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ON AVERAGING IN SYSTEMS OF NON-
LINEAR INTEGRO-DIFFERENTIAL EQUA-
TIONS
Integro-differential equations were first studied by the averaging method (1) in
works (3−6), where it was shown that, in the general case, to one system of
integro-differential equations there can be associated (in contrast to averaging
in differential equations) three different systems of averaged equations (some of
these systems will be differential, others integro-differential).

In the present article one of the variants of averaging is considered (however,
everything said below also applies to the other variants of averaging). Averaging
theorems are proved both on a finite and on an infinite interval. Systems with
slow variables and systems with fast and slow variables are considered. In partic-
ular, when the integral term is absent in (1), the theorem of N. N. Bogolyubov
(1) is obtained from Theorem 1 below, under weaker restrictions.

Systems of integro-differential equations of the type (1), (7) lead to problems in
the dynamics of imperfectly elastic bodies that do not have sufficiently effective
methods of solution. Indeed, the relations between the stresses 𝜎𝑖𝑗(𝑥, 𝑡) and the
displacement vector 𝑢(𝑥, 𝑡) for such media have, for example, the form (2)

𝜎𝑖𝑗 − 𝜎𝛿𝑖𝑗 = 𝑓0(𝑡, 𝑧(𝑡, 𝑡))𝜀𝑖𝑗(𝑥, 𝑡) − 𝜀 ∫
𝑡

0
𝑓1(𝑡 − 𝜏, 𝑧(𝜏, 𝜏))𝜀𝑖𝑗(𝑥, 𝜏) 𝑑𝜏,

where 𝜎 = 𝐾 div𝑢, 2𝜀𝑖𝑗 = 𝑢𝑖,𝑗+𝑢𝑗,𝑖, 𝑧(𝑡, 𝑡) = 𝜀𝑚𝑛(𝑥, 𝑡)𝜀𝑚𝑛(𝑥, 𝑡) (for imperfectly
elastic systems 𝜀 is a small parameter). With a suitable choice of the functions
𝜓𝑖𝑘(𝑥), 𝑢𝑖 = 𝜓𝑖𝑘(𝑥)𝜑𝑖𝑘(𝑡), and from the equations of motion 𝜌𝑢̈𝑖 = 𝜎𝑖𝑗,𝑗, by
the Bubnov–Galerkin method we obtain for 𝜑𝑖𝑘(𝑡) a system of equations easily
reducible to the form (7) (here 𝑘 is a vector index).

In what follows, the notation 𝑓(𝑡, 𝑥) ∈ Lip𝑥(Ω, 𝜆(𝑡)) means that 𝑓(𝑡, 𝑥) satisfies
in the domain Ω the Lipschitz condition with respect to 𝑥 with Lipschitz function
𝜆(𝑡).
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1. Let there be given a system (𝑥 and 𝜑 are vectors, 𝜀 > 0 is a small param-
eter)

̇𝑥 = 𝜀𝑋 (𝑡, 𝑥, ∫
𝑡

0
𝜑(𝑡, 𝑠, 𝑥(𝑠)) 𝑑𝑠) . (1)

Theorem 1. Let the functions 𝑋(𝑡, 𝑥, 𝑦) and 𝜑(𝑡, 𝑠, 𝑥), defined and continuous
in the domain Ω (𝑡 ≥ 0, 𝑠 ≥ 0, 𝑥 ∈ 𝐷 ⊂ 𝐸𝑛, 𝑦 ∈ 𝐸𝑚), satisfy the following
conditions:

1)
𝑋(𝑡, 𝑥, 𝑦) ∈ Lip𝑥,𝑦(Ω, 𝜆), 𝜑(𝑡, 𝑠, 𝑥) ∈ Lip𝑥(Ω, 𝜇(𝑡, 𝑠));

2)

∫
𝑡

0
𝑑𝜏 ∫

𝜏

0
𝜇(𝜏, 𝑠) 𝑑𝑠 ≤ 𝑐 (𝑐 = const, 𝜆 = const),

3) at each point 𝑥 of the domain 𝐷 there exists the limit

lim
𝑇 →∞

1
𝑇 ∫

𝑇

0
𝑋(𝑡, 𝑥, 𝜓(𝑡, 𝑥)) 𝑑𝑡 = 𝑋0(𝑥), |𝑋0(𝑥)| ≤ 𝑀,

𝑋0(𝑥) ∈ Lip𝑥(𝐷, 𝜈) 𝜓(𝑡, 𝑥) = ∫
𝑡

0
𝜑(𝑡, 𝑠, 𝑥) 𝑑𝑠, 𝜈 = const, 𝑀 = const,

4) the solution 𝜉 = 𝜉(𝑡), 𝜉(0) = 𝑥(0) of the averaged equation

̇𝜉 = 𝜀𝑋0(𝜉) (2)

is defined for all 𝑡 ⩾ 0 and lies in the domain 𝐷 together with its 𝜌-neighborhood.
Then for any 𝜂 > 0 and 𝐿 > 0 one can indicate such an 𝜀0 that, for 𝜀 < 𝜀0, on
the interval 0 ⩽ 𝑡 ⩽ 𝐿𝜀−1 the inequality

|𝑥(𝑡) − 𝜉(𝑡)| < 𝜂 (3)

will hold.

Proof. Representing systems (1) and (2) in the form of integral equations, we
find
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𝑥 − 𝜉 = 𝜀 ∫
𝑡

0
[𝑋 (𝜏, 𝑥, ∫

𝜏

0
𝜑(𝜏, 𝑠, 𝑥(𝑠)) 𝑑𝑠) − 𝑋 (𝜏, 𝜉, ∫

𝜏

0
𝜑(𝜏, 𝑠, 𝜉(𝑠)) 𝑑𝑠)] 𝑑𝜏

+ ∫
𝑡

0
[𝑋 (𝜏, 𝜉, ∫

𝜏

0
𝜑(𝜏, 𝑠, 𝜉(𝑠)) 𝑑𝑠) − 𝑋0(𝜉(𝜏))] 𝑑𝜏.

(4)

As in (7), it can be shown that the second term in (4), for sufficiently small 𝜀,
on the interval 0 ⩽ 𝑡 ⩽ 𝐿𝜀−1, will be less than any prescribed number 𝛿. Now,
using the known inequality (8), from (4) we find

|𝑥 − 𝜉| < 𝛿 exp[𝜆𝜀𝑡 + 𝜀𝜆 ∫
𝑡

0
𝑑𝜏 ∫

𝜏

0
𝜇(𝜏, 𝑠) 𝑑𝑠] ⩽ 𝛿 exp(𝜆𝐿 + 𝜀𝜆𝑐).

Putting 𝛿 = min(𝜌, 𝜂) exp(−𝜆𝐿 − 𝜀𝜆𝑐), we obtain the assertion of the theorem.

Remark 1. If in the formulation of the theorem condition 2) is omitted and
𝜇 is regarded as constant, then inequality (3) will hold on the interval 0 ⩽ 𝑡 ⩽
𝐿𝜀−1/2*.

Remark 2. Theorem 1 is obviously also extended to systems of equations of
the form

̇𝑥 = 𝜀𝑋(𝑡, 𝑥(𝑡), ̇𝑥(𝑡), 𝑥(𝑡 − Δ), ̇𝑥(𝑡 − Δ),

∫
𝑡

0
𝜑(𝑡, 𝑠, 𝑥(𝑠), ̇𝑥(𝑠), 𝑥(𝑠 − Δ), ̇𝑥(𝑠 − Δ)) 𝑑𝑠, 𝜀). (5)

Theorem 2. Let the functions 𝑋(𝑡, 𝑥, 𝑦) and 𝜑(𝑡, 𝑠, 𝑥) satisfy conditions 1) and
2) of Theorem 1 and be such that system (1) has no singular points (8), and let:

3) at each point 𝑥 ∈ 𝐷, uniformly with respect to 𝑡, there exists the limit

lim
𝑇 →∞

1
𝑇 ∫

𝑡+𝑇

𝑡
𝑋(𝜏, 𝑥, 𝜓(𝜏, 𝑥)) 𝑑𝜏 =∶ 𝑋0(𝑥), 𝑋0(𝑥) ∈ Lip𝑥(𝐷, 𝜈), (6)

|𝑋0| ⩽ 𝑀, 𝜈 = const;
4) the solution 𝜉 = 𝜉(𝑡), 𝜉(0) = 𝑥(0) of the averaged system (2) is defined

for all 𝑡 ⩾ 0 and lies in the domain 𝐷 together with its 𝜌-neighborhood,
and the limiting passage in (6) is performed uniformly with respect to
𝑥 ∈ 𝑆𝜌 ⊂ 𝐷 (𝑆𝜌 is the 𝜌-neighborhood of the solution 𝜉(𝑡)).
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* In article (3) the following corrections must be made: 1) in the formulation
of the theorem, where it says 0 < 𝑘 < 1/2, one should read 0 < 𝑘 ⩽ 1/2; 2) in
formula (4), instead of the term 4𝑁𝑒𝑡 there should be the term 2𝑎/𝜀.

5) the solution 𝜉 = 𝜉(𝜏), 𝜏 = 𝜀𝑡, of the averaged system is asymptotically
stable with respect to 𝜏 .

Then for any 0 < 𝜂 < 𝜌 one can specify an 𝜀0 such that, for 𝜀 < 𝜀0, for all 𝑡 ⩾ 0
the inequality

|𝑥(𝑡) − 𝜉(𝑡)| < 𝜂

will hold.

Proof is carried out with the aid of the methods of papers (7, 9) and using
Theorem 1.

Remark 3. Theorem 2 also extends to systems of the form (5).

Remark 4. If system (1) is written in the form

̇𝑥 = 𝜀𝑋 (𝑡, 𝑥, 𝑦, ∫
𝑡

0
𝜑1(𝑡, 𝑠, 𝑥(𝑠), 𝑦(𝑠)) 𝑑𝑠) ,

̇𝑦 = 𝜀𝑌 (𝑡, 𝑥, 𝑦, ∫
𝑡

0
𝜑2(𝑡, 𝑠, 𝑥(𝑠), 𝑦(𝑠)) 𝑑𝑠) ,

then in it one can carry out partial averaging, averaging, for example, only the
first group of equations (the average of 𝑌 may not even exist):

lim
𝑇 →∞

1
𝑇 ∫

𝑇

0
𝑋(𝑡, 𝑥, 𝑦, 𝑓(𝑡, 𝑥, 𝑦)) 𝑑𝑡 = 𝑋0(𝑥, 𝑦),

𝑓(𝑡, 𝑥, 𝑦) = ∫
𝑡

0
𝜑1(𝑡, 𝑠, 𝑥, 𝑦) 𝑑𝑠.

The corresponding partially averaged system will have the form

̇𝜉 = 𝜀𝑋0(𝜉, 𝜂), ̇𝜂 = 𝜀𝑌 (𝑡, 𝜉, 𝜂, ∫
𝑡

0
𝜑2(𝑡, 𝑠, 𝜉(𝑠), 𝜂(𝑠)) 𝑑𝑠) .

Theorems 1 and 2 also extend to the case of partial averaging.

2. Let us now consider systems with fast and slow variables
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̇𝑥 = 𝜀𝑋 (𝑡, 𝑥, 𝑦, ̇𝑥, ̇𝑦, ∫
𝑡

0
𝜑(𝑡, 𝑠, 𝑥(𝑠), 𝑦(𝑠), ̇𝑥(𝑠), ̇𝑦(𝑠)) 𝑑𝑠, 𝜀) ,

̇𝑦 = 𝑌0(𝑡, 𝑥, 𝑦) + 𝜀𝑌1 (𝑡, 𝑥, 𝑦, ̇𝑥, ̇𝑦, ∫
𝑡

0
𝜑1(𝑡, 𝑠, 𝑥(𝑠), 𝑦(𝑠), ̇𝑥(𝑠), ̇𝑦(𝑠)) 𝑑𝑠, 𝜀) . (7)

Suppose that the general solution 𝑦 = 𝐹(𝑡, 𝑥, 𝑐) of the degenerate (5) system

̇𝑦 = 𝑌0(𝑡, 𝑥, 𝑦); 𝑥 = const,

is known. Then system (7) is reduced to the form

̇𝑥 = 𝜀𝑋 (𝑡, 𝑥, 𝐹 , ̇𝐹 , ∫
𝑡

0
𝜑(𝑡, 𝑠, 𝑥(𝑠), ̇𝑥(𝑠), 𝐹 , ̇𝐹 ) 𝑑𝑠, 𝜀) ,

̇𝑐 = 𝜀 (𝜕𝐹
𝜕𝑐 )

−1
[−𝜕𝐹

𝜕𝑥 𝑋 + 𝑌1] . (8)

System (8) is a system of type (1). Therefore Theorems 1 and 2 extend to it.
Further, partial averaging can be applied to system (8), averaging, for example,
the first group of equations in (8). In this case we obtain averaging theorems
for systems of the form (7) as for

finite as well as on infinite intervals. These theorems are analogous to Theorems
1 and 2.

Systems of the form (7) with a retarded argument are considered in an analogous
way.
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