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MATHEMATICS

L. L. TSINMAN

ON SOME ALGORITHMS IN A FORMAL
ARITHMETICAL SYSTEM
(Presented by Academician P. S. Novikov on 17 IV 1969)

In this paper we shall consider arithmetic in the form of a formal calculus 𝑆,
in whose signature there are two predicate symbols = and <, one individual
symbol 0, the functional symbol ′, and an infinite set of functional symbols
for representing all primitive-recursive functions. The logical postulates of the
formal calculus under consideration are the postulates of the classical predicate
calculus. The nonlogical postulates of our system are, as usual, axioms charac-
terizing the indicated symbols of the signature, including all defining equalities
for primitive-recursive functions, and one rule of inference—the rule of complete
mathematical induction∗:

𝐴(0), 𝐴(𝑥) ⊃ 𝐴(𝑥′)
𝐴(𝑥) . (1)

Let us note that the axioms defining the order predicate may be chosen in
various ways. In doing so, if the inference rule (1) is removed from the list of
postulates, then the order axioms, generally speaking, may be supplemented by
new independent order axioms. However, one can indicate a system of order
axioms which, together with the axiom scheme of equality 𝑥 = 𝑦 ⊃ (𝐴(𝑥) ⊃
𝐴(𝑦)) and without rule (1), is complete in the class of formulas containing only
the following nonlogical symbols: =, <, 0, ′. This system of axioms is considered
in (1). Together with the indicated axiom scheme of equality, it consists of the
following axioms:

𝑥 = 𝑦 ⊃ (𝐴(𝑥) ⊃ 𝐴(𝑦)),

𝑥 < 𝑦 ⊃ (𝑦 < 𝑧 ⊃ 𝑥 < 𝑧),

𝑥 < 𝑥′,
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𝑥 < 𝑦 ⊃ 𝑦 < 𝑥′,

𝑥 < 0,

𝑥 = 0 ⊃ ∃𝑦 (𝑦′ = 𝑥).

For our purpose it is convenient to assume that precisely this system of axioms
is present among the nonlogical postulates of the formal calculus 𝑆.

We shall be interested in the question of which formulas of our arithmetic can
be derived without rule (1), or with the use of this rule only at the very end of
the derivation.

For this purpose let us define a sequence of classes of arithmetical formulas
𝐾0, 𝐾1, 𝐾2, ….

𝐾0 is the class of all formulas derivable in the formal system 𝑆 without rule (1).

Suppose we have already defined the class of formulas 𝐾𝑛 for some integer
nonnegative 𝑛. We now define the class of formulas 𝐾𝑛+1 in the following way—

∗ It is known that it is immaterial in what form mathematical induction is
represented in the formal calculus: in the form of the written rule, or in the
form of the axiom scheme

𝐴(0) & ∀𝑥 (𝐴(𝑥) ⊃ 𝐴(𝑥′)) ⊃ 𝐴(𝑥).

with the following rule: 1) every formula of the class 𝐾𝑛 belongs to the class
𝐾𝑛+1; 2) if, for some formula 𝐴(𝑥), the formulas 𝐴(0) and 𝐴(𝑥) ⊃ 𝐴(𝑥′) belong
to the class 𝐾𝑛, then the formula 𝐴(𝑥) belongs to the class 𝐾𝑛+1; 3) the class
𝐾𝑛+1 contains no other formulas.

Thus, for every nonnegative integer 𝑛, a class of formulas 𝐾𝑛 is defined. Let us
also form the class

𝐾 =
∞
⋃
𝑛=1

𝐾𝑛.

It is clear that the class 𝐾𝑛 consists of precisely those formulas for which, in the
system 𝑆, one can construct a derivation in which applications of the logical rules
of inference precede all applications of rule (1), and the number of applications
of this rule does not exceed 𝑛. Let us note that if two formulas are equivalent in
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the predicate calculus and one of them belongs to the class 𝐾𝑛, then the other
formula also belongs to the same class.

The following facts hold.

I. For every 𝑛 one can specify a formula belonging to the class 𝐾𝑛+1, but not
belonging to the class 𝐾𝑛.

II. One can specify a formula derivable in the system 𝑆, but not belonging to
the class 𝐾.

III. For every 𝑛 one can specify an algorithm that tests, for quantifier-free
formulas of the system 𝑆, whether they belong to the class 𝐾𝑛.

IV. There exists an algorithm that tests, for quantifier-free formulas of the
system 𝑆, whether they belong to the class 𝐾.

Commentary. As G. Gentzen showed (2), for every derivable arithmetical
formula one can construct a derivation in which rule (1) is used only once. In
our notation this means that if the class of formulas 𝐾1 is augmented by all
possible formulas derivable in the predicate calculus from formulas of this class,
then we obtain the whole class of formulas derivable in arithmetic. On the other
hand, it follows from the results formulated above that not for every formula
derivable in arithmetic can one construct a derivation using rule (1) any number
of times, but only at the end of the derivation.

Results I–IV remain valid if, in constructing arithmetic, instead of rule (1), one
introduces into the system, for each natural number 𝑙, the rule of simultaneous
induction on 𝑙 variables:

𝐴(0, 0, … , 0); 𝐴(𝑥1, 𝑥2, … , 𝑥𝑙) ⊃ 𝐴(𝑥′
1, 𝑥2, … , 𝑥𝑙), …

… , 𝐴(𝑥1, 𝑥2, … , 𝑥𝑙) ⊃ 𝐴(𝑥1, 𝑥2, … , 𝑥′
𝑙)

𝐴(𝑥1, 𝑥2, … , 𝑥𝑙)
(2)

In this case, it is natural to assign to the class 𝐾𝑛+1 all those formulas which
can be obtained by one application of one of the rules (2) to formulas belonging
to the class 𝐾𝑛.

The formulated results are a generalization of a result of P. S. Novikov, who
in paper (3) proved the existence of an algorithm that tests, for quantifier-
free formulas of arithmetic, whether they are derivable without induction or
not (in our notation, this is an algorithm testing, for quantifier-free formulas,
membership in the class 𝐾0). In the same paper P. S. Novikov indicated that for
the class of arithmetical formulas containing at least one existential quantifier
in prenex form, such an algorithm can no longer exist.

In proving results I–IV, the method of regular formulas developed by P. S.
Novikov in paper (4), and the constructions built by him in paper (3), are used.
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