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1. Let
F(z,y) =y" + P (x)y" ' + -+ P, i (x)y + P,(x)

be an absolutely irreducible polynomial with integer rational coefficients, and
let p be a prime number. In the present paper we study the number of solutions
of the congruence

F(z,y) =0 (mod p™), (1)

where x and y run through an incomplete system of residues.

In the special case, namely for the congruence x? + 3?> = 1 (mod p™), such
an investigation was carried out by L. P. Postnikova (!). This investigation
was based essentially on the fact that the congruence has the form y" = f(z)
(mod p™). The congruence ax® + y> = 1 (mod p™), considered by P. D. Var-
banets (%), has the same form. We shall show in what way an investigation of
the general case (1) can be carried out.

In what follows, by D(z) we shall denote the discriminant of the polynomial
F(z,y), and by ¢, ¢, ... positive constants depending only on the polynomial
F(z,y). Denote by N(F,p) the number of solutions of the congruence F(z,y) =
0 (mod p). A well-known result of A. Weil (3) asserts that for the quantity
N(F,p) the estimate

IN(F,p) —p| < c1v/p.
Theorem. Let m > ¢, be a natural number,
plm=DAlestm=1)=nl-1} < 7 < pm. 1<T, <pm™.

Denote by A(T},T,) the number of solutions of the congruence (1) such that
D(z) # 0 (mod p), for which 0 <z <T;—1, 0 <y <T;. Then for the quantity
A(T,,T,) we have the expression

T\T, N(F,p)+0(Q)

AT}, Ty) =
(T1,T>) pr ;

7m 1n? —1/12m3 In12m3
0 (e, |
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where the constants entering the symbol O depend only on the polynomial F'.

2. Suppose that (zg,y,) is a solution of the congruence F(z,y) = 0 (mod p)
such that

D(zy) #0  (mod p). (2)

Lemma 1. Let condition (2) be fulfilled. Then for any rational integer ¢,
0 <t <pm ! —1, there exists a unique solution of the congruence

F(xg+pt,y) =0 (mod p™)

such that y =y, (mod p).
This lemma is a variant of the well-known Hensel lemma (see (%), p. 365).

Lemma 2. Let 6 be a primitive integer of the field of algebraic numbers K,
let f(y) be its minimal polynomial, and let p be a prime number not dividing
the discriminant of the polynomial f. Suppose that modulo p there is the
factorization

fy) = fily) - fs(y) (mod p),

where f,, ..., f, are irreducible integral polynomials of degrees nq, ..., ng4, respec-
tively, pairwise distinct modulo p. Then the decomposition of the number p
into a product of prime divisors of the field K has the form

D=Pp1Ps;

where the distinct prime divisors py,...,p, have degrees nq, ..., ng, respectively,
and moreover f;(0) =0 (mod p,) for each i =1,2,...,s.

For the proof see [4], p. 271, Theorem 8.

Lemma 3. There exists a polynomial of degree not exceeding m — 1

m—1
y(t) = > e, (x0,yo)p™t",
v=0
for which e, (zy,y,), v = 0,1,...,m — 1, are integral rational numbers relatively

prime to p, and A, are nonnegative integral rational numbers satisfying the
inequalities A\, > v, v =0,1,...,m — 1, such that

F(xg +pt,y(t)) =0 (mod p™)

and y(t) =y (mod p).
Proof. We have
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F(zg+pt,y) =y" + Py(xg+pt)y" ' + -+ P, (xg + pt)y + +P,(xy + pt).

Put z = pt and consider F(zy + z,y) as a polynomial in z,y. Denote by f(y)
an irreducible divisor of the polynomial F(z,y) for which y, is a root of the
congruence f(y) = 0 (mod p). Let 6 be a root of the polynomial f(y) in the
finite extension K = R(#) of the field of rational numbers R. Denote by a, a
root of the congruence f(y) =0 (mod p™). By Lemma 2, in view of condition
(2), we obtain that

0=a, (modp™), (3)

where p is a prime divisor of the field K of degree one occurring in p.

Consider the equation F(z,+z,y) = 0 over the ring of integral rational numbers.
Let y = v(z) be a solution of this equation in a neighborhood of z = 0, and let
v(0) = 6. By condition (2), the point z = 0 will be regular, and v(z) in some
neighborhood of this point expands into a power series

v(z) =0+ Z 0,2".
v=1

It is easy to show that all 8, € K. Further, from the Eisenstein theorem ([5],
p. 155), again using condition (2), it is easy to obtain that the coefficients 6,
of the expansion of v(z) into a power series will be p-integral. Hence, in view

of (3), we obtain that v(pt) = Z::(Jla t¥ (mod p™), where a, are integral

v

rational numbers, and that F(x, + pt,v(pt)) = 0 (mod p™). Representing now
a,,v=0,1,...,m—1, in the form a, = e, (z(,y,)p* and denoting v(pt) = y(t),
we obtain the assertion of the lemma.

The following lemma belongs to Dudzi.

Lemma 4. Let the function
oo
a(z) = Z a,z’
v=0

be regular in the unit disk |z| < 1, and let all singularities of this function for
|z| =1 be algebraic. Let n be the number of these singularities.

Then, for v > v,

0<Arr < |au| + |au+1| +oee |au+n71| < BTV?
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where r is a rational number distinct from a negative integer, and A and B are
certain constants independent of v.

From this lemma it follows directly that if the series

v(z) =60+ Z 0,z"

has radius of convergence A\ > 0, then for v > v the estimate |0, < c,v®A ™
holds, and among n consecutive coefficients 6, at least one is nonzero. The same
is also true for all conjugate numbers 6, in the field K. Then it is easy to obtain
that, for m > cg(vyg +n+2) + 1 =cy, vy < v < m/eg, for a, # 0 the estimate
v,(a,) < czv holds, where v, () is the p-adic exponent of the number «. Thus
we have proved:

Lemma 5. Let the polynomial

m—1

y(t) = Z e, (g, yo)p 1"
v=0
be defined by Lemma 3, and let m > cy. Then for vy < v < m/cg —n, and for

any Ty, Yo that are solutions of the congruence F(z,y) =0 (mod p) and satisfy
condition (2), the estimate

min(A,, Ay Apin1) < cg(v +n) (cg = ¢7)

holds.

3. We proceed to the proof of the theorem. Suppose that 7} = pU — 1. On
the basis of Lemma 3 it is clear that A(pU —1,T,) is equal to the number
of fractional parts

{leo(@o, yo) + €1 (g yo)p™Mt + - + €y, (g, yo)p 1™ /p™ )

where z,y, run through all solutions of the congruence F(z,y) = 0 (mod p)
such that D(z,) #£ 0 (mod p), and t = 0,1,...,U — 1, which fall in the interval

(0,T5/p™).
Denote by x(t) the characteristic function of the interval (0,T;/p™). Then

e, + e p)‘lt + 4 € pkm—ltmfl
A(pU —1,Ty) = Z X( 0T & " 1 .
To Yo p
D(z()#0 (mod p)

sovietrxiv.org/items/ru-196901.85885 Machine Translation


https://sovietrxiv.org/items/ru-196901.85885

By a known method, the study of the number of fractional parts is reduced to
estimating the modulus of the trigonometric sum

U-1 A by m—1

. egteptit 4 te, pimit
Zexp (277171 ot P : m—1P ) .
=0 p

Put p = [(m —1)/cg —n]. From the condition m > cg(vy +n + 2) + 1 it follows
that p > vy 4+ 2. Moreover, it is obvious that y < (m — 1)/cg —n. Then by
Lemma 5

min(A,, Ay g5 A1) Scg(pp+n) <m—1

Applying to the trigonometric sum (4) the estimate of I. M. Vinogradov (see
(7), p. 389), which we shall carry out with respect to the coefficient of ¢, where
v is equal to that one of the numbers p, p+1, ..., p+n—1 for which A, <m—1,
gives

U-1 A A m—1
eyt e it de m-1¢
ZeXp {2mn 0 1P m—1P } <

m
t=0 p

< ¢TmIn® my,27/32m? In8m? r71—1/3m? In 12m?

Then we obtain

.U
A(pU —1,T,) = =2 } : +O<e7mln2 mp71-1/6m? ln12m3) .
p To Yo
D(xq)#0 mod p

Representing 77 in the form 77 = pU —r, where 1 <r < p — 1, it is then easy
to show that

T,7, N(F _ n
142 ( »P) +O(1)+O(e7mln2mT1 1/12m31 12m3)'

A<T13T2) = pm I

The theorem is thereby proved.
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