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This note studies the connection between the Schauder principle and the stabil-
ity of periodic solutions of nonlinear differential equations. The investigation is
based on the following two general theorems.

Let F' be a completely continuous operator acting in a real Banach space E. A
fixed point z, of this operator is called stable if, for every € > 0, one can specify
a ¢ > 0 such that from the inequality ||z — zy|| < 0 there follow the inequalities
[F"x —zyf < e (n=1,2,...). The point x, is called asymptotically stable if, in
addition, |F"x — x4 — 0 (n — o).

Assume first that F6 = 0 (0 is the zero of the space E) and that the operator
F is representable in the form

Fr = Ax + Bz,

where A is a linear operator, while the operator B satisfies the condition

|Bzy — By < q(r)ay — 2] (], o] < 7),

where ¢(r) — 0 (r — 0). Further, suppose that 1 is a simple eigenvalue of the
operator A, and that all other points of the spectrum of this operator lie inside
the unit circle.

Theorem 1. The point 0 is asymptotically stable if and only if it is an isolated
fized point of the vector field

Or=z—Fx (1)

and if its index is equal to 1.

The proof of the theorem is carried out by methods of the theory of cones (1).
Along the way it is shown that the index of the fixed point 6 of the vector field
(1) can be equal only to 0, 1, or —1.
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Assume now that the Banach space E is semi-ordered by means of some nor-
mal cone K. By (xy,z5) we shall denote the set of elements x satisfying the
inequalities

Ty <2 < oy

The set (x;,x,) is called a conical segment.

Theorem 2. Let an analytic operator F', monotone on the conical segment
(x1,x4), completely continuous, map (x,,x5) into itself, i.e. Fxy > x; and
Fz, < my, with Fx, #+ x,; and Fz, # x,. Let the derivative F'(x) be a ug-
positive operator for every x representable in the form x = Fy, where y €
(1, 2).

Then the operator F' has at least one asymptotically stable fixed point x, €
<£L’1,(£2>.

In the proof of the theorem, the Schauder principle and Theorem 1 are used.
We pass to applications.

1. Let 2 be a bounded open domain of the n-dimensional space E,, of points
z = (2q,...,2,), belonging to the class AZ*. In the domain Q there is
considered

consider the quasilinear parabolic equation

_ Ou z 0%u 8u ou
Mlu:a— Zaik(t,z)m—kf(tx u, il ) 0, (2

ik=1

where

Za tx§§k>7025 (70 > 0)

i,k=1

for all real &;, ¢,z € [0,w] x Q. It is assumed that all the functions a;(t,z),

%aik(t,m), ft,z,u,vq,...,v,), and %f(t,x,u,vl,...,vn) satisfy, with
J 9

respect to the variables ¢,z € [0,w] x §2, a Holder condition on each compact

set with respect to w,v,...,v,. Further, it is assumed that the function

ft,z,u,vq,...,v,) is analytic in the variables wu,v,...,v, and that the

inequality

|f(t,l’,u,’l]17...,vn>‘§01( +02 Z|’U ‘2
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holds, where ¢,z € [0,w] x ©Q, |u| < R. Finally, it is assumed that the functions
a;,(t,z) and f(t,z,u,vq,...,v,) are w-periodic in ¢.

r n

Below, by a solution of equation (2) we shall mean any function u(¢,x) (0 <t <
T, = € Q) that is continuous in the aggregate of variables ¢,z € [0,7] x Q, that
satisfies equation (2) for ¢,z € (0,7] x , and that, forx € T, 0 <t < T (' is
the boundary of the domain §2), satisfies the zero boundary condition.

Let uy(t,z) (—oo < t < 0o, = € Q) be some w-periodic in ¢ solution of equation
(2). We shall call it Lyapunov stable if for every € > 0 one can indicate a 6 > 0
such that:

a) for any initial condition «(0, z) satisfying the inequality

[u(0, ) — ug(0,7) | camg) <6 0<rv<l), (3)

the Cauchy problem for equation (2) is globally solvable on (0, c0);
b) from inequality (3) there follows the inequality

[ut, 2) =gt @)y < (0 ¢ < o).

We shall call the solution u(t, z) asymptotically Lyapunov stable if, in addition,

lim [u(t, z) — uo(t, )| camg) =0 (t — 00).

Let us introduce into consideration two functions ¢, (¢, z) and ¢, (¢, z). Below
it is assumed that these functions satisfy, in the aggregate of variables ¢,z €
[0, w] x ©, some Holder condition, are continuously differentiable in ¢, and twice
continuously differentiable in the spatial variables in the domain (0, w] x .

Theorem 3. Suppose there exist functions (¢, ) and 1, (t,z) (¢ (t,x) <
Py (t,x) for t,x € [0,w] x Q) satisfying the inequalities

Mﬂ[)l(t,x) SOSleQ(tvx) (O<t§wa .%EQ),
¢1(ta$)§0§¢2(ta$) (Ogtgwa JZEF),
P1(0,2) < hy(w, @), ¥(0,2) 2 Py(w,z) (z€Q).

Suppose that neither of the functions ¥, (0, z) and 15 (0, z) is the initial condition

of an w-periodic solution of equation (2).

Then equation (2) has at least one Lyapunov-asymptotically stable w-periodic
in ¢ solution wug(t, x), satisfying the inequalities

z/)l(t"r)SUO(t7x)£w2(t7x) (OStSW, .’I,‘Eﬁ)

2. Consider the ordinary differential equation of second order
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Myx =&+ f(t,z, &) =0. (4)

We shall assume that the function f(¢,z,y), continuous in the aggregate of
variables, is w-periodic in ¢, analytic in the variables x and y, and satisfies the
inequality

[f(t, 2, ) < CL(R)+ Co(R)lyl*?  (0<t<w, [z] <R).

Theorem 4. Let there exist twice continuously differentiable functions ()
and z4(t) (x,(t) < xy(t) for 0 <t < w), satisfying the inequalities

My (t) 2 0 = Myzy(t) (0<t<w),

71(0) = ¢ (w), 71(0) < 34 (w), 79(0) = 75 (w), 79(0) > @5(w).

Let neither of the vectors {z,(0),2,(0)} and {x,(0),25(0)} be an initial condi-
tion of an w-periodic solution of equation (4). Then equation (4) has at least
one w-periodic solution x,(¢), unstable in both directions of time, satisfying the
inequalities

Theorem 4 complements the results of [2].

3. As a final example, consider the problem of the existence of stable periodic
solutions for the equation of order m

Myz = 2™ +a, ()™ Y + ... +a,, )z = f(t,), (5)

where the continuous functions a,(t) and f(t, x) are w-periodic in ¢. Tt is assumed
below that the function f(¢, z) is analytic in the variable x and is nondecreasing
in this variable. In addition, it is assumed that the multipliers of the equation
M2 = 0 lie inside the unit circle and that the Cauchy function K(t,7) of this
equation is nonnegative for all —oco < 7 <t < o0.

Theorem 5. Let there exist m-times continuously differentiable w-periodic
functions x, (¢) and 4 (t) (x1(t) < x4(t) for 0 < ¢ < w), such that the inequalities

Mz, (t) < flt,z,(1)], Myzo(t) > flt, 2o(1)] (0<t<w)

are satisfied. Let neither of the vectors {z;(0), ... ,xgmfl)(O)} and {z5(0), ... ,xémfl)(O)}
be an initial condition of an w-periodic solution of equation (5).
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Then equation (5) has at least one Lyapunov-asymptotically stable w-periodic
solution z(t), satisfying the inequalities

(1) < xy(t) < zy(t) (0<t<w).

For m = 2, the restrictions on the linear part of equation (5) can be substan-
tially weakened: it is sufficient to assume that the Cauchy function K(t,7) is
nonnegative for all T <t <74+ wand 0 < 7 < w.
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