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Plane doubly periodic problems of the theory of elasticity were considered in
works (1726).

In the present article a method is proposed for solving boundary-value problems
of the theory of elasticity for a space perforated by cylindrical cavities whose axes
are parallel, and a complete investigation is given of the resulting infinite systems
of algebraic equations. The cross-section of the elastic body under consideration
is a plane with circular holes of radius R, whose centers are located at the nodes
of an oblique lattice. Place at the center of each of the holes the origin O, of
a cylindrical coordinate system (7,0, z,5), with the axes z,, coinciding with
the longitudinal axes of the cavities. Introduce the following notation: T'j,
is the surface of the gs-th cavity (¢,s = 0,4+1,42,...); R, 0, are the polar
coordinates of the pole Oy in the gs-th coordinate system; Z,, = R, -exp(i© ).
In what follows we shall regard the system with pole Oy, as the basic one,
omitting the lower indices in its coordinates.

Suppose that the components of displacement or stress prescribed on I' ; are
periodic functions of the variable z.

To solve the formulated problem we use the general solution of Lamé’s equations
in the form proposed by B. G. Galerkin (3):

L0 0 v s
u, = = {87“(1) 2(1 —v) (cos§ V¢, +sinf vV 1/12)}7
_tevpio 2072 z
Uy = —— [T89¢>+2(1 v) (sin 6 V24, —cos OV %)], (1)
14 vfo 9
T [aé—Q(l—l/)ng},

where v, (i = 1,2,3) are biharmonic functions, and
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The functions 1, must satisfy the conditions of double periodicity, which is
achieved by the representation

1y = sin xz Z Z 7o I (X7 4s) [A,, cos(n+1)0,, + B, sin(n+1)6,] ,

q,s n=0

1y = sin xz Z quSKn(qus) [—B, cos(n+1)0,, + A, sin(n+1)d,,]

q,5 n=0

s = cosxz Z Z [K, (x7ys) (C, cosnb,, + D, sinnb,,) + (3)

q,s n=0

+ 74K 1 (X ys) (B, cosnb,, + F, sinnf,, )],

where x is a certain constant number, and the indices ¢ and s vary from —oo
to +o0.

The arbitrary constants A,,, B,,, ..., F,, can be determined from the boundary
conditions on any of the surfaces I, for example on I'y. For this it is necessary
to have expressions for 1, in the coordinates (r, 6, z), which can be obtained by
using consequences of Macdonald’ s addition theorem:

Ky (e )e™ne = 3 (17K, (g™ P00 ()i,
p

rqun(qus)e“nJrl)eqs = Z(_1>pei(n*p)@qs [quanp(XRqs)IﬁXr) - ei@qs Kn7p+1(XRqs>TIp71(XT)] eipe’

’ ()

quKn+1 (qus)eineqs = Z(_l)pei(nfp)@qs [quKn7p+1 (XRqs)eieqSIp (X’I") - Kn7p<XRqs)rIp+1(X’r)] eip@ (7“ < E
p

Thus, the transformation of the functions v, to the coordinates (r, 6, z) is carried
out with the aid of the transition formulas (4), after which the displacements
can be written by formulas (1), and hence also the stresses in these coordinates.
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Satisfying the boundary conditions on one of the cavities, we arrive at an infinite
system of algebraic equations, which can be represented in the form

AVX, +Y a, X, =b, (n=0,1,.), (5)
p=0
where X,, is a column vector with elements A,,, B,,, ..., F,; A and a,, are

matrices depending on the boundary conditions; b,, is a column vector of the
Fourier coefficients of the prescribed boundary values of the displacement or
stress components.

To reduce system (5) to canonical form, we make in it the change of unknowns,

putting AS?X,L =Y :

n

oo
Y, +Y a,,Y,=b, (n=0,1,.). (6)
p=0

For large values of the indices, the elements of the matrix of system (6) have
the order of magnitude

(7)

T Dt By

n!p! K

where § is the least distance between the axes of two neighboring cavities
(6 > 2R, since it is assumed that the surfaces I';; do not touch), and v is
some constant number. This is proved with the aid of asymptotic formulas for
modified cylindrical functions with large index [4], and also the inequality

Z Kpfn(XRqs)ei@_n)@qs <M HR\pfnLO(ZX(;)‘ + ‘R\pfn\fl,l(ixa)
q,s

.

where M is equal to the larger of the numbers

‘ R —|p—nl|+21
5 snt v (%)
q,s

for I < 3|p —nl,

R —|p—n|+20+1
) for 1 < 3(lp—n|—1),

> KR, el o (5
q,8

and R,, ,(2) are Lommel polynomials [4]. The order of the polynomials R,, ,(2)
for large values of the first index is determined from the limiting rela-
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[[unclear: beginning of line]] Hurwitz (4)

v+m
hm <%Z) Rm,lﬂrl(’z) _
mooo  T'(v+m+1) v

(2)-

o0
Since the double series Z ¢,,p converges, it follows from (7) that the series
n,p=0

composed of the moduli of the coefficients ay, , also converges, i.e., the determi-
nant of the infinite system (6) belongs to the class of determinants of normal
type (5). Thus, system (6) has a unique bounded solution if the correspond-
ing homogeneous system has no solutions other than the zero solution (the free
terms of system (6) are bounded). Assuming that the boundary-value problems
formulated at the beginning of the paper have unique solutions, we arrive at
the conclusion that the infinite system of algebraic equations (6) has a unique
bounded solution. This solution can be obtained approximately from a trun-
cated system, whose order depends on the distance between the axes of the
cavities and on the required accuracy in satisfying the boundary conditions.

P

Remark. The proposed method can also be used to solve problems concerning
a layer with a doubly periodic system of cylindrical cavities. If mixed boundary
conditions of the type vy =0, u, =0, 0,, =0,0oru, =0, 7, =0, 75, =0
are prescribed on the plane boundaries of the layer, then the problems are
solved exactly. For this purpose, in expressions (3) it is necessary to choose

T
the corresponding trigonometric functions of z and set k = —m, where h is

the thickness of the layer. If, however, the plane faces of the layer are free of
stresses, then the functions ), in the form (3) may be used for an approximate
solution of the problems. In this case one condition, o,, = 0, is satisfied exactly,
while the other two, 7,, = 0, 7y, = 0, are satisfied in the integral sense within
one cell.
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