𝜋) the
trigonometric polynomial

𝑇 (𝑡) − 𝑄(𝑡 + (𝑦𝑖−1 − 𝑥𝑖−1)) = 𝐹(𝑡)

of order 𝑛 must have at least 𝑖 zeros in the half-interval [0, 𝑥𝑖), and at least
2𝑛 − 𝑖 zeros in the interval (𝑥𝑖, 2𝜋); moreover, 𝑥𝑖 is a zero of 𝐹(𝑡). Since 𝐹(𝑡)
can have ⩽ 2𝑛 zeros in the interval [0, 2𝜋), our supposition is false.

Denote by 𝜏(𝑡; 𝑖) (𝑖 = 0, 1, … , 2𝑛) the trigonometric polynomial ∈ 𝑊𝑛(ℎ) such
that

𝜏(𝜏 𝑖
𝑙 ; 𝑖) = {(−1)2𝑛−𝑙 for 𝑙 = 0, 1, … , 𝑖 − 1,

(−1)2𝑛−𝑙 for 𝑙 = 𝑖 + 1, … , 2𝑛,

and 𝜏 ′(𝜏 𝑖
𝑗 ; 𝑖) = 0 for 𝑗 = 0, 1, … , 2𝑛, where 𝜏 𝑖

𝑗 ∈ [0, 2𝜋). The existence and
uniqueness of such polynomials are proved in (4). The polynomial 𝜏(𝑡; 𝑛) has
the form (see, for example, (5, 6))

𝜏(𝑡; 𝑛) = ℎ cos 2𝑛 arccos ( sin(𝑡/2)
sin(𝜔𝑛/2)) ,

where 𝜔𝑛 is chosen so that 𝜏(𝜋; 𝑛) = 1, i.e., from the condition

tg2𝑛 𝜔𝑛/4 + ctg2𝑛 𝜔𝑛/4 = 2/ℎ. (4)

For the polynomials {𝜏(𝑡; 𝑖)}2𝑛
𝑖=0 the equality

𝜏(𝑡; 𝑖) = (−1)𝑛−𝑖𝜏(𝑡 + 𝛼𝑖; 𝑛),

holds, where 𝛼𝑖 is a constant depending on 𝑖.
Put

𝑑𝑛(𝑇 ; ℎ) = max |𝑧𝑇
𝑖 − 𝑧𝑇

𝑖+1|, 0 ⩽ 𝑖 ⩽ 2𝑛; 𝐷𝑛(ℎ) = sup
𝑇 (𝑡)∈𝑊𝑛(ℎ)

𝑑𝑛(𝑇 ; ℎ),

where 𝑧𝑇
1 , 𝑧𝑇

2 , … , 𝑧𝑇
2𝑛 ∈ (0, 2𝜋) are the zeros of the polynomial 𝑇 (𝑡) ∈ 𝑊𝑛(ℎ),

𝑧𝑇
0 = 0, 𝑧𝑇

2𝑛+1 = 2𝜋.
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Theorem 1. The upper bound 𝐷𝑛(ℎ) is attained on the polynomials 𝜏(𝑡; 𝑖)
and is equal to

𝐷𝑛(ℎ) = 2 (𝜋 − 2 arcsin ( sin 𝜔𝑛
2 cos(4𝜋 − 1)𝜋/8𝑛2 )) = 𝑂(1/ 𝑛√ℎ).

We shall show that 𝐷𝑛(ℎ) cannot be attained on a polynomial 𝑇 (𝑡) ∈ 𝑊𝑛(ℎ)
for which ‖𝑇 ‖𝐶2𝜋

< 1. Suppose, to the contrary, that

𝐷𝑛(ℎ) = |𝑧𝑇
𝑖 − 𝑧𝑇

𝑖+1|,

where 𝑧𝑇
𝑖 and 𝑧𝑇

𝑖+1 are neighboring zeros of the polynomial 𝑇 (𝑡). Let

𝑡0 < 𝑡1 < … < 𝑡2𝑛 ∈ [0, 2𝜋)

be the zeros of the derivative 𝑇 ′(𝑡) of the polynomial 𝑇 (𝑡), and suppose, for
definiteness, that 𝑇 (𝑡𝑖) > 0, where 𝑧𝑇

𝑖 < 𝑡𝑖 < 𝑧𝑇
𝑖+1.

Consider a polynomial 𝑆(𝑡) ∈ 𝑊𝑛(ℎ) such that 𝑆(𝑠𝑗) = 𝑇 (𝑡𝑗) for

𝑗 = 0, 1, … , 𝑖 − 1, 𝑖 + 1, … , 2𝑛;

𝑆(𝑠𝑖) = 1, where the 𝑠𝑗 are the zeros of the derivative 𝑆′(𝑡) of the polynomial
𝑆(𝑡), lying in the interval [0, 2𝜋). Let 𝑧𝑆

𝑖 and 𝑧𝑆
𝑖+1 ∈ (0, 2𝜋) be neighboring zeros

of the polynomial 𝑆(𝑡). Then from Lemma 2 we have

𝑧𝑆
𝑖 < 𝑧𝑇

𝑖 and 𝑧𝑇
𝑖+1 > 𝑧𝑆

𝑖+1,

or
𝐷𝑛(ℎ) = |𝑧𝑇

𝑖 − 𝑧𝑇
𝑖+1| < |𝑧𝑆

𝑖 − 𝑧𝑆
𝑖+1|.

Show that 𝐷𝑛(ℎ) also cannot be attained on a polynomial 𝑄(𝑡) ≠ 𝜏(𝑡; 𝑖) from
𝑊𝑛(ℎ). Suppose, to the contrary, that 𝐷𝑛(ℎ) is attained on a polynomial 𝑄(𝑡) ≠
𝜏(𝑡; 𝑖) for the zeros 𝑧𝑞

𝑖 and 𝑧𝑞
𝑖+1, i.e.,

𝐷𝑛(ℎ) = |𝑧𝑞
𝑖 − 𝑧𝑞

𝑖+1|.

If 𝑄(𝑡) ≠ 𝜏(𝑡; 𝑖), then at least one of the inequalities

𝑄(𝑞𝑙) ⩾ 𝜏(𝜏 𝑖
𝑙 ; 𝑖) (𝑙 = 0, 1, … , 2𝑛),

holds, where 𝑞𝑙 ∈ [0, 2𝜋) and 𝜏 𝑖
𝑙 ∈ [0, 2𝜋) are, respectively, points of extremum

of the polynomials 𝑄(𝑡) and 𝜏(𝑡; 𝑖). For definiteness, let

𝑄(𝑞𝑗) > 𝜏(𝜏 𝑖
𝑗 ; 𝑖) > 0 (𝑗 ≠ 𝑖).

Then from Lemma 2, by virtue of inequalities (3), we have

𝑧𝜏
𝑖 < 𝑧𝑞

𝑖 < 𝑧𝑞
𝑖+1 < 𝑧𝜏

𝑖+1
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or
|𝑧𝑞

𝑖 − 𝑧𝑞
𝑖+1| < |𝑧𝜏

𝑖 − 𝑧𝜏
𝑖+1|,

where 𝑧𝜏
𝑖 and 𝑧𝜏

𝑖+1 are the 𝑖-th and (𝑖 + 1)-st zeros of the polynomial 𝜏(𝑡; 𝑖) on
the interval [0, 2𝜋]. The quantity 𝐷𝑛(ℎ) is determined by direct calculations.
Theorem 1 is proved.

Let the sequence of numbers {ℎ𝑛}∞
𝑛=1 (0 < ℎ𝑛 < 1, 𝑛 = 1, 2, …) be such that

lim
𝑛→∞

𝑛√ℎ𝑛 = 1; (5)

{𝑊𝑛(ℎ𝑛)}∞
𝑛=1 is the sequence of classes of polynomials corresponding to {ℎ𝑛}∞

𝑛=1;
{𝑇𝑛(𝑡)}∞

𝑛=1 = 𝒯 is a sequence of polynomials such that 𝑇𝑛(𝑡) ∈ 𝑊𝑛(ℎ𝑛) for any
𝑛 = 1, 2, …. Denote by 𝑍𝑛 the set of zeros of the polynomial 𝑇𝑛(𝑡) ∈ 𝑊𝑛(ℎ𝑛)
situated in the interval [0, 2𝜋), and put 𝑍 = ⋃∞

𝑛=1 𝑍𝑛. We shall call 𝑍 the set
of zeros of 𝒯.

Theorem 2. The set 𝑍 of zeros of the sequence 𝒯 is everywhere dense on the
interval [0, 2𝜋].
We have |𝑧𝑇

𝑖,𝑛 − 𝑧𝑇
𝑖+1,𝑛| ≤ 𝐷𝑛(ℎ𝑛). By (5), it follows from (4) that lim 𝜔𝑛 = 𝜋 as

𝑛 → ∞. Hence, and from Theorem 1, it follows that lim 𝐷𝑛(ℎ𝑛) = 0 as 𝑛 → ∞.
Theorem 2 is proved.

Theorem 3. The set 𝑀∗(𝑓) of functions 𝑓(𝑡) ∈ 𝐶2𝜋 is everywhere dense on
the interval [0, 2𝜋].
The polynomial

𝑇 ∗
𝑛𝑘+1

(𝑡) = 𝑇𝑛𝑘
(𝑡; 𝑓) − 𝑇𝑛𝑘+1

(𝑡; 𝑓) ∈ 𝑊𝑛𝑘+1
(ℎ𝑛𝑘+1

),
where

ℎ𝑛𝑘+1
= {𝐸∗

𝑛𝑘
(𝑓) − 𝐸∗

𝑛𝑘+1
(𝑓)}/{𝐸∗

𝑛𝑘
(𝑓) + 𝐸∗

𝑛𝑘+1
(𝑓)} (𝑘 = 0, 1, 2, …).

Since 𝑓(𝑡) ∈ 𝐶2𝜋, we have
lim 𝑛𝑘√ℎ𝑛𝑘

= 1
as 𝑘 → ∞. Therefore, by Theorem 2, the set 𝑍 of zeros of the sequence
{𝑇 ∗

𝑛𝑘+1
(𝑡)}∞

𝑘=0 is everywhere dense on [0, 2𝜋]. By virtue of Lemma 1, the ze-
ros of 𝑇 ∗

𝑛𝑘+1
(𝑡) alternate with the points of maximum deviation from zero of the

difference 𝑓(𝑡) − 𝑇𝑛𝑘
(𝑡, 𝑓) for every 𝑘 = 0, 1, 2, …. Theorem 3 is proved.

The author expresses his gratitude to V. S. Videnskii for his attention to this
work.

Leningrad Electrotechnical Institute of Communications
named after M. A. Bonch-Bruevich

Received
21 IX 1968

sovietrxiv.org/items/ru-196901.86364 Machine Translation

https://sovietrxiv.org/items/ru-196901.86364


REFERENCES
1. M. I. Kadec, UMN, 15, no. 1 (91) (1960).

2. S. N. Bernstein, Extremal properties of polynomials, L.—M., 1937.

3. V. G. Verdiev, Izv. AN ArmSSR, ser. matem., 2, 6 (1967).

4. V. S. Videnskii, DAN, 171, no. 1 (1966).

5. V. S. Videnskii, DAN, 130, no. 1 (1960).

6. V. L. Goncharov, Theory of interpolation and approximation of functions,
M., 1954.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196901.86364 Machine Translation

https://sovietrxiv.org/items/ru-196901.86364

	Abstract
	Full Text
	ON THE LOCATION OF THE POINTS OF MAXIMAL DEVIATION IN CHEBYSHEV APPROXIMATION OF CONTINUOUS FUNCTIONS
	REFERENCES


