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LINEARIZED EQUATIONS OF A ROTATING
VISCOUS FLUID

(Presented by Academician S. L. Sobolev on 30 V 1969)

We consider the linearized Navier-Stokes system for an incompressible rotating
viscous fluid:

0
8—‘; — [v,w] + vAv +gradp =f, divv =0, (1)
where v(z,t) = (v, vy, v3), T = (T4, %, 23), w = (0,0,w), w = const > 0, [-,-] is

the vector product, v = const > 0.

In the paper the fundamental solution of the Cauchy problem is constructed for
system (1) with initial data

v(z,t)|,_ =vO(x); divvP(z) =0 (2)

t=0
and the influence of the term [v,w] on the asymptotic behavior of the solution
as t — oo is investigated.

We shall consider the homogeneous system (1) (f = 0). The solution of the
nonhomogeneous system can be obtained by the known method (2). Let us
note that, without taking rotation into account, the fundamental solutions of
system (1) were constructed by Oseen (4).

For v = 0, i.e. for the Sobolev system (1), it was proved in (?) that the solution of
the Cauchy problem decreases as O(1/t). In (3) this question was also studied
for the Sobolev system with compressibility taken into account. It turns out
that, for system (1) with viscosity included, under certain natural conditions
on the initial data, the vector v(z,t)—the solution of the homogeneous system
(1)—has, as t — 0o, the asymptotics O(1/t%/?), i.e. the degree of decay of the
solution is composed of the degree of decay of the solution for system (1) with
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viscosity, without taking rotation terms into account, and the degree of decay
of the solution caused by the term [v,w] in the Sobolev system.

Thus, let us find an explicit representation of the solution of the homogeneous
system (1) with initial conditions (2). Assuming that the initial data and the
solution admit a Fourier transform, we obtain the solution of our problem (in
the Fourier transform) in the form

t 1 ¢
V{0, 1) = ¥0(a) exp(—v|al*t) cos “’f“T + 17, alexp(—vjal’t) - sin w%s'
« o a

- - W wagt w o, . wagt
pla,t) = [v0, al;— exp(—v|al?t) cos —03 (e, t) — exp(—v|al?t) sin ,
af? jof 7 o o

2 and [V, aly is the third component of

79

3
where a = (al,a2,a3), ‘a|2 = Zi:l o
the vector product.

In the (z,t)-representation the solution of the problem will have the form

v(w,t) = /{Vo(y)K1(x —y.t) + [V (), Ky — y,1)]} dy, 3)

pz,t) = /{v?(y)ng(l‘—yyt)—vg(y)Kgl(x—y,t)—vg(y)fﬁ(x—y, t)} dy, (4)

where
K (z,t) = ! /ex [i(cr, )] exp(—v|a|?t) cos wast da
1 ) - (277)3 p ’ p |a| )
K,(z,t) ! /e pli(a, )] < e p(—v|al?t) sin wogt da (5)
) = X ) T Xpl(— 5
’ (2m)? | |
K, (x,t) = ! /ex [i(c x)]iwaj exp(—v|al?t) cos wagt da
VU | TP o TP o]
Ky (z,t) ! /e [i(cr, )] i exp(—v|al?t) sin wargt da
= X — X — .
T A T o

Using Bochner’ s formula for multiple Fourier integrals, then passing to polar
coordinates and using Sonine’ s formulas (°) for cylindrical functions, the kernels
(5) can be represented in the form
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1 oo 9 9 J1/2(Q)
Kl(.T,t) = W [W A exp(fut)\ ) Ql/? d}\,
K2<:I,‘, t) = K/Q(xa t) + Kg(l‘, t),
+00 J (Q)
’ _ r 3 2\ 73/2
KQ(.’E,t) = W /OO A eXp(—ut/\ ) 93/2 d)\7
” wt oo JS Q(Q)
K7 (z,t) = <07072(27T>3/2/ A2 exp(—ut)\Q) 63/2 dX |, (6)
+o00
v > 2, J32()
K3J(.'L',t) = —W /Oo A eXp(—Vt)\ ) 93/2 d)\,
w - J1/2(2)

)

K4(l' t) = 2(271_)3/2/ )\eXp(*VtAQ) Ql/2 dA,

where

3
Q= \//\27’2 + 2z qwt + w?t?, r? = fo
—1

K3

The purpose of further transformations of the kernels K is to represent them
in such a form that the nature of the interaction of the viscosity of the fluid
and its oscillations, which are due to the term [v,w], is visible. We note that in
system (1), when w = 0, the kernel

Ky, t) = —— r
1(1‘, ) - 8(7Tl/t)3/2 €xp _m )

while the remaining kernels are equal to zero. In Sobolev’ s system (1:2) (when
v = 0), the fundamental solutions are written in terms of Bessel functions
with argument pwt/r, and the principal fundamental solution (?), with a weak
singularity, has the form

1 wt
;Jo <p7> , where p? = 2% + 23, r?=p?+ i

With the aid of the formula for Bessel functions (%)
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J, (a\/A2 — 2T cosvp + 72 " 4 4
" ( v M) = a4 / dap/ exp{ i cos g—7(cos @ cos P—sin @ sin ¢ cos x)] } sin®* ! ¢
(VA2 —2Xrcosd + 72) w2 () Sy T

In (6) we carry out the integration with respect to A and obtain the representa-
tion of the kernels (6) in the form:

1 /2 r2cos? ¢ r?cos’p  wtry wtp
K (x,t) = 8(7TV75)3/2/0 (1 — 24yt> exp <— wop i, cos gp) Jy (7 bln(p) do,
: /2 2, .2 2 .2 wtp s
, rTi ricosty  witxg r2cos? o\ Jp (“Lsinp)
Kj(a,t) = —— ‘ - - 3— r d
2(,8) = GaETe /0 oS @ exp ( wt T “0> ( 2wt ) ErR
/2 2 2 2 2 wtp :
” wt r°cos” recos‘p  wiry Ji (—smgp)
K )= —— 1—-2———T" e — — cosp | —I—~4d
(78 = GoamEe /0 ( vt > P ( awt ‘P> ET
/2 2 a2 2 .2 pwit s
wr; 72 cos” recosc  wtty Ji (—bln(p)
Ky (2,t) = ——32 12 "2 % — — bt S Sk A
(@ 1) (27mvt)3/2 /0 ( 4ut ) P < 4ut oY 2% sin &
K B wir /2 r2cos?p  wtzg wtp J
J(z,t) = St O COSPEXp | —— —— —i— = cosy Jo . sing | de.

It can be proved (in (7) this is done for the first boundary-value problem) that
the solution of the Cauchy problem for system (1) is unique in the class

Wy's (Bg x (0 < t < 00)).

The solution constructed, under weak assumptions concerning the vector v°(z)
(for example, v?(x) € L,), will belong to this uniqueness class.

The following theorem describes the asymptotic character of the behavior of our
solution as t — oo.

Theorem. If the initial data v'(x) € L,(F;) and satisfy the compatibility
condition divv? = 0, then the solution of the homogeneous system (1) as t — oo
has the following asymptotics: uniformly for all € Ej, the vector v(z,t)
decreases as O(1/t/?), and the function p(z,t) as O(1/t?).
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Proof. Replacing in the kernel K, (xz — y,t) the Bessel function of half-integer
order by the trigonometric one and making the substitution A\; = Vvt A, we
have

sin (wt\/rg)\%/(wt)Q(ut) + 223\, Jwt\/ vt + 1)
\/7‘2)\%/(m§)(o.)t)2 + 223\ JwtV/vt + 1
(7)

In view of the absolute convergence of the integral in (7), we obtain the following
estimate of the kernel, uniform for all z € E5, ¢ > 0:

1 e 2
— 2p—A7
Kylat) = 47r2(1/t)3/2wt/ Are

dA,.

Ky (2, )] < e/ (vt)* Pt

We note that at the origin of coordinates (x = 0) the kernel K is computed
exactly:

K,(0,t) = sinwt /8732 (vt)3/2(wt).

For the remaining kernels, by analogous arguments we obtain uniform estimates
of the form:

/

c c
Kj(z,t)] < —52—; Kj(x,t)| < —22—
| 2(33, )‘ = (l/t)Q(OJt)27 | 23(‘]:’ )| = (Vt)3/2wt7
C3 C
: < < .
‘K3J<x7t)| = (l/t)3/2(wt)2’ ‘K4(.’E,t)| vtwt

Thus we have:

c 1
[v(z,t)| < )Pt IVl 2, () + O(g) IVl 2, (5,
c 1
)] < o 181, )+ O 5575 ) (1M, + 1480, 5,))-

The theorem is proved.

Remark 1. If w =0, v > 0, then the vector v(,t) decreases as O(1/(vt)3/?),
while the function p(z,t) is identically equal to zero (because of the solenoidality
of the initial data).

Remark 2. If v = 0, w # 0, then, in view of the divergence of the integrals (6),
the solution of the Cauchy problem must first be found for smooth initial data,
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and then the smoothness of the initial data must be dispensed with by passing
to singular integrals, as was done in (2). It is also shown there that the solution
of the Cauchy problem will then decrease as O(1/wt).

Remark 3. V. P. Maslov drew my attention to the fact that in the case
of isotropic turbulence the decay law of M. D. Millionshchikov (°), when the
viscosity of the fluid is substantial, has order O(1/t%/?). The vector v(z,t)
decays at this rate in our case as well. Apparently, there is an internal connection
here.
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