
Soviet-era science, translated into English

SOLUTION OF THE
CAUCHY PROBLEM
AND ITS
ASYMPTOTICS AS
\(t\to\infty\) FOR THE
LINEARIZED
EQUATIONS OF A
ROTATING VISCOUS
FLUID
MATHEMATICAL PHYSICS

1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196901.83138

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196901.83138


Abstract
Full Text
UDC 517.947

MATHEMATICAL PHYSICS

V. N. MASLENNIKOVA

SOLUTION OF THE CAUCHY PROBLEM
AND ITS ASYMPTOTICS AS 𝑡 → ∞ FOR THE
LINEARIZED EQUATIONS OF A ROTATING
VISCOUS FLUID
(Presented by Academician S. L. Sobolev on 30 V 1969)

We consider the linearized Navier–Stokes system for an incompressible rotating
viscous fluid:

𝜕v
𝜕𝑡 − [v, 𝜔] + 𝜈Δv + grad 𝑝 = f, div v = 0, (1)

where v(𝑥, 𝑡) = (𝑣1, 𝑣2, 𝑣3), 𝑥 = (𝑥1, 𝑥2, 𝑥3), 𝜔 = (0, 0, 𝜔), 𝜔 = const > 0, [⋅, ⋅] is
the vector product, 𝜈 = const > 0.

In the paper the fundamental solution of the Cauchy problem is constructed for
system (1) with initial data

v(𝑥, 𝑡)∣𝑡=0 = v0(𝑥); div v0(𝑥) = 0 (2)

and the influence of the term [v, 𝜔] on the asymptotic behavior of the solution
as 𝑡 → ∞ is investigated.

We shall consider the homogeneous system (1) (f ≡ 0). The solution of the
nonhomogeneous system can be obtained by the known method (2). Let us
note that, without taking rotation into account, the fundamental solutions of
system (1) were constructed by Oseen (4).
For 𝜈 = 0, i.e. for the Sobolev system (1), it was proved in (2) that the solution of
the Cauchy problem decreases as 𝑂(1/𝑡). In (3) this question was also studied
for the Sobolev system with compressibility taken into account. It turns out
that, for system (1) with viscosity included, under certain natural conditions
on the initial data, the vector v(𝑥, 𝑡)—the solution of the homogeneous system
(1)—has, as 𝑡 → ∞, the asymptotics 𝑂(1/𝑡5/2), i.e. the degree of decay of the
solution is composed of the degree of decay of the solution for system (1) with
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viscosity, without taking rotation terms into account, and the degree of decay
of the solution caused by the term [v, 𝜔] in the Sobolev system.

Thus, let us find an explicit representation of the solution of the homogeneous
system (1) with initial conditions (2). Assuming that the initial data and the
solution admit a Fourier transform, we obtain the solution of our problem (in
the Fourier transform) in the form

ṽ(𝛼, 𝑡) = ṽ0(𝛼) exp(−𝜈|𝛼|2𝑡) cos 𝜔𝛼3𝑡
|𝛼| + [ṽ0, 𝛼] exp(−𝜈|𝛼|2𝑡) 1

|𝛼| sin 𝜔𝛼3𝑡
|𝛼| ,

̃𝑝(𝛼, 𝑡) = [ṽ0, 𝛼]3
𝑖𝜔

|𝛼|2 exp(−𝜈|𝛼|2𝑡) cos 𝜔𝛼3𝑡
|𝛼| − ̃𝑣 0

3 (𝛼, 𝑡) 𝑖𝜔
|𝛼| exp(−𝜈|𝛼|2𝑡) sin 𝜔𝛼3𝑡

|𝛼| ,

where 𝛼 = (𝛼1, 𝛼2, 𝛼3), |𝛼|2 = ∑3
𝑖=1 𝛼2

𝑖 , and [ṽ, 𝛼]3 is the third component of
the vector product.

In the (𝑥, 𝑡)-representation the solution of the problem will have the form

v(𝑥, 𝑡) = ∫{v0(𝑦)𝐾1(𝑥 − 𝑦, 𝑡) + [v0(𝑦), K2(𝑥 − 𝑦, 𝑡)]} 𝑑𝑦, (3)

𝑝(𝑥, 𝑡) = ∫{𝑣0
1(𝑦)𝐾32(𝑥 − 𝑦, 𝑡) − 𝑣0

2(𝑦)𝐾31(𝑥 − 𝑦, 𝑡) − 𝑣0
3(𝑦)𝐾4(𝑥 − 𝑦, 𝑡)} 𝑑𝑦, (4)

where

𝐾1(𝑥, 𝑡) = 1
(2𝜋)3 ∫ exp[𝑖(𝛼, 𝑥)] exp(−𝜈|𝛼|2𝑡) cos 𝜔𝛼3𝑡

|𝛼| 𝑑𝛼,

K2(𝑥, 𝑡) = 1
(2𝜋)3 ∫ exp[𝑖(𝛼, 𝑥)] 𝛼

|𝛼| exp(−𝜈|𝛼|2𝑡) sin 𝜔𝛼3𝑡
|𝛼| 𝑑𝛼, (5)

𝐾3𝑗(𝑥, 𝑡) = 1
(2𝜋)3 ∫ exp[𝑖(𝛼, 𝑥)] 𝑖𝜔𝛼𝑗

|𝛼|2 exp(−𝜈|𝛼|2𝑡) cos 𝜔𝛼3𝑡
|𝛼| 𝑑𝛼,

𝐾4(𝑥, 𝑡) = 1
(2𝜋)3 ∫ exp[𝑖(𝛼, 𝑥)] 𝑖𝜔

|𝛼| exp(−𝜈|𝛼|2𝑡) sin 𝜔𝛼3𝑡
|𝛼| 𝑑𝛼.

Using Bochner’s formula for multiple Fourier integrals, then passing to polar
coordinates and using Sonine’s formulas (5) for cylindrical functions, the kernels
(5) can be represented in the form
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𝐾1(𝑥, 𝑡) = 1
2(2𝜋)3/2 ∫

+∞

−∞
𝜆2 exp(−𝜈𝑡𝜆2)

𝐽1/2(Ω)
Ω1/2 𝑑𝜆,

K2(𝑥, 𝑡) = K′
2(𝑥, 𝑡) + K″

2(𝑥, 𝑡),

K′
2(𝑥, 𝑡) = r

2(2𝜋)3/2 ∫
+∞

−∞
𝜆3 exp(−𝜈𝑡𝜆2)

𝐽3/2(Ω)
Ω3/2 𝑑𝜆,

K″
2(𝑥, 𝑡) = (0, 0, 𝜔𝑡

2(2𝜋)3/2 ∫
+∞

−∞
𝜆2 exp(−𝜈𝑡𝜆2)

𝐽3/2(Ω)
Ω3/2 𝑑𝜆) , (6)

𝐾3𝑗(𝑥, 𝑡) = − 𝜔𝑥𝑗
2(2𝜋)3/2 ∫

+∞

−∞
𝜆2 exp(−𝜈𝑡𝜆2)

𝐽3/2(Ω)
Ω3/2 𝑑𝜆,

𝐾4(𝑥, 𝑡) = 𝜔
2(2𝜋)3/2 ∫

∞

−∞
𝜆 exp(−𝜈𝑡𝜆2)

𝐽1/2(Ω)
Ω1/2 𝑑𝜆,

where

Ω = √𝜆2𝑟2 + 2𝜆𝑥3𝜔𝑡 + 𝜔2𝑡2, 𝑟2 =
3

∑
𝑖=1

𝑥2
𝑖 .

The purpose of further transformations of the kernels 𝐾 is to represent them
in such a form that the nature of the interaction of the viscosity of the fluid
and its oscillations, which are due to the term [v, 𝜔], is visible. We note that in
system (1), when 𝜔 = 0, the kernel

𝐾1(𝑥, 𝑡) = 1
8(𝜋𝜈𝑡)3/2 exp (− 𝑟2

4𝜈𝑡) ,

while the remaining kernels are equal to zero. In Sobolev’s system (1,2) (when
𝜈 = 0), the fundamental solutions are written in terms of Bessel functions
with argument 𝜌𝜔𝑡/𝑟, and the principal fundamental solution (2), with a weak
singularity, has the form

1
𝑟 𝐽0 (𝜌𝜔𝑡

𝑟 ) , where 𝜌2 = 𝑥2
1 + 𝑥2

2, 𝑟2 = 𝜌2 + 𝑥2
3.

With the aid of the formula for Bessel functions (5)
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𝐽𝜇 (𝑎√𝜆2 − 2𝜆𝜏 cos 𝜓 + 𝜏2)
(√𝜆2 − 2𝜆𝜏 cos 𝜓 + 𝜏2)𝜇 = 𝑎𝜇

𝜋 ⋅ 2𝜇Γ(𝜇) ∫
𝜋

0
𝑑𝜑 ∫

𝜋

0
exp{𝑎𝑖[𝜆 cos 𝜑−𝜏(cos 𝜑 cos 𝜓−sin 𝜑 sin 𝜓 cos 𝜒)]} sin2𝜇−1 𝜑 sin2𝜇−1 𝜒 𝑑𝜒

In (6) we carry out the integration with respect to 𝜆 and obtain the representa-
tion of the kernels (6) in the form:

𝐾1(𝑥, 𝑡) = 1
8(𝜋𝜈𝑡)3/2 ∫

𝜋/2

0
(1 − 2𝑟2 cos2 𝜑

4𝜈𝑡 ) exp (−𝑟2 cos2 𝜑
4𝜈𝑡 − 𝑖𝜔𝑡𝑥3

𝑟 cos 𝜑) 𝐽0 (𝜔𝑡𝜌
𝑟 sin 𝜑) 𝑑𝜑,

𝐾′
2(𝑥, 𝑡) = 𝑟𝑥𝑖

(2𝜋)3/2(2𝜈𝑡)5/2 ∫
𝜋/2

0
cos 𝜑 exp (−𝑟2 cos2 𝜑

4𝜈𝑡 − 𝑖𝜔𝑡𝑥3
𝑟 cos 𝜑) (3 − 𝑟2 cos2 𝜑

2𝜈𝑡 ) 𝐽1 ( 𝜔𝑡𝜌
𝑟 sin 𝜑)

𝜔𝑡𝜌
𝑟 sin 𝜑 𝑑𝜑,

𝐾″
23(𝑥, 𝑡) = 𝜔𝑡

(2𝜋)3/2(2𝜈𝑡)3/2 ∫
𝜋/2

0
(1 − 2𝑟2 cos2 𝜑

4𝜈𝑡 ) exp (−𝑟2 cos2 𝜑
4𝜈𝑡 − 𝑖𝜔𝑡𝑥3

𝑟 cos 𝜑) 𝐽1 ( 𝜔𝑡𝜌
𝑟 sin 𝜑)

𝜔𝑡𝜌
𝑟 sin 𝜑 𝑑𝜑,

𝐾3𝑗(𝑥, 𝑡) = − 𝜔𝑥𝑗
(2𝜋𝜈𝑡)3/2 ∫

𝜋/2

0
(1 − 2𝑟2 cos2 𝜑

4𝜈𝑡 ) exp (−𝑟2 cos2 𝜑
4𝜈𝑡 − 𝑖𝜔𝑡𝑥3

𝑟 cos 𝜑) 𝐽1 ( 𝜌𝜔𝑡
𝑟 sin 𝜑)

𝜌𝜔𝑡
𝑟 sin 𝜑 𝑑𝜑,

𝐾4(𝑥, 𝑡) = − 𝜔𝑖𝑟
8(𝜋𝜈𝑡)3/2 ∫

𝜋/2

0
cos 𝜑 exp (−𝑟2 cos2 𝜑

4𝜈𝑡 − 𝑖𝜔𝑡𝑥3
𝑟 cos 𝜑) 𝐽0 (𝜔𝑡𝜌

𝑟 sin 𝜑) 𝑑𝜑.

It can be proved (in (7) this is done for the first boundary-value problem) that
the solution of the Cauchy problem for system (1) is unique in the class

𝑊 1,0
2,𝑥,𝑡(𝐸3 × (0 ≤ 𝑡 < ∞)).

The solution constructed, under weak assumptions concerning the vector v0(𝑥)
(for example, v0(𝑥) ∈ 𝐿2), will belong to this uniqueness class.

The following theorem describes the asymptotic character of the behavior of our
solution as 𝑡 → ∞.

Theorem. If the initial data v0(𝑥) ∈ 𝐿1(𝐸3) and satisfy the compatibility
condition div v0 = 0, then the solution of the homogeneous system (1) as 𝑡 → ∞
has the following asymptotics: uniformly for all 𝑥 ∈ 𝐸3, the vector v(𝑥, 𝑡)
decreases as 𝑂(1/𝑡5/2), and the function 𝑝(𝑥, 𝑡) as 𝑂(1/𝑡2).
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Proof. Replacing in the kernel 𝐾1(𝑥 − 𝑦, 𝑡) the Bessel function of half-integer
order by the trigonometric one and making the substitution 𝜆1 =

√
𝜈𝑡 𝜆, we

have

𝐾1(𝑥, 𝑡) = 1
4𝜋2(𝜈𝑡)3/2𝜔𝑡 ∫

+∞

−∞
𝜆2

1𝑒−𝜆2
1

sin (𝜔𝑡√ 𝑟2𝜆2
1/(𝜔𝑡)2(𝜈𝑡) + 2𝑥3𝜆1/𝜔𝑡

√
𝜈𝑡 + 1 )

√ 𝑟2𝜆2
1/(𝜈𝑡)(𝜔𝑡)2 + 2𝑥3𝜆1/𝜔𝑡

√
𝜈𝑡 + 1

𝑑𝜆1.

(7)

In view of the absolute convergence of the integral in (7), we obtain the following
estimate of the kernel, uniform for all 𝑥 ∈ 𝐸3, 𝑡 > 0:

|𝐾1(𝑥, 𝑡)| ≤ 𝑐1/(𝜈𝑡)3/2𝜔𝑡.

We note that at the origin of coordinates (𝑥 = 0) the kernel 𝐾1 is computed
exactly:

𝐾1(0, 𝑡) = sin 𝜔𝑡/8𝜋3/2(𝜈𝑡)3/2(𝜔𝑡).

For the remaining kernels, by analogous arguments we obtain uniform estimates
of the form:

|𝐾′
2(𝑥, 𝑡)| ≤ 𝑐′

2
(𝜈𝑡)2(𝜔𝑡)2 ; |𝐾″

23(𝑥, 𝑡)| ≤ 𝑐″
23

(𝜈𝑡)3/2𝜔𝑡 ,

|𝐾3𝑗(𝑥, 𝑡)| ≤ 𝑐3
(𝜈𝑡)3/2(𝜔𝑡)2 ; |𝐾4(𝑥, 𝑡)| ≤ 𝑐

𝜈𝑡𝜔𝑡 .

Thus we have:

|v(𝑥, 𝑡)| ≤ 𝑐
(𝜈𝑡)3/2𝜔𝑡 ‖v0‖𝐿1(𝐸3) + 𝑂( 1

𝑡4 ) ‖v0‖𝐿1(𝐸3),

|𝑝(𝑥, 𝑡)| ≤ 𝑐
𝜈𝑡𝜔𝑡 ‖𝑣0

3‖𝐿1(𝐸3) + 𝑂( 1
𝑡1/2 ) (‖𝑣0

1‖𝐿1(𝐸3) + ‖𝑣0
2‖𝐿1(𝐸3)) .

The theorem is proved.

Remark 1. If 𝜔 = 0, 𝜈 > 0, then the vector v(𝑥, 𝑡) decreases as 𝑂(1/(𝜈𝑡)3/2),
while the function 𝑝(𝑥, 𝑡) is identically equal to zero (because of the solenoidality
of the initial data).

Remark 2. If 𝜈 = 0, 𝜔 ≠ 0, then, in view of the divergence of the integrals (6),
the solution of the Cauchy problem must first be found for smooth initial data,
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and then the smoothness of the initial data must be dispensed with by passing
to singular integrals, as was done in (2). It is also shown there that the solution
of the Cauchy problem will then decrease as 𝑂(1/𝜔𝑡).
Remark 3. V. P. Maslov drew my attention to the fact that in the case
of isotropic turbulence the decay law of M. D. Millionshchikov (6), when the
viscosity of the fluid is substantial, has order 𝑂(1/𝑡5/2). The vector v(𝑥, 𝑡)
decays at this rate in our case as well. Apparently, there is an internal connection
here.

Steklov Mathematical Institute
Academy of Sciences of the USSR
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