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MATHEMATICS

M. I. Gordin

ON THE CENTRAL LIMIT THEOREM

FOR STATIONARY PROCESSES
(Presented by Academician Yu. V. Linnik on 26 II 1969)

In the present note it is shown that the central limit theorem (c.l.t.) for certain
classes of stationary, in the narrow sense, random processes can be obtained
from the c.l.t. for stationary sequences of martingale differences.

Suppose that a space 𝑋 with a 𝜎-algebra of sets 𝑀 and a probability measure
𝑃 is given. The spaces L𝑝 correspond to the measure 𝑃 ; |𝑓|𝑝 is the norm of the
function 𝑓 in L𝑝.

If a 𝜎-algebra 𝐿 is contained in 𝑀 , then 𝐻(𝐿) denotes the Hilbert space of those
functions from L2 that are measurable with respect to 𝐿.

The symbol 𝑃𝐺 denotes the orthoprojector onto the closed subspace 𝐺 ⊂ 𝐻 =
L2.

Let 𝑇 be an ergodic automorphism of the space 𝑋 with measure 𝑃 , and let 𝑀0
be a 𝜎-algebra such that 𝑇 −1(𝑀0) ⊂ 𝑀0. The relation 𝑈𝑓(𝑥) = 𝑓(𝑇 𝑥) defines
a unitary operator in 𝐻.

Finally, set 𝑀𝑘 = 𝑇 −𝑘(𝑀0), 𝐻𝑘 = 𝐻(𝑀𝑘) = 𝑈𝑘𝐻
0 , 𝑆𝑘 = 𝐻𝑘 ⊖ 𝐻𝑘+1. By 𝑅 we

denote the linear space of those elements 𝑔 ∈ 𝐻 such that 𝑔 ∈ 𝐻𝑘 ⊖ 𝐻𝑙 for some
𝑘 and 𝑙, −∞ < 𝑘 ≤ 𝑙 < ∞.

Theorem 1. Let 𝑓 ∈ L2 and

inf
𝑔∈𝑅

lim
𝑛→∞

∣∑𝑛−1
𝑘=0 𝑈𝑘(𝑓 − 𝑔)∣

2√𝑛 = 0.

Then there exists

lim
𝑛→∞

∣
𝑛−1
∑
𝑘=0

𝑈𝑘𝑓∣
2

/√𝑛 = 𝜎 (1)
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and

P {
𝑛−1
∑
𝑘=0

𝑈𝑘𝑓/√𝑛 < 𝑧} −−−→
𝑛→∞

1
𝜎

√
2𝜋 ∫

𝑧

−∞
𝑒−𝑢2/2𝜎2 𝑑𝑢. (2)

We outline the proof of the theorem. Let 𝜀𝑝 > 0, 𝜀𝑝 −−−→
𝑝→∞

0, 𝑓𝑝 ∈ 𝑅, and

lim
𝑛→∞

∣
𝑛−1
∑
𝑘=0

𝑈𝑘(𝑓 − 𝑓𝑝)∣
2

/√𝑛 < 𝜀𝑝.

Consider the chain of equalities

𝑓 = 𝑓𝑝 + 𝑓 − 𝑓𝑝 =
∞

∑
𝑙=−∞

𝑃𝑆𝑙
𝑓𝑝 + 𝑓 − 𝑓𝑝 =

∞
∑

𝑙=−∞
𝑈−𝑙𝑃𝑆𝑙

𝑓𝑝+

+
∞

∑
𝑙=−∞

−𝑙−1
∑
𝑚=0

𝑈𝑚𝑃
𝑆𝑙

𝑓𝑝 − 𝑈
∞

∑
𝑙=0

−𝑙−1
∑
𝑚=0

𝑈𝑚𝑃
𝑆𝑙

𝑓𝑝 + 𝑓 − 𝑓𝑝 = ℎ𝑝 + 𝑔𝑝 − 𝑈𝑔𝑝 + 𝑓 − 𝑓𝑝.

Further,

lim
𝑛→∞

∣
𝑛−1
∑
𝑘=0

𝑈𝑘(𝑓 − ℎ𝑝)∣
2

/√𝑛 ≤

≤ lim
𝑛→∞

{|𝑔𝑝 − 𝑈𝑛𝑔𝑝|2 + ∣
𝑛−1
∑
𝑘=0

𝑈𝑘(𝑓 − 𝑓𝑝)∣
2
} /√𝑛 < 𝜀𝑝. (3)

Let us now note that

ℎ𝑝 =
∞

∑
𝑙=−∞

𝑈−𝑙𝑃𝑆𝑙
𝑓𝑝 ∈ 𝑆0, 𝑈𝑘ℎ𝑝 ∈ 𝑆𝑘.

Hence it follows that 𝑈𝑘ℎ𝑝 is measurable with respect to 𝑀𝑘 and is orthogonal to
𝐻𝑘+1 = 𝐻(𝑀𝑘+1), i.e., the sequence 𝑈−𝑘ℎ𝑝 is an ergodic sequence of martingale
differences. Therefore (see (1, 2)) the quantities

𝑛−1
∑
𝑘=0

𝑈𝑘ℎ𝑝/√𝑛

are asymptotically normally distributed with variance 𝜎2
𝑝 = |ℎ𝑝|2.
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The sequence 𝜎𝑝 converges to some limit 𝜎, since

|𝜎𝑝 − 𝜎𝑝′ | ≤ |ℎ𝑝 − ℎ𝑝′ |2 = ∣
𝑛−1
∑
𝑘=0

𝑈𝑘(ℎ𝑝 − ℎ𝑝′)∣
2

/√𝑛 ≤

≤ lim
𝑛→∞

{∣
𝑛−1
∑
𝑘=0

𝑈𝑘(𝑓 − ℎ𝑝)∣
2

+ ∣
𝑛−1
∑
𝑘=0

𝑈𝑘(𝑓 − ℎ𝑝′)∣
2
} /√𝑛 ≤ 𝜀𝑝 + 𝜀𝑝′ .

Relation (2) now follows from Lemma 5.3 of (4); equality (1) follows from (3)
and from the fact that 𝜎𝑝 → 𝜎.

Theorem 2. Let 𝑇 be an ergodic automorphism, 𝑀0 the same 𝜎-algebra as in
Theorem 1; 𝑓 ∈ L2+𝛿 for some 0 ≤ 𝛿 ≤ ∞ and

∑
𝐴≥0

(|𝑃𝐻𝐴
𝑓|(2−𝛿)/(1+𝛿) + |𝑓 − 𝑃𝐻−𝐴

𝑓|(2+𝛿)/(1+𝛿)) < ∞.

Then the condition of Theorem 1 is satisfied.

Let us explain how Theorem 2 is proved. Instead of ∫𝑋 𝑔(𝑥)ℎ(𝑥)P(𝑑𝑥) we shall
write (𝑔, ℎ). Put

𝑓 (𝐴)
1 = 𝑃𝐻𝐴

𝑓, 𝑓 (𝐴)
2 = 𝑓 − 𝑃𝐻−𝐴

𝑓, 𝑟(𝐴)
𝑖 (𝑘) = (𝑓 (𝐴)

𝑖 , 𝑈𝑘𝑓 (𝐴)
𝑖 ) (𝑖 = 1, 2).

From Hölder’s inequality and the well-known property of conditional mathe-
matical expectations (see, for example, (3), p. 508) it follows that

|𝑟(𝐴)
𝑖 (𝑘)| = ∣(𝑓 (𝐴)

𝑖 , 𝑈 |𝑘|𝑓 (𝐴)
𝑖 )∣ = ∣(𝑓 (𝐴)

𝑖 , 𝑈±|𝑘|𝑓 (𝐴+|𝑘|)
𝑖 )∣ ≤

≤ |𝑓 (𝐴)
𝑖 |2+𝛿 |𝑓 (𝐴+|𝑘|)

𝑖 |(2−𝛿)/(1+𝛿) ≤ 2|𝑓|2+𝛿 |𝑓 (𝐴+|𝑘|)
𝑖 |(2+𝛿)/(1+𝛿).

Using this estimate, we find that

lim
𝑛→∞

∣
𝑛−1
∑
𝑘=0

𝑈𝑘(𝑓 (𝐴)
1 + 𝑓 (𝐴)

2 )∣
2

/√𝑛 ≤
2

∑
𝑖=1

lim
𝑛→∞

∣
𝑛−1
∑
𝑘=1

𝑈𝑘𝑓 (𝐴)
𝑖 ∣

2
/√𝑛 =

=
2

∑
𝑖=1

lim
𝑛→∞

⎛⎜
⎝

∑
|𝑘|<𝑛

(1 − |𝑘|
𝑛 ) 𝑟(𝐴)

𝑖 (𝑘)⎞⎟
⎠

1/2

≤ 2|𝑓|1/2
2+𝛿

2
∑
𝑖=1

(
∞

∑
𝑘=𝐴

|𝑓 (𝑘)
𝑖 |(2+𝛿)/(1+𝛿))

1/2

⟶ 0, 𝐴 → ∞.
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It remains to note that

𝑓 − 𝑓 (𝐴)
1 − 𝑓 (𝐴)

2 ∈ 𝑅.

Remark 1. Theorems 1 and 2 can be reformulated for the case where 𝑇 is
an endomorphism. In this case the spaces 𝑆𝑘 form a sequence infinite in one
direction.

Remark 2. Under the conditions of Theorem 2, the equality 𝑓 = 𝑔 + 𝑈ℎ − ℎ
holds, where 𝑔, ℎ ∈ L(2+𝛿)/(1+𝛿), 𝑔 is measurable with respect to 𝑀0 and has
zero integrals over all sets from 𝑀1. Such a representation for 𝛿 = 0 is useful
in the proof of more refined limit theorems, for example, in the proof of weak
convergence of distributions in the space of continuous functions corresponding
to the sequence of random polygonal lines constructed from the sums

𝑛−1
∑
𝑘=0

𝑈𝑘𝑓

to a measure corresponding to Brownian motion.

Remark 3. From Theorem 2 it is not difficult to obtain a number of theorems
concerning processes with strong and uniformly strong mixing and functionals
of such processes.

In particular, Theorems 18.6.1, 18.6.2, and 18.6.3 from the book (3) are conse-
quences of Theorem 2. Moreover, under the conditions of Theorem 18.6.1 and
with a certain strengthening of the conditions of Theorems 18.6.2 and 18.6.3
from (3), one can obtain the representation 𝑓 = 𝑔 + 𝑈ℎ − ℎ, 𝑔 ∈ 𝑆0, ℎ ∈ L2.

The author expresses gratitude to I. A. Ibragimov for his attention to the work.

Leningrad State University
named after A. A. Zhdanov
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Note: Figure translations are in progress. See original paper for figures.
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