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MATHEMATICAL PHYSICS

B. 1. SADOVNIKOV, E. M. SOROKINA

ON THE IMPOSSIBILITY OF CRYSTALLINE
ORDERING IN ONE-DIMENSIONAL QUAN-
TUM SYSTEMS

(Presented by Academician N. N. Bogolyubov on 24 III 1969)

N. N. Bogolyubov’ s theorem on a singularity of the type 1/k? (1) is one of the
effective methods for studying systems with broken symmetry (2) Recently, in
a number of works, N. N. Bogolyubov’ s inequality has been applied to prove the
impossibility of phase transitions in certain one- and two-dimensional systems
(34). In the present paper we consider a proof of the impossibility of crystalline
ordering in one-dimensional quantum systems, based on N. N. Bogolyubov’ s
inequality.

Consider a dynamical system of N identical Bose or Fermi particles contained
in a volume V', whose Hamiltonian has the form:

1 +(r r)dr — T(r)y(r) dr
Hm/v)wmwmd At () de+

(V)

by 00w e, — xalutrautr,)dry dr, 1)

where A is the chemical potential; ®(|r; —r,|) is the interaction potential of a pair
of particles; V = L% is the volume of the system; d = 1,2, 3 is its dimensionality.
The field operators ¥ (r), 1" (r) are represented by quasi-discrete sums:

1 ) 1 .
w(r) = W (2): akezk<r7 w+ (I‘) — W (z; azefzk.r (2)
k k

in which the operators a, az satisfy the usual Bose or Fermi permutation

. o . .
relations, k = = {n,,n,,n,}; n,,n,,n, are integers.

We shall assume that at temperatures below some critical temperature the sys-
tem under consideration is in a state of crystalline ordering. This state has lower
symmetry than the Hamiltonian (1) with respect to the translation group and
therefore is degenerate. As is known, this degeneracy is removed by introducing
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into the Hamiltonian (1) some infinitely small additional term, which we shall
not write down, bearing in mind, however, in what follows the corresponding
averages in the sense of “quasi-averages” (1).

As shown in (1), for retarded and advanced temperature Green’ s functions (see,
for example, (5)) in the energy representation, at E = 0, the following inequality
holds:

[{(4; B)) p=o| < [{{4; A7) p—o| (BT B)) pol» 3)

Putting here A(t) = i0Q(t)/0t and using the spectral representations for the
Green’ s functions and correlation functions (see (%)),

one can give inequality (3) the form

([Q. Bl )P
(@@ H] ])

where 6 is the temperature in energy units.

(BB* + B*B) > 20 (4)

Let us return to the consideration of the crystalline state. The particle-number
density is defined as the average of the operator p(r) = " (r)y(r),

introducing the operator of the Fourier component of the particle-number den-
sity p, by the relation

1 )
o) = 3 e, (5)
(a)
we obtain (in the momentum representation)

= Y ®
(k)

The operator of the total momentum of the system is

= [iw)ar,

where, as is known,

i(r) = 2% [T (0) V() — (Ve (r))e(r)]; (7)
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introducing the Fourier component j, by the relation

. 1 . iqr
J(I’) = V%):quq )

we obtain for j,

. 2k+q
Jq = Z 2 azakJrq’ (8)
(k)

Let us note that the particle-number density (p(r)) in a crystal is a function
periodic with the lattice spacing. Therefore there exists a vector G; # 0 from the
set of reciprocal-lattice vectors for which the quasi-average (p./V) is nonzero.

It is of interest to consider inequality (13) for the correlation function
(PGakP—c—k), i-€., to set

B=p{a= PG x (9)

For the greatest effectiveness of inequality (4), one should strive to make the
denominator on the right-hand side as small as possible with respect to k. There-
fore, as the operator (), one should choose an operator @);, which, for k = 0, turns
into an integral of motion (commutes with the Hamiltonian). Such an “almost
integral of motion” in our problem is the operator j (see (8)), which for k = 0
becomes j, = P, the total-momentum operator, commuting with the Hamilto-
nian (1). As the operator @, we choose the “projection” of this operator onto
the direction k:

Q=7 3). (10)

Let us introduce into consideration the “pair correlation function” F,(rq,ry) =

(Wt (r)Y T (ry)(ry)eh(ry)). Being written in the variables R = (r; +r,)/2 and
r =TI, — Iy, it is, obviously, periodic in the argument R:

Fy(r; +a,ry +a) = Fy(ry,ry) = F,(R,r) = F,(R +a,r).
The function

1

sz(rprz)

is the diagonal element of the statistical operator of a complex of two particles
in the r-representation. With the aid of this operator, as is known (), one can
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calculate quantum-statistical averages of quantities of binary type. It is not
difficult

note that <pG+kp—G—k‘> is

(PG irP—ck) :/ / drydry Fy(ry,1y)e GHhri—r2) 1 N
(V) J(v)

=N ( / dr / dR F,(R,r) e (Cthr) 4 1) = < > ei<G+k’riw)> +N.
V) Jw) 05 i
(11)

Computing the corresponding commutators on the right-hand side of inequality
(4), where the operators B and @ are defined by formulas (9) and (10), we obtain
an inequality for (pg,1p_g_r), Which, after division by N, and bearing in mind
the performance of the limiting statistical transition N — oo, V' — oo, N/V =
n = 1/v = const, gives

1 1 ,
N(pg+kp_a_k> = <N Z e—z(G+k)(ri—rj)> ‘1
1,J; 1]
k 2 k4 1 3(p - k)2
{0 (E’“G) ]/[m*w%m@w

+/(v) dr/U) dR F,(R,r)(1 —cos(k - 1)) (% : V>2@(r)] .
12)

2

\Y

[ ot erar
(v)

(
Let us multiply this inequality by a positive, sufficiently regular function h(k)
(without loss of generality h(k) = h(|k|)), localized in a neighborhood of k = 0.
Tts Fourier transform 7 (|r|), defined by the relation

H(r) = / h)ekr dk,  h(k) = @ / H(r)e ™ dr,  d=1,2,3,
(13)

is, obviously, a positive monotonically decreasing function of |r|. We integrate
the resulting inequality over all k. The integrand on the right-hand side as
k — 0 is of order 1/k?; therefore the integral over k on the right-hand side of
the inequality diverges in the one- and two-dimensional cases.

Let us turn to the left-hand side of the inequality. Clearly, we can speak of
crystalline ordering in the system when the deviations of the atoms from the
equilibrium (most probable) position are such that the distance between neigh-
boring atoms does not become smaller than some arbitrarily small but fixed
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distance a, which we can choose to be several times smaller than the lattice
spacing.

In the one-dimensional case, naturally numbering the atoms in accordance with
their arrangement along the straight line, we write this condition in the form

Ir;

—Til =a, (14)

whence it follows that

vy — 1l = ali —j. (15)

Let us estimate in the one-dimensional case, with the aid of this relation, the
left-hand side of the inequality obtained (N — o0), taking into account that
J(r) is a positive monotonically decreasing function:

/dk h(k) { <]1/v Z e—z‘(G+k)(ri—r1)> 4 1} % Z e—iG(n—m‘)}[(‘Ti —Tj|) + JH(0)

1,55 9] 1,55 ]
1 ..
<5 2 FHlali— ) +7(0)
1,5 i£]
> 27h(0
g/ H (ay) dy + 7(0) = U0
A 2a

Thus, in the one-dimensional case the left-hand side is bounded above by the
constant quantity 27h(0)/2a + F (0) and exceeds the right-hand side, which, as
we have shown, diverges in the one-dimensional case. Consequently, the exact
inequality (12), obtained on the basis of spectral representations for the corre-
lation functions and Green’ s functions, is satisfied in one-dimensional systems
at temperatures 6 # 0 only in the case when the quasimean

(PalV) v = / (P, v= LN,

which enters the right-hand side, is identically equal to zero. This means that the
quasimean (p(r)) = N /L = const, and crystalline ordering in one-dimensional
systems at 0 # 0 is impossible.

Let us emphasize here that our result has been obtained without using the
harmonic approximation and rests only on the obvious assumption (14), corre-
sponding to the absence of “points of condensation” in the crystal.

We note that inequality (3) is valid for the Green’ s functions introduced in work
(7) for the statistical mechanics of classical systems, and obtaining an analogous
result for a classical crystalline system presents no difficulty.
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In conclusion, the authors express their deep gratitude to Acad. N. N. Bo-
golyubov for valuable advice and comments.
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