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SIONS IN NORMAL WAVES BY CONTOUR
INTEGRALS

(Presented by Academician I. M. Vinogradov on 21 VIII 1968)

1. The boundary-value problem determining the stationary field E(M e~
H(M)e ! excited by currents j(M)e ! in a layered medium character-
ized by tensors of dielectric and magnetic permeability (¢) = €’ (¢)+ie” (¢)
and p(¢) = ' () +ip”(¢) (M is a point of the medium with coordinates
&,1n,¢; ¢ = const is the surface of a layer), can be written in the form

where L, , and L are linear differential operators in the coordinates £, n and ¢,
with coefficients depending on £, 7, and (, determined by Maxwell’ s equations
and the boundary conditions. They act on the desired function Z(M), which
determines F(M) and H(M). F(M) is the prescribed function of the external
action, determined by the currents j(M). L, and L. are defined on the sets
D(Lg ) and D(L.), dense in the Hilbert spaces H, , and H¢, H., x H. = H .
L, is a self-adjoint operator; it depends on the configuration of the layers
and the choice of { and 7, while the dissipative operator L. depends on the
functions €(¢) and p(¢). The solution of (1) can be represented in the form of an
expansion in normal waves propagating along the layers, i.e. in the coordinates
& and 1. There are two methods for obtaining it. The first gives this expansion
deus exr machina from a certain contour integral evaluated by the method of
residues (1:2).* The second method consists in expanding the solution of (1) in
the eigenfunctions of L, and source-wise in the coordinates & and 7 (*7°); in
(376) we called it the method of normal waves. Below the connection between
these methods will be established, and it will be shown that both approaches
are based on the spectral theory of singular non-self-adjoint operators applied
to expansions in eigenfunctions in a generalized sense (7).

2. The expansion in normal waves propagating along the layers, in
its most general form, can be obtained from the contour integral
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Z(&,m,¢) = —i/ (Le = AE) Y (Lg, + AE) ' Fd), (2)
K

21
A

where K, is a contour enclosing all singularities of the resolvent (LC —AE)7 ! of
the operator L, and containing no singularities of the resolvent (L, —uE)~" of
the operator L, , (1 = —A\). Representation (2) is a generalization of the Cauchy
method (%) (see also (%19)), which consists in representing the expansion in the

eigenfunctions of an operator £ in the form of a contour integral of its resolvent
(£ — AE)"!. In expanded form (2) will be

2(€,1,0) /K O [ GG [[ Gl s =N dg iy dg

(27)
where G((,(’; A) is the kernel (i.e. the Green’ s function) of the resolvent of L,

and G(&,1,§’,n'; ) is the kernel of the resolvent of L, ,. If the spectrum of L
consists only of nonmultiple—

1
T 9mi

* Therefore these waves are sometimes called residue waves (residue waves) (12).

of the eigenvalues ), determined from the equation

LeX(C) = AX(C), 3)

then G(¢,¢’; A) will be a meromorphic function in the plane A = X" +i\”,

GG, 5N = He(G,¢N/AN), A= T =M, (4)

k=1.2,...

where H, is an entire function. Substituting (4) into (2") and taking residues
at the poles A = ), we obtain, in the case of a point source F' = §(M, M,) (6
is the delta function), the expansion in normal waves

X H((, (3 A
Zen ¢ =y, Tl )
k=1 ﬁA*

G(fﬂ% gOaﬂOvi/\k)' (5)

A=A,

The phase factor of these waves is determined from the equation

LfnG + AkG - 5(57 , 605 770) (6)

Here it is assumed that u = —\; are not irregular points of the resolvent L, .
The question of convergence of (5) is resolved by constructing an infinite se-
quence of contours {K,}. If it is known that such an expansion exists, then,
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according to (3-6), one may seek the solution (5), substituting into (1) the ex-
pansion Z = Y. Y, (&,1)X*(¢), where X*(({) are eigenfunctions of L, satisfying
(3). Taking into account the biorthogonality condition (X*,U?) = N;6,,,, where
U? are eigenfunctions of the adjoint operator L%, and NNV, is a normalizing factor,
we obtain (5) in the form

2 =3 XOV &) CO) GIE, 1, €0 —N). (7)

k=1

Comparing (5) and (7), we obtain the important relation

XHOT' (¢) d
N, = —22X - _A .
BTUH(C Coi Ay) A 4‘%

In the case of an arbitrary F'(M), the expansion in normal waves will be

o vk
2(6,1,0) :ZXN? J[eenewinowuagar. o

k=1

If the spectrum of L. is discrete, but degeneracy occurs, there exists an expan-
sion in normal and associated waves,

Z(&.1,0) = ZEX; Z% [I  (Lo+re) FE (0

s=1 r= k=1 "7 1,2, (r—k+1)

where [] is the product of (r — k + 1) resolvents of the operator Ly,,.

Associated waves differ from normal waves in that their amplitudes grow with
distance from the source as polynomials of degree (r—1). They are forced waves
in the regime of wave resonance (the wave number of the wave of the external
action, i.e. the normal wave, coincides with the wave number of the associated
wave). In the general case, the spectrum of the operator L, consists of points A
at which (L, — AE)~! either does not exist, or is unbounded, or is not defined

everywhere in H ¢» and the computation (2) gives an expansion in the discrete
and continuous spectra of normal and associated waves.

3. The expansion in normal waves traveling across the layers can be
obtained in an analogous way if one interchanges L. and

Ly, in (2). Then we obtain the contour integral
1
Z(&n, Q) === | (Lgy—pE)" (Le + pE) " Fdp, (11)
21 Jy
m
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where the contour K, encloses all singularities of the resolvent L, and contains
no singularities of the resolvent L. If the spectrum of L, is discrete and
simple, iLe., the only irregular points of the resolvent L., are the eigenvalues

, (1= 1,2,...), at which (L, — wE)~! does not exist, determined from the
equation

Le, Y'(€,m) = piy (€,m), (12)

then G(&,m,¢’,n’, 1) will be a meromorphic function. Taking the residues of the
integral (11), we obtain the expansion

o= Y& m)
=1 !
where M, = (Y',V!) is a normalizing factor; Y! and V! are eigenfunctions

of the operator Lg, and of the adjoint operator Lg,. The Green’ s function
G(¢,¢’; =) is determined from the equation LG + ;G = 6(¢,¢"). In the case
F =06(M,M,), from (13) we obtain

o,y
20 =3 o 50’”0) GG, ¢ —m). (13)

=1

Each term of (13") represents a normal wave propagating in the coordinate (,
i.e., across the layers, while preserving the form Y'(¢, 7).

4. The transition from expansions in normal waves propagating along
the layers to expansions in waves propagating across the layers is ef-
fected by replacing A by —u and by the corresponding deformation of the contour
K, into K, in the integral (2), as a result of which it turns into the integral
(11). This remarkable transformation was first used by Sommerfeld in (1) for
the special case of a plane-layered isotropic medium, and by Watson in (2) for
two special cases of a spherically layered isotropic medium, for which expan-
sions in spectra of normal waves propagating across the layers were well known.
Having constructed (11) for them and transformed it to (2), they reduced the
problem of expansion in normal waves running along the layers to contour inte-
gration (2) by the method of residues. Our line of investigation (37¢) consists in
the direct construction of (5), or (9), or (10) by methods of the spectral theory
of singular non-self-adjoint operators, which has been successfully developed in
recent decades (''). In the case when the spectra of L and Ly, are discrete
and simple, the transition from (13) to (9) can be made without using contour
integrals. For this purpose we expand the Green’ s functions L. and L, in the
corresponding spectra:
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Fig. 1. Diagram of relationships among spectral, source-type, and
normal-wave expansions.

Figure 1: Fig. 1. Diagram of relationships among spectral, source-type, and
normal-wave expansions.

o0

= XF(Q) U’“(C) Y 6 n)Vl(f n')
A) § .
G(¢, ¢ i N, G(&n, & n'spm) 121 M,

(14)

Substituting the first of expressions (14) into (13), we obtain a purely spectral
representation of the solution (1)

oo o0 X
Zen Q=323 fotn Mle . w /// FORV g dy . (15)

=1 k=1

This is an expansion in normal oscillations. By changing in it the order of
summation and contracting the sum with respect to the index [ into the Green’
s function, according to the second expression (14), we obtain the expansion (9).
The inverse transition is analogous. Figure 1 presents the connections between
the various methods used in solving (1). Let us note that the diffraction-ray
method used in (1%13) consists in replacing the subintegral expression

in (2) or (11) by its asymptotic approximation for large A(p) and calculation of
the integral by the saddle-point method.

5. The expansion in normal waves (5) differs from expansions in the
spectrum in eigenfunctions of the operator L, by the summing factor
G(&,m, &y Mo; — i), which improves convergence. Therefore the require-
ments on the operator L, that ensure convergence of (5) are considerably
weaker than those for convergence of expansions in the spectrum of L.
This is a very important fact, since in most practically important cases
the system of functions,

Fig. 1

although complete in {X*}, as a rule does not form a basis in it. In this case,
for the expansion (5) it is only necessary that the series (5) converge for £, 7 not
equal to &, 1y, and that as & — &, and 1 — 1, (5) represent the expansion in the
spectrum of L in the generalized sense (7). Thus, for each type of layer (plane,
cylindrical, spherical, etc.) and for the chosen coordinate system &, 7, there is a
certain class of operators L, for which an expansion in normal waves (5) exists.
The investigation of classes of such operators has only just begun. Thus, for
example, in (1) a class of operators with discrete spectrum was studied that
provides an expansion in normal waves in plane-layered media, when ¢ and 7
are Cartesian coordinates.
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