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CYBERNETICS AND CONTROL THEORY
V. A. YAKUBOVICH

FINITELY CONVERGENT ALGORITHMS
FOR SOLVING COUNTABLE SYSTEMS OF
INEQUALITIES AND THEIR APPLICATION
TO PROBLEMS OF SYNTHESIS OF ADAP-
TIVE SYSTEMS
(Presented by Academician V. I. Smirnov, April 3, 1969)

1°. Problems of synthesis of adaptive systems in the formulation set forth in
(1,2 ) lead to the following problem. Let 𝑥 be a vector of a Euclidean space ℜ.
For a given 𝑥0 ∈ 𝔊 ⊂ ℜ, a sequence 𝑥𝑡 ∈ 𝔊 ⊂ ℜ is defined by a relation of the
form

𝑥𝑡+1 = 𝑓(𝑡, 𝑥𝑡), 𝑡 = 0, 1, 2, … , (1)

which must be constructed in accordance with the requirements indicated below.
It is assumed that there exists (but is unknown) some algorithm 𝐴 which, for
any 𝑡 = 0, 1, 2, …, from the vectors 𝑥0, … , 𝑥𝑡 produces a function 𝜑𝑡(𝑥) and a
number 𝛼𝑡 > 0. Consider the countable system of inequalities

𝜑𝑡(𝑥) < 𝛼𝑡, 𝑡 = 0, 1, 2, … (2)

It is assumed below that the algorithm 𝐴 satisfies the following basic condition:
there exist a vector 𝑥∗ ∈ 𝔊 (which is unknown and, generally speaking, depends
on the algorithm (1) and on 𝑥0) and a number 𝜌, 0 < 𝜌 < 1, such that the
“strengthened”system of inequalities is satisfied

𝜑𝑡(𝑥∗) < 𝜌2𝛼𝑡, 𝑡 = 0, 1, 2, … (3)

Algorithm (1) is called a finitely convergent algorithm for solving in-
equalities (2) if there exists 𝑡0 > 0 such that 𝑥𝑡0

= 𝑥𝑡0+1 = ⋯ = 𝑧 and, for
𝑡 ≥ 𝑡0, 𝑥 = 𝑧 satisfies all inequalities (2). Thus, a finitely convergent algo-
rithm delivers, in a finite number of steps, a solution of an infinite number of
“not shown in advance”inequalities. The number 𝑟 of distinct vectors in the
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sequence 𝑥0, 𝑥1, … is called the number of corrections of the finitely conver-
gent algorithm. The problem indicated above consists in constructing a finitely
convergent algorithm (1) possessing, insofar as possible, “rapid”convergence,
i.e., an algorithm with a“good”estimate of the number 𝑟. The function 𝑓(𝑡, 𝑥)
in (1) must be defined through 𝜑𝑡(𝑥) and 𝛼𝑡.

Finitely convergent algorithms can also be applied to solve a given finite system
of inequalities 𝜑1(𝑥) < 𝛼1, … , 𝜑𝑇 (𝑥) < 𝛼𝑇 . For this purpose one may, for
example, cyclically continue the given system, i.e., set in (2) 𝜑𝑡+𝑇 (𝑥) = 𝜑𝑡(𝑥),
𝛼𝑡+𝑇 = 𝛼𝑡, and regard the stopping condition for algorithm (1) as the fulfillment
of the relations 𝑥𝑡−𝑇 +1 = ⋯ = 𝑥𝑡, 𝜑𝑗(𝑥𝑗) < 𝛼𝑗, 𝑗 = 𝑡 − 𝑇 + 1, … , 𝑡. In paper
(3), finitely convergent algorithms were obtained, together with estimates of
the number of corrections 𝑟, for the case when 𝜑𝑡(𝑥) = (𝑐𝑡, 𝑥) + 𝛾𝑡, 𝜑𝑡(𝑥) =
|(𝑐𝑡, 𝑥)+𝛾𝑡|, and a method was also indicated for their construction in the general
case when the inequalities (2) define convex domains in ℜ. Some problems of
synthesis of adaptive systems lead, however, to inequalities (2) with functions
𝜑𝑡(𝑥) containing unknown quantities on which algorithm (1) must not depend.
For these problems the method of (3) is sometimes not applicable. Some of the
algorithms given below

can be used in this situation as well. In addition, below are algorithms that
are simpler than the algorithms obtained by method (3), as well as algorithms
(Theorems 3 and 5) pertaining to the case where the inequalities (2) may define
in ℜ “weakly”nonconvex regions. The proofs given below are based on the
same simple idea as the proofs in (3).
2∘. Let us first consider quadratic inequalities∗. The inequalities 𝜓𝑡(𝑥) ≡
(𝐾𝑡𝑥, 𝑥) + 2(𝑘𝑡, 𝑥) + 𝜘𝑡 < 0, where 𝐾𝑡 > 0, 𝑘𝑡 ∈ ℜ, can be transformed,
introducing the notation 𝑎𝑡 = 𝐾−1

𝑡 𝑘𝑡, to the form (1) with functions

𝜑𝑡(𝑥) = (𝐾𝑡(𝑥 − 𝑎𝑡), (𝑥 − 𝑎𝑡)). (4)

Theorem 1. Suppose that in (2) 𝑎𝑡 ≥ 𝛼 > 0; suppose 0 ≤ 𝐾𝑡 ≤ 𝐻, where 𝐻 > 0
is some matrix, and 𝛽′, 𝛽″, 𝛽𝑡 are arbitrary numbers satisfying the inequalities
0 < 𝛽′ ≤ 𝛽𝑡 ≤ 𝛽″ < 2(1 − 𝜌). For any 𝑥0 ∈ ℜ, the algorithm 𝑥𝑡+1 = 𝑥𝑡, if
𝜑𝑡(𝑥𝑡) < 𝑎𝑡, 𝑥𝑡+1 = 𝑥𝑡 − 𝛽−1

𝑡𝐻𝐾𝑡(𝑥𝑡 − 𝑎𝑡), if 𝜑𝑡(𝑥𝑡) ≥ 𝑎𝑡, is a finitely convergent
algorithm for solving the inequalities (2) with functions (4). For the number of
corrections of the algorithm the estimate 𝑟 ≤ (𝐻(𝑥0 − 𝑥∗), (𝑥0 − 𝑥∗))𝛿−1 holds,
where 𝛿 = 2𝛼𝛽′(1 − 𝜌 − 𝛽″/2).
Proof. Delete from the sequence 𝑥0, 𝑥1, 𝑥2, … those 𝑥𝑡 for which 𝜑𝑡(𝑥𝑡) < 𝑎𝑡,
and renumber, in order, by the indices 0, 1, 2, … the remaining 𝑥𝑡. Since 𝑥𝑡+1 =
𝑥𝑡 when 𝜑𝑡(𝑥𝑡) < 𝑎𝑡, the new sequence 𝑥0, 𝑥1, … will begin with the same vector,
and for it 𝑥𝑡+1 = 𝑥𝑡 − 𝛽−1

𝑡𝐻𝐾𝑡(𝑥𝑡 − 𝑎𝑡), 𝜑𝑡(𝑥𝑡) ≥ 𝑎𝑡, will hold. It is required to
show that the new sequence contains only a finite number of vectors 𝑥𝑡. Let
𝑉𝑡 = (𝐻(𝑥𝑡 − 𝑥∗), (𝑥𝑡 − 𝑥∗)). We shall show that 𝑉𝑡+1 < 𝑉𝑡 − 𝛿. Putting
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𝑥𝑡 − 𝑎𝑡 = 𝑦𝑡, 𝑥∗ − 𝑎𝑡 = 𝑧𝑡, Δ𝑉𝑡 = 𝑉𝑡+1 − 𝑉𝑡, we obtain

(−Δ𝑉𝑡/2𝛽𝑡) = (𝐾𝑡𝑦𝑡, 𝑦𝑡) − (𝐾𝑡𝑦𝑡, 𝑧𝑡) − 𝛽𝑡(𝐻−1𝐾𝑡𝑦𝑡, 𝐾𝑡𝑦𝑡)/2.

From 0 ≤ 𝐾𝑡 ≤ 𝐻 it follows that 𝐾−1
𝑡𝐻𝐾𝑡 ≤ 𝐾𝑡. Therefore

(−Δ𝑉𝑡/2𝛽𝑡) ≥ |𝑦𝑡|2𝑡 − |𝑦𝑡|𝑡 ⋅ |𝑧𝑡|𝑡 − 𝛽𝑡|𝑦𝑡|2𝑡 /2.

Here |𝑦𝑡|2𝑡 = (𝐾𝑡𝑦𝑡, 𝑦𝑡) = 𝜑𝑡(𝑥𝑡) ≥ 𝑎𝑡, |𝑧𝑡|2𝑡 = (𝐾𝑡𝑧𝑡, 𝑧𝑡) = 𝜑𝑡(𝑥∗) < 𝜌2𝑎𝑡. Using
the inequalities for 𝛽𝑡, we find that

(−Δ𝑉𝑡) ≥ 2𝑎𝑡𝛽𝑡(1 − 𝜌 − 𝛽𝑡/2) ≥ 𝛿 > 0.

It follows that the number of undeleted terms 𝑥𝑡 is finite and that for their
number, i.e., for the number of corrections of the algorithm, the estimate 𝑉0 ≥
𝑉0 − 𝑉𝑟 ≥ 𝑟𝛿 indicated in the theorem holds.

Theorem 2. Suppose that in (2) 𝑎𝑡 ≥ 𝛼 > 0 and in (4) 𝐾𝑡 = 𝜆𝑡𝐿𝑡, where the
numbers 𝜆𝑡 and matrices 𝐿𝑡 satisfy the conditions 0 < 𝜆′ ≤ 𝜆𝑡 ≤ 𝜆″, 0 ≤ 𝐿𝑡 ≤
𝜘𝐼 (𝜘 > 0 is a number). Put 𝜉 = (1 − 𝜌)𝜆′𝜘−1. The algorithm 𝑥𝑡+1 = 𝑥𝑡, if
𝜑𝑡(𝑥𝑡) < 𝑎𝑡, 𝑥𝑡+1 = 𝑥𝑡−𝜉𝐿𝑡(𝑥𝑡−𝑎𝑡), if 𝜑𝑡(𝑥𝑡) ≥ 𝑎𝑡, is, for any 𝑥0 ∈ ℜ, a finitely
convergent algorithm for solving the inequalities (2) with functions (4), and for
the number of its corrections the estimate 𝑟 ≤ 𝜘|𝑥0 − 𝑥∗|2𝛼−1(1 − 𝜌)−2𝜆″/𝜆′

holds.

The algorithm of Theorem 2 can be applied to solving the inequalities (2), (4)
with 𝐾𝑡 = 𝜆𝑡𝐿𝑡 and unknown 𝜆𝑡, 0 < 𝜆′ ≤ 𝜆𝑡 ≤ 𝜆″. For the proof it suffices to
apply Theorem 1 with 𝐻 = 𝜘𝐼 , 𝛽𝑡 = 𝜘𝜉𝜆−1

𝑡 , 𝛽′ = 𝜘𝜉/𝜆″, 𝛽″ = 𝜘𝜉/𝜆′, and to
choose the “most advantageous”𝜉, for which 𝛿 is maximal.

Theorem 3. Consider inequalities (2) with functions (4), in which the 𝐾𝑡
are not necessarily nonnegative matrices. Suppose 𝑎𝑡 ≥ 𝛼 > 0, |𝑎𝑡| ≤ const,
and an unknown vector 𝑥∗ satisfies the relation (𝐻0(𝑥0 − 𝑥∗), (𝑥0 − 𝑥∗)) ≤ 𝛾2

0 ,
with known 𝐻0 > 0, 𝑥0, and 𝛾0 > 0. Suppose that −𝜘1𝐻0 ≤ 𝐾𝑡 ≤ 𝜘2𝐻0 is
fulfilled, where 𝜘1𝛾0 < 𝛼(1 − 𝜌2), 𝜘2 > 0. Define numbers 𝛾 > 0, 𝜇 > 0 by
the relations (𝐻0(𝑥0 − 𝑎𝑡), (𝑥0 − 𝑎𝑡)) ≤ 𝛾2, 𝐾∗

𝑡 𝐻−1
0 𝐾𝑡 ≤ 𝜇𝐻0, 𝑡 = 0, 1, 2, ….

Let 𝛽′, 𝛽″, 𝛽𝑡 be arbitrary numbers such that 0 < 𝛽′ ≤ 𝛽𝑡 ≤ 𝛽″ < [𝛼(1 −
𝜌2) − 𝜘1𝛾2

0 ]𝜇−1(2𝛾0 + 𝛾)−2. For the indicated 𝑥0, the algorithm 𝑥𝑡+1 = 𝑥𝑡, if
𝜑(𝑥𝑡) < 𝑎𝑡, 𝑥𝑡+1 = 𝑥𝑡 −𝛽𝑡𝐻0−1𝐾𝑡(𝑥𝑡 −𝑎𝑡), if 𝜑(𝑥𝑡) < 𝑎𝑡, is a finitely convergent
algorithm for solving the inequalities

∗ Below, the notation 𝐾 > 0, where 𝐾 is a matrix, means that 𝐾 = 𝐾∗ is a
positive definite matrix. The notation 𝐾′ ≥ 𝐾″ means that (𝐾′𝑥, 𝑥) ≥ (𝐾″𝑥, 𝑥)
for any 𝑥 ∈ 𝔈. The identity matrix is denoted by 𝐼 .
(2), (4). For the number of corrections of the algorithm the estimate 𝑟 ⩽ 𝛾2

0𝛿−1
0

is valid, where

𝛿0 = 𝛽′[𝛼(1 − 𝜌2) − 𝜘1𝛾2
0 − 𝛽″𝜇(2𝛾0 + 𝛾)2] > 0.
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Proof. Repeating the proof of Theorem 1 with 𝐻 = 𝐻0, we transform the
expression for Δ𝑉𝑡 to the form

(−Δ𝑉𝑡/𝛽𝑡) = 𝜑𝑡(𝑥𝑡) − 𝜑𝑡(𝑥∗) + (𝐾𝑡(𝑥𝑡 − 𝑥∗), (𝑥𝑡 − 𝑥∗)) − 𝛽𝑡(𝐾∗
𝑡 𝐻−1

0 𝐾𝑡𝑦𝑡, 𝑦𝑡).

Assuming by induction that 𝑉𝑡 ⩽ 𝛾2
0 , after a series of transformations using the

inequalities indicated in the theorem, we obtain

−Δ𝑉𝑡 ⩾ 𝛿0 > 0.

Therefore 𝑉𝑡+1 ⩽ 𝛾2
0 , 0 ⩽ 𝑉𝑟 ⩽ 𝑉0 − 𝛿0𝑟 ⩽ 𝛾2

0 − 𝛿0𝑟. Hence it follows that the
number 𝑟 of uncrossed-out values 𝑥𝑡 is finite and 𝑟 ⩽ 𝛾2

0𝛿−1
0 .

Theorem 4. Let 𝐻 > 0 be an arbitrary matrix. Suppose that in (2) 𝑎𝑡 ⩾ 𝛼 > 0
and the functions 𝜑𝑡(𝑥) satisfy the following conditions*: (I) 𝜑𝑡(𝑥) is twice
continuously differentiable; (II) there exists 𝜘 > 0 such that

(𝐻−1∇𝜑𝑡(𝑥), ∇𝜑𝑡(𝑥)) ⩽ 𝜘𝜑𝑡(𝑥)

in the region 𝜑𝑡(𝑥) ⩾ 𝛼; (III) ∇2𝜑(𝑥) ⩾ 0. Put 𝛽 = 𝜘−1(1 − 𝜌2). The algorithm

𝑥𝑡+1 = 𝑥𝑡, if 𝜑𝑡(𝑥𝑡) < 𝛼; 𝑥𝑡+1 = 𝑥𝑡 − 𝛽𝐻∇𝜑𝑡(𝑥𝑡), if 𝜑𝑡(𝑥𝑡) ⩽ 𝛼𝑡, (5)

is, for any 𝑥0 ∈ ℜ, a finitely convergent algorithm for solving the inequalities
(2), and for the number of its corrections the estimate

𝑟 ⩽ (𝐻(𝑥0 − 𝑥∗), (𝑥0 − 𝑥∗))𝛿−1
0

is valid, where
𝛿0 = (1 − 𝜌2)2𝜘−1𝛼.

Proof. We perform the same operation of crossing out and renumbering 𝑥𝑡 as
in the proof of Theorem 1. For the function

𝑉𝑡 = (𝐻(𝑥𝑡 − 𝑥0), (𝑥𝑡 − 𝑥0))

with the remaining 𝑥𝑡 we have

(−Δ𝑉𝑡) = 𝑉𝑡 − 𝑉𝑡+1 = 𝛽(∇𝜑𝑡(𝑥𝑡), 2𝑥𝑡 − 2𝑥∗ − 𝛽𝐻−1∇𝜑𝑡(𝑥𝑡)).

Let 𝑥, 𝑦 ∈ 𝔊 be arbitrary,

𝑥(𝜆) = (1 − 𝜆)𝑥 + 𝜆𝑦, Φ(𝜆) = 𝜑𝑡(𝑥(𝜆)).

Representing the difference Φ(1) − Φ(0) by Taylor’s formula, we obtain

𝜑𝑡(𝑦) − 𝜑𝑡(𝑥) = (∇𝜑𝑡(𝑥), 𝑦 − 𝑥) + 1
2(∇2𝜑𝑡[𝑥(𝜆0)](𝑦 − 𝑥), (𝑦 − 𝑥)).

Using this expression for 𝑥 = 𝑥𝑡, 𝑦 = 𝑥∗, we transform (−Δ𝑉𝑡) to the form

(−Δ𝑉𝑡/𝛽) = 2𝜑𝑡(𝑥𝑡)−2𝜑𝑡(𝑥∗)+(∇2𝜑𝑡[𝑥(𝜆0)](𝑥𝑡−𝑥∗), (𝑥𝑡−𝑥∗))−𝛽|𝐻−1/2∇𝜑𝑡(𝑥𝑡)|2.
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Using properties (II), (III), inequality (3), 2 > 𝜘𝛽, and the inequality 𝜑𝑡(𝑥𝑡) ⩾
𝛼𝑡, which is satisfied by condition for the uncrossed-out 𝑥𝑡, we find

(−Δ𝑉𝑡) ⩾ (2 − 𝜘𝛽)𝜑𝑡(𝑥𝑡) − 2𝜌2𝛽𝛼𝑡 ⩾ 𝛿(𝛽),

where
𝛿(𝛽) = 𝛼𝛽[2(1 − 𝜌2) − 𝜘𝛽].

For the value of 𝛽 chosen in the theorem, 𝛿(𝛽) = 𝛿0 is maximal and 𝛿0 > 0.
Therefore the number 𝑟 of uncrossed-out values 𝑥𝑡 is finite. The estimate for 𝑟
follows from the inequalities

𝑉0 ⩾ 𝑉0 − 𝑉𝑟 ⩾ 𝑟𝛿0.

Theorem 5. Suppose that the unknown vector 𝑥∗ satisfies the estimate

(𝐻(𝑥0 − 𝑥∗), (𝑥0 − 𝑥∗)) ⩽ 𝛾

with known 𝐻 > 0, 𝑥0, and 𝛾. Suppose that in (2) 𝑎𝑡 ⩾ 𝛼 > 0, the functions
𝜑𝑡(𝑥) satisfy conditions (I), (II) of Theorem 4 and condition (IIIa)

∇2𝜑𝑡(𝑥) ⩾ −2𝜀𝐻,

where
𝜀𝛾 < (1 − 𝜌2)𝛼.

Put
𝛽 = (1 − 𝜌2 − 𝛼−1𝛾𝜀)𝜘−1.

For the indicated values of 𝑥0 and 𝛽, algorithm (5) is a finitely convergent
algorithm for solving the inequalities (2), and for the number of its corrections
the estimate

𝑟 ⩽ 𝛾(𝛼𝛽2𝜘)−1

is valid.

The proof is analogous to the proof of Theorem 4.

Remark. Theorems 1–5 carry over almost without change to the case when
ℜ is a Hilbert space. Theorems 1–3, in particular, remain valid if ℜ is a real
Hilbert space and 𝐾𝑡 are bounded self-adjoint operators.

30. Below we use the terminology and notation from (2)**. We shall assume
that the following conditions are fulfilled:

* Below, by ∇𝜑(𝑥) we denote the gradient vector of the function 𝜑(𝑥), and by
∇2𝜑(𝑥) the matrix of second derivatives:

∇𝜑(𝑥) = ‖𝜕𝜑/𝜕𝑥𝑗‖, ∇2𝜑(𝑥) = ‖𝜕2𝜑/𝜕𝑥𝑗𝜕𝑥𝑘‖.
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** Correction. We give additions to the theorems from (1,2 ), estimating the
convergence rate of the algorithms (1,2 ), which the author, through oversight,
omitted when shortening the text of articles (1,2 ). We note that the proofs
given in (1,2 ) refer precisely to the full formulations. In article (1), Theorem 1
must be supplemented by the following assertion:

Suppose that in (II) the numbers 𝜀∗
𝑗 are not variable parameters. Define the

number 𝜌0 from the conditions

𝜀∗
𝑗/𝜀𝑗 < 𝜌0 < 1, 𝑗 = 1, … , 𝑘,

and the number 𝑁 from the condition

𝑑𝑁 < (1 − 𝜌0)𝜀/2,

(II1) There exist new controls 𝑣, where {𝑣} ⊂ 𝑅𝑞, connected with the old ones
by the formula 𝑢 = 𝑢(𝑣) (where 𝑢(𝑣) is some function) such that the robot wins
the 𝑗-th game if, in the course of the 𝑗-th game, for every 𝑡 (as long as 𝜇𝑡 = 1)
the inequality 𝛾𝑡 < 𝜀𝑡 is satisfied, where

𝛾𝑡 = (𝛾(1)
𝑡 )2 + … + (𝛾(𝑘)

𝑡 )2,

𝛾(ℎ)
𝑡 = 𝛼𝑡(𝑐ℎ, 𝑣𝑡) + 𝛽(ℎ)

𝑡 .
Here 0 < 𝛼′ ≤ 𝛼𝑡 ≤ 𝛼″, 𝜀𝑡 ≥ 𝜀 > 0, 𝑐ℎ ∈ 𝑅𝑞, and 𝛼′, 𝛼″, 𝜀, 𝑐ℎ are parameters.

(II2) There exists a function 𝑉 𝑢(𝜎, 𝜉), called the ideal control, such that for any
𝜉 ∈ 𝑀 , when 𝑣𝑡 = 𝑉 𝑢(𝜎𝑡, 𝜉), 𝜇𝑡 = 1, one has

𝛾𝑡 ≤ 𝜌2𝜀𝑡,

where 𝜌 is a parameter, 0 < 𝜌 < 1.
(II3) For any 𝑣𝑡, the values 𝛾(ℎ)

𝑡 , 𝜀𝑡 are expressed through 𝑣𝑡, 𝜎𝑡, 𝜎𝑡+1.

(II4) There exist 𝜕𝑉 𝑢/𝜕𝜎𝑗 and

∣𝜕𝑉 𝑢/𝜕𝜎𝑗∣ ≤ 𝐶1, |𝑉 𝑢| ≤ 𝐶2,

where 𝐶1, 𝐶2 are parameters.

Theorem 6. If conditions (II1)—(II4) are satisfied, brain equations can be
constructed so that the resulting robot becomes reasonable in the class of problems
𝑀 . These equations are constructed as follows. Let 𝜌1 > 0 be so small that

𝜌2
0 = 𝜌2 + 2𝛼″𝜌1𝐶𝜀−1/2 + (𝛼″𝐶𝜌1)2𝜀−1 < 1,

where
𝐶 = (|𝑐1|2 + … + |𝑐𝑘|2)1/2.
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Let a number 𝑁 > 0 and functions 𝑣1(𝜎), … , 𝑣𝑁(𝜎) with values in 𝑅𝑞 be such
that

|𝑉 𝑢(𝜎, 𝜉) − [𝜏1(𝜉)𝑣1(𝜎) + … + 𝜏𝑁(𝜉)𝑣𝑁(𝜎)]| < 𝜌1

for all 𝜎 ∈ {𝜎}, 𝜉 ∈ 𝑀 , where 𝜏(𝜉) are certain scalar functions. Let

𝑘
∑
ℎ=1

𝑁
∑
𝑗=1

(𝑣𝑗(𝜎), 𝑐ℎ)2 ≤ 𝜒0.

Put {𝜏} = 𝑅𝑁 and define equation (IV)(2) by the relations

𝑢𝑡 = 𝑢(𝑣𝑡), 𝑣𝑡 = 𝜏1𝑡𝑣1(𝜎𝑡) + … + 𝜏𝑁𝑡𝑣𝑁(𝜎𝑡).

Define equation (V)(2) by the relations 𝜏𝑡+1 = 𝜏𝑡, if 𝛾𝑡 < 𝜀𝑡,

𝜏𝑡+1 = 𝜏𝑡 − 𝜉(𝛾(1)
𝑡 𝑎(1)

𝑡 + … + 𝛾(𝑘)
𝑡 𝑎(𝑘)

𝑡 ),

where
𝜏𝑡 = ‖𝜏𝑗𝑡‖𝑁

𝑗=1, 𝑎(ℎ)
𝑡 = ‖(𝑣𝑗(𝜎𝑡), 𝑐ℎ)‖𝑁

𝑗=1,
𝜉 = (1 − 𝜌0)𝜒0𝛼′/𝛼″.

Then the number of instants 𝑡 for which 𝜇𝑡 = 1, 𝛾𝑡 ≥ 𝜀𝑡, and hence also the
number of games lost by the robot, does not exceed

𝜒0𝛼″(1 − 𝜌0)2𝜀‴|𝜏0 − 𝜏(𝜉)|2,

where
𝜏(𝜉) = ‖𝜏𝑗(𝜉)‖.

Theorem 6 is proved according to the scheme of (2), using Theorem 2. Theorem 6
can be applied to the construction of brain equations for the robots“hawk,”“eye
—hand,”“grasshopper”from (1,2), functioning, unlike (1,2), not in a plane but in
three-dimensional space.
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where
𝜀 = min 𝜀𝑗

and 𝑑𝑁 is the Kolmogorov width of the set of functions

𝑓(𝜎) = (𝑐ℎ, 𝑉 𝑢(𝜎, 𝜉)), 𝜉 ∈ 𝑀, ℎ = 1, … , 𝑘.

The brain equations of a reasonable robot can be constructed so that {𝜏} is a
Euclidean space of dimension 𝑁𝑘, and, for the number 𝑟 of instants at which
the target condition is not fulfilled, the estimate holds

𝑟 ≤ |𝜏0 − 𝜏(𝜉)|2𝜀−2(1 − 𝜌0)−2,

where 𝜏0 is the initial tactic and 𝜏(𝜉) ∈ {𝜏}.
Theorem 2 (1) must be supplemented by the following assertion:

For the number 𝑟 of instants 𝑡 at which the target condition is not fulfilled, the
estimate holds

𝑟 ≤ |𝜏0 − 𝜏(𝜉)|2𝜀−2
1 (1 − 𝜌2)−2 max[𝑣1(𝜎)2 + … + 𝑣𝑁(𝜎)2],

where
𝜀∗

1/𝜀1 < 𝜌0 < 1/2,
𝜏0 is the initial tactic and 𝜏(𝜉) ∈ {𝜏}.
where

𝜀∗
1/𝜀1 < 𝜌0 < 1/2,

where 𝜏0 is the initial tactic and 𝜏(𝜉) ∈ {𝜏}.
In the article (2), the text of Theorem 1 must be supplemented by the words:

Moreover, {𝜏} will be a Euclidean space of dimension 𝑁𝑘. The number 𝑁 is
determined from the condition

𝑑𝑁 < (1 − 𝜌)𝜀″/2𝜒,

where
𝜒 = max𝜒(ℎ),

and 𝑑𝑁 is the Kolmogorov width in 𝐶 of the set of functions

𝑓(𝜎) = (𝑐ℎ, 𝑉 𝑢(𝜎, 𝜉)), 𝜉 ∈ 𝑀, ℎ = 1, … , 𝑘.

For the number 𝑟 of games lost by the robot, the estimate holds

𝑟 ≤ |𝜏0 − 𝜏(𝜉)|2 × 𝜒2(𝜀″)−2 × (1 − 𝜌)−2,

where 𝜏0 is the initial tactic and 𝜏(𝜉) ∈ {𝜏}.
The text of Theorem 2 (2) must be supplemented by the following words:
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For the number 𝑟 of games lost by the robot, the estimate

𝑟 ≤ |𝜏0 − 𝜏(𝜉)|2 × (𝜒(1))2(1 − 2𝜌)−2(𝜀″)−2 max |𝑎𝑡|2

will be valid.

The text of Theorem 3 (2) must be supplemented by the following words:

For the number 𝑟 of corrections of the algorithm, the estimate holds

𝑟 ≤ |𝜏0 − 𝜏∗|2 ⋅ (𝜒(1))2 × (1 − 2𝜌′)−2 ⋅ max |𝑎𝑡|2.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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