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MATHEMATICS

V. I. DERGUZOV

EXISTENCE OF PERIODIC MOTIONS AND
MOTIONS OF SPECIAL TYPE OF HAMILTO-
NIAN SYSTEMS WITH A SMALL PARAME-
TER
(Presented by Academician V. I. Smirnov on 2 XI 1968)

A conservative dynamical system with 𝑛 degrees of freedom is considered, de-
fined by the Hamiltonian equations of motion

𝑑
𝑑𝑡𝑝 = −𝜕𝐻

𝜕𝑞 , 𝑑
𝑑𝑡𝑞 = 𝜕𝐻

𝜕𝑝 (𝑝 = 𝑝1, … , 𝑝𝑛; 𝑞 = 𝑞1, … , 𝑞𝑛) (1)

The Hamiltonian function 𝐻 = 𝐻(𝑝, 𝑞, 𝜇) is assumed to be periodic in the
variables 𝑞1, … , 𝑞𝑛 with period 2𝜋. System (1) is written in the variables 𝑝, 𝑞
(action—angle). Such systems of differential equations occur in mechanics (1−4).
Recently a number of new important results have been obtained in proving
the existence of almost-periodic (5) and periodic (6) motions. In the present
paper another method is proposed, by which one can obtain results close to (6),
formulated below in Theorems 1 and 4. Theorem 1 can be obtained simply from
Theorem 2 of (6). Theorem 4 is not contained in (6)*.
The phase space of system (1) is the toroidal space 𝐸𝑛×𝑇𝑛—the direct product of
the 𝑛-dimensional Euclidean space 𝐸𝑛 (𝑝 ∈ 𝐸𝑛) by the 𝑛-dimensional torus 𝑇𝑛.
Points on the torus 𝑇𝑛 are described by Cartesian coordinates 𝑞1, … , 𝑞𝑛, with
two points (𝑞1, … , 𝑞𝑛) and ( ̃𝑞1, … , ̃𝑞𝑛) regarded as identical if the differences
𝑞𝑖 − ̃𝑞𝑖 (𝑖 = 1, … , 𝑛) are integer multiples of 2𝜋.
Let us formulate the conditions imposed on system (1).

A. The Hamiltonian function has the form 𝐻 = 𝐻0(𝑝) + 𝜇𝐻1(𝑝, 𝑞, 𝜇), where 𝜇
(𝜇 ⩾ 0) is a small parameter.

Thus, system (1) is close to the integrable system

𝑑
𝑑𝑡𝑝 = 0, 𝑑

𝑑𝑡𝑞 = 𝜔(𝑝) (𝜔(𝑝) = 𝜕𝐻0
𝜕𝑝 ) . (2)
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B. The Hessian of the function 𝐻0(𝑝) at some fixed point 𝑝0 ∈ 𝐸𝑛 is different
from zero:

det ∥𝜕2𝐻0
𝜕𝑝2 ∥

𝑝=𝑝0

≠ 0.

C. The functions 𝐻0(𝑝) and 𝐻1(𝑝, 𝑞, 𝜇) are defined for values of 𝑝 from some
neighborhood of the point 𝑝0, all 𝑞 ∈ 𝐸𝑛, and nonnegative values of 𝜇 from
some neighborhood of zero. These functions, with respect to the variables 𝑝 =
(𝑝1, … , 𝑝𝑛), 𝑞 = (𝑞1, … , 𝑞𝑛), have all possible derivatives up to and including the
4th order, continuous in the aggregate of variables 𝑝, 𝑞, 𝜇.

* After the article had been submitted for publication, the author turned to
V. I. Arnold for clarification; he kindly pointed out that Theorem 4 can also
be obtained by the methods of paper (6). V. I. Arnold also reported that
the questions of existence of periodic motions of a Hamiltonian system in a
neighborhood of a given periodic solution of stable type are the subject of papers
(8−10). The author expresses sincere gratitude to V. I. Arnold for valuable
remarks.

The main result is contained in Theorems 1 and 4.

Theorem 1. Suppose that conditions A, B, C are fulfilled, and let 𝜏 be an
arbitrary positive number. Then there exists a sufficiently small positive number
𝜇0 (𝜇0 = 𝜇0(𝜏)) such that, for every 𝜇 < 𝜇0, system (1) on the interval [0, 𝜏 ]
has at least 𝑛 + 1 distinct solutions 𝑝, 𝑞 possessing the following properties:

1. |𝑝 − 𝑝0| ≤ 𝜇𝑐, where the constant 𝑐 does not depend on 𝑡 ∈ [0, 𝜏 ] or on
𝜇 ∈ [0, 𝜇0).

2. 𝑝(𝜏) = 𝑝(0), 𝑞(𝜏) = 𝑞(0) + 𝜔(𝑝0)𝜏 .
If 𝜔(𝑝0)𝜏 ≡ 0 (mod 2𝜋), then Theorem 1 implies the existence of at least one
periodic trajectory of system (1).

The general plan of the proof of Theorem 1 is as follows. We investigate the
extremal properties of a functional naturally generated by system (1). The
existence of manifolds filled with extrema of this functional is established. It is
then proved that some of the extrema are solutions of system (1).

The proof of Theorem 1 is connected with the consideration of the functional

𝐼(𝑝, 𝑞) = 1
𝜏 ∫

𝜏

0
[∣ 𝑑

𝑑𝑡𝑝 + 𝜕𝐻
𝜕𝑞 ∣

2
+ ∣ 𝑑

𝑑𝑡𝑞 − 𝜕𝐻
𝜕𝑝 ∣

2
] 𝑑𝑡, (3)

where the real vector-functions 𝑝, 𝑞 satisfy the conditions∗:

1. 𝑝, 𝑞 are twice continuously differentiable vector-functions on [0, 𝜏 ].
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2. |𝑝 − 𝑝0| < 𝑐0, where 𝑐0 is a certain sufficiently small positive constant,
determined by the Hamiltonian 𝐻 of system (1).

3. Each of the vector-functions 𝑝 and 𝑞 − 𝜔(𝑝0)𝑡 assumes equal values at the
endpoints of the interval [0, 𝜏 ].

4. The mean value of the vector-function 𝑞−𝜔(𝑝0)𝑡 is equal to the prescribed
vector

1
𝜏 ∫

𝜏

0
(𝑞 − 𝜔(𝑝0)𝑡) 𝑑𝑡 = 𝑞0.

Theorem 2. Suppose that the conditions of Theorem 1 are fulfilled, and that
𝜇0 = 𝜇0(𝜏) is a sufficiently small positive number. Then, for 𝜇 < 𝜇0, the lower
bound of the functional (3) in the class of vector-functions satisfying conditions
1–4 is attained on a certain pair of vector-functions 𝑝, 𝑞. For these vector-
functions the estimate

|𝑝 − 𝑝0| + |𝑞 − 𝜔(𝑝0)𝑡 − 𝑞0| ≤ 𝜇𝑐1

is valid, where the number 𝑐1 does not depend on 𝑡 or on 𝜇 ∈ [0, 𝜇0).
A pair of vector-functions 𝑝 = 𝑝(𝑡, 𝜇, 𝑞0), 𝑞 = 𝑞(𝑡, 𝜇, 𝑞0) that delivers a minimum
of the functional 𝐼 in the class of functions satisfying conditions 1–4 will be
called an extremal. The solutions of system (2), 𝑝 = 𝑝0, 𝑞 = 𝜔(𝑝0)𝑡 + 𝑞0, as the
point 𝑞0 runs over the torus 𝑇𝑛, fill an 𝑛-dimensional torus 𝑇 (0) in the phase
space 𝐸𝑛 × 𝑇𝑛. These solutions coincide with the extremals of the functional
(3) for 𝜇 = 0.
All possible values of the extremal 𝑝(𝑡, 𝜇, 𝑞0), 𝑞(𝑡, 𝜇, 𝑞0), for fixed 𝑡 ∈ [0, 𝜏 ] and
as the vector 𝑞0 varies on the torus 𝑇𝑛, fill in the space 𝐸𝑛 × 𝑇𝑛 a manifold
which we denote by 𝑇 (𝜇, 𝑡).
Theorem 3. Suppose that the conditions of Theorem 1 are fulfilled and 𝜇 < 𝜇0,
where 𝜇0 is a sufficiently small positive number. The mapping Φ of the set 𝑇 (0)
onto the set 𝑇 (𝜇, 𝑡), established by the correspondence of the points

(𝑝(𝑡, 0, 𝑞0), 𝑞(𝑡, 0, 𝑞0)) and (𝑝(𝑡, 𝜇, 𝑞0), 𝑞(𝑡, 𝜇, 𝑞0))

in the space 𝐸𝑛 × 𝑇𝑛, is a homeomorphism. The mapping Φ is continuous
jointly in the variables 𝑞, 𝜇. For fixed 𝜇, the vector-function Φ with respect to
the variables 𝑞 satisfies a Lipschitz condition.

∗ If 𝑎 and 𝑏 are vectors in 𝐸𝑛, then (𝑎, 𝑏) =
𝑛

∑
𝑖=1

𝑎𝑖𝑏𝑖 and |𝑎| = √(𝑎, 𝑎).

The proofs of Theorems 2 and 3 are not given here. Using Theorems 2 and 3,
we outline the proof of Theorem 1.
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Along the extremal 𝑝(𝑡, 𝑞0), 𝑞(𝑡, 𝑞0), define the vector-functions 𝑥(𝑡, 𝑞0) = 𝑑
𝑑𝑡𝑝 +

𝜕𝐻
𝜕𝑞 and 𝑦(𝑡, 𝑞0) = 𝑑

𝑑𝑡𝑞 − 𝜕𝐻
𝜕𝑝 . From the Euler equations for 𝐼 one obtains the

estimate

|𝑥 − 𝑥cp| + |𝑦| ⩽ 𝜇𝑐2|𝑥cp|, where 𝑥cp(𝑞0) = 1
𝜏 ∫

𝜏

0
𝑥(𝑡, 𝑞0) 𝑑𝑡

and the constant 𝑐2 does not depend on 𝑡, 𝜇, 𝑞0. Thus, if 𝑥cp(𝑞0) = 0, then the
extremal 𝑝, 𝑞 is a motion of system (1) satisfying the conditions of Theorem 1.

Let 𝑞0 = 𝑞0(𝑙) (0 ≤ 𝑙 ≤ 1) be a closed curve on the torus 𝑇𝑛. Let
𝑝(𝑡, 𝑞0(𝑙)), 𝑞(𝑡, 𝑞0(𝑙)) be an extremal of the functional (3). Extend the functions
𝑝, 𝑞 beyond the interval (0, 𝜏) so that the functions 𝑝, 𝑞 − 𝜔(𝑝0)𝑡 are periodic.
Let ̂𝑝(𝑡, 𝑞0(𝑙), 𝑠), ̂𝑞(𝑡, 𝑞0(𝑙), 𝑠) be a solution of system (1) which at the initial
moment 𝑡 = 0 coincides with the point 𝑝(𝑠, 𝑞0(𝑙)), 𝑞(𝑠, 𝑞0(𝑙)).
The quantities

𝐼1 = ∫
𝜏

0
𝑑𝑠 ∫

1

0
(𝑝(𝑡 + 𝑠, 𝑞0(𝑙)), 𝛿𝑞(𝑡 + 𝑠, 𝑞0(𝑙))),

𝐼2 = ∫
𝜏

0
𝑑𝑠 ∫

1

0
( ̂𝑝(𝑡, 𝑞0(𝑙), 𝑠), 𝛿 ̂𝑞(𝑡, 𝑞0(𝑙), 𝑠)),

where 𝛿𝑞 and 𝛿 ̂𝑞 are the differentials of 𝑞 and ̂𝑞 with respect to 𝑙, do not depend
on 𝑡. 𝐼1 does not depend on 𝑡, since 𝜑 = ∫1

0 (𝑝, 𝛿𝑞) is a periodic function of
its argument. 𝐼2 does not depend on 𝑡, since ∫1

0 ( ̂𝑝, 𝛿 ̂𝑞) is a Poincaré invariant,
which does not depend on 𝑡.

Computing the quantity 𝑑
𝑑𝑡(𝐼2 − 𝐼1)∣

𝑡=0
leads to the equality

∫
𝜏

0
𝑑𝑠 ∫

1

0
[(𝑥(𝑠, 𝑞0(𝑙)), 𝛿𝑞(𝑠, 𝑞0(𝑙))) − (𝑦(𝑠, 𝑞0(𝑙)), 𝛿𝑝(𝑟, 𝑞0(𝑙)))] = 0.

Hence it follows that

𝜓(𝑞(2)
0 ) = ∫

𝑞(2)
0

𝑞(1)
0

{∫
𝜏

0
[(𝑥(𝑡, 𝑞0), 𝛿𝑞(𝑡, 𝑞0)) − (𝑦(𝑡, 𝑞0), 𝛿𝑝(𝑡, 𝑞0))] 𝑑𝑡} ,

where the outer integral is taken along any curve on the torus 𝑇𝑛 joining the
point 𝑞(1)

0 to the point 𝑞(2)
0 , defines a single-valued function 𝜓(𝑞(2)

0 ) on the torus
𝑇𝑛. The function on the torus has stationary points (7), at which 𝑑𝜓(𝑞0) = 0:

∫
𝜏

0
[(𝑥(𝑡, 𝑞0), 𝛿𝑞(𝑡, 𝑞0)) − (𝑦(𝑡, 𝑞0), 𝛿𝑝(𝑡, 𝑞0))] 𝑑𝑡 = 0 (4)
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It can be shown that as 𝜇 → 0 the following representations hold for 𝑥, 𝑦, 𝛿𝑝, 𝛿𝑞,
uniformly in 𝑞0 ∈ 𝑇𝑛:

𝑥 = 𝑥cp + 𝑜(|𝑥cp|), 𝑦 = 𝑜(|𝑥cp|),
𝛿𝑝 = 𝑜(|𝛿𝑞0|), 𝛿𝑞 = 𝛿𝑞0 + 𝑜(|𝛿𝑞0|). (5)

From (4) and (5) it follows that at the stationary points of the function 𝜓(𝑞0)
the vector 𝑥cp(𝑞0) = 0. This completes the proof of Theorem 1.

Let us consider the case 𝜔(𝑝0)𝜏 ≡ 0 (mod 2𝜋) and |𝜔(𝑝0)| ≠ 0. It is readily
established that extrema of the functional 𝐼 then, and only then, have common
points in the space 𝐸𝑛 × 𝑇𝑛 when the mean values of the functions 𝑞 − 𝜔(𝑝0)𝑡
differ by a vector that is a multiple of 𝜔(𝑝0). The function 𝜓(𝑞0) has the property

𝜓(𝑞0 + 𝜔(𝑝0)𝑠) = 𝜓(𝑞0),

where 𝑠 is any number. The function

𝜓(𝑞0 − (𝑞0, 𝜔(𝑝0)) 𝜔(𝑝0)|𝜔(𝑝0)|−2)

may be regarded as a function defined on a torus of dimension 𝑛 − 1. Different
stationary points of this function (there are at least 𝑛 such points) will corre-
spond to periodic solutions of system (1) which describe geometrically distinct
trajectories in the phase space 𝐸𝑛 × 𝑇𝑛. Thus, the following theorem holds.

Theorem 4. Suppose that conditions A, B, C are satisfied and

𝜔(𝑝0)𝜏 ≡ 0 (mod 2𝜋), |𝜔(𝑝0)| ≠ 0,

where 𝜏 is a prescribed positive number. Then, for every sufficiently small 𝜇,
system (1) has at least 𝑛 geometrically distinct 𝜏-periodic trajectories. The
solutions 𝑝, 𝑞 that describe these trajectories satisfy the conditions |𝑝 − 𝑝0| ≤ 𝜇𝑐,
where the constant 𝑐 does not depend on 𝜇.
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