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CYBERNETICS AND CONTROL THEORY
A. A. LETICHEVSKII

FUNCTIONAL EQUIVALENCE OF AU-
TOMATA WITH A FINAL STATE
(Presented by Academician V. M. Glushkov, 3 VII 1968)

The scheme introduced by V. M. Glushkov for the interaction of two automata
—control and operational automata (1)—defines a new approach to the study of
the fundamental problems of the applied theory of algorithms, which includes
questions of designing the structures of computing machines and a substantial
part of programming theory. One of the important directions in this field con-
sists in the study of various kinds of equivalence of control automata; some
results were obtained in the author’s works (2, 3). Continuing these investiga-
tions, we define here one of the strong forms of equivalence of control automata
—functional equivalence. This concept is introduced on the basis of the syntac-
tic structure of the language in which the operators implemented by the output
signals of the control automaton, and the conditions determining its transitions,
are specified. The problem of functional equivalence turns out to be algorith-
mically undecidable. The author repeatedly discussed this problem with D. A.
Zaslavskii, who, in a somewhat different form, posed it for flowcharts with mem-
ory (4). The algorithmic undecidability of an analogous problem was proved in
(5) for the calculus of flowcharts. However, the result of (5) cannot be applied
directly to the case considered here, since the concept of a flowchart used in (5)
is not expressed in terms of automata with a final state.

Let 𝑅 be a set of variables, Ω a set of functional symbols, each of which has a
definite (finite) arity, and let 𝑇 be the language of terms constructed from these
symbols, i.e., 𝑇 is the smallest set of expressions containing 𝑅 and, for every
𝑛-ary functional symbol 𝜔, containing together with the expressions 𝑡1, … , 𝑡𝑛
also the expression 𝜔(𝑡1, … , 𝑡𝑛). An expression 𝑟 ∶= 𝑡, where 𝑟 ∈ 𝑅, 𝑡 ∈ 𝑇 , will
be called an operator. The set of all operators will be denoted by 𝑌 .

Let 𝑃 be a set of predicate symbols, each of which has a definite (finite) arity. An
expression 𝑢 = 𝑝(𝑡1, … , 𝑡𝑛), where 𝑝 is an 𝑛-ary predicate symbol and 𝑡1, … , 𝑡𝑛
are terms, will be called an elementary condition, and the set of all elementary
conditions will be denoted by 𝑈 . Let 𝑋 be the set of all mappings of the set
𝑈 into the set {0, 1}. We shall consider 𝑋–𝑌 -automata 𝐴 with a final state
(2), whose transition functions have the following property: for any two states
𝑎, 𝑎′ ∈ 𝐴 there exists a Boolean function 𝑓(𝑧1, … , 𝑧𝑛) and a set of elementary
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conditions 𝑢1, … , 𝑢𝑛 such that, for any 𝑥 ∈ 𝑋, 𝑎𝑥 = 𝑥′ if and only if

𝑓(𝑥(𝑢1), … , 𝑥(𝑢𝑛)) = 1.

An automaton 𝐴 will be called finite if its set of states is finite.

Although the input and output alphabets 𝑋 and 𝑌 are infinite, every finite
automaton uses only a finite number of symbols of the alphabet 𝑌 , and its
transition function depends only on the values of the input signal 𝑥 on a finite
set of elementary conditions. This makes it possible in each particular case to
narrow the input and output alphabets to finite ones,

leaving only those symbols of the alphabet 𝑌 which are values of the output
functions, and identifying symbols of the alphabet 𝑋 which differ in their values
only on those elementary conditions on which the transition function does not
depend.

Fix some algebraic system 𝑀 with signature of operations Ω and signature
of predicates 𝑃 . In this system, each term 𝑡(𝑟1, … , 𝑟𝑛) will be interpreted as
a function with values in 𝑀 of variables 𝑟1, … , 𝑟𝑛 taking values in 𝑀 , and
an elementary condition 𝑝(𝑡1, … , 𝑡𝑛) is interpreted as a predicate function of
the variables occurring in the terms 𝑡1, … , 𝑡𝑛 and taking values in 𝑀 . If some
distribution of values of the variables from 𝑅 is fixed, i.e., a function 𝑏 ∶ 𝑅 → 𝑀 ,
then each term 𝑡 receives the value 𝑏(𝑡) in 𝑀 , and each elementary condition 𝑢
receives the value 𝑏(𝑢) in the set {0, 1}. The set 𝐵𝑀 of all functions 𝑏 ∶ 𝑅 → 𝑀
can be regarded as an operational 𝑌 − 𝑋-automaton if the transition function
is defined by the relation 𝑏𝑦 = 𝑏′, where for 𝑦 = (𝑟 ∶= 𝑡), 𝑏′(𝑠) = 𝑏(𝑠) if 𝑠 ≠ 𝑟
and 𝑏′(𝑟) = 𝑏(𝑡), and the output function 𝜇 is defined by the condition 𝜇(𝑏)𝑥,
where 𝑥(𝑢) = 𝑏(𝑢).
Every controlling 𝑋 − 𝑌 -automaton 𝐴, for fixed 𝑀 , defines a certain partial
transformation 𝑓𝐴 of the set 𝐵𝑀 of states of the operational automaton, and
two automata 𝐴1 and 𝐴2 are equivalent with respect to 𝑀 if 𝑓𝐴1

= 𝑓𝐴2
. The

𝑋 − 𝑌 -automata 𝐴1 and 𝐴2 are called functionally equivalent if 𝐴1 and 𝐴2 are
equivalent with respect to any algebraic system 𝑀 . In the terminology of [2],
functional equivalence is equivalence with respect to the class 𝔅 of all initial
subautomata 𝐵𝑀(𝑏) of all operational automata 𝐵𝑀 .

Theorem 1. If the set 𝑅 is countable, Ω contains at least one unary func-
tional symbol, and 𝑃 contains at least one unary predicate symbol, then the
problem of functional equivalence of finite 𝑋 − 𝑌 -automata with a final state is
algorithmically undecidable.

The set of terms 𝑇 may be regarded as the free universal algebra with operations
Ω, and the set 𝐺 of all mappings from 𝑅 into 𝑇 , which leave in place all but
a finite number of elements of the set 𝑅, as a 𝑌 -automaton, assuming that
𝑔𝑦 = 𝑔′, where for 𝑦 = (𝑟 ∶= 𝑡), 𝑔′(𝑠) = 𝑔(𝑠) if 𝑠 ≠ 𝑟, and 𝑔′(𝑟) = 𝑔(𝑡).
As the initial state 𝑔0 of the automaton 𝐺 we choose the identity mapping
𝑔0(𝑟) = 𝑟. Let 𝐿 be the set of all mappings 𝜇 ∶ 𝐺 → 𝑋 such that, if 𝑢 =
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𝑝(𝑡1, … , 𝑡𝑛), 𝑔(𝑡𝑖) = 𝑔′(𝑡𝑖) (𝑖 = 1, … , 𝑛), 𝜇(𝑔) = 𝑥 and 𝜇(𝑔′) = 𝑥′, then 𝑥(𝑢) =
𝑥′(𝑢). Every initial subautomaton 𝐵𝑀(𝑏) of any operational automaton 𝐵𝑀 is
a homomorphic image of some automaton 𝐺𝜇, where 𝜇 ∈ 𝐿 (𝐺𝜇 is the 𝑌 − 𝑋-
automaton 𝐺 with output function 𝜇); therefore the automata 𝐴1 and 𝐴2 are
functionally equivalent if and only if 𝐴1 ∼ 𝐴2(𝐺, 𝐿).
The further proof of Theorem 1 is based on a special method of representing an
arbitrary partially recursive function by means of mappings induced by control-
ling automata.

Let 𝜔 be a unary functional symbol, and 𝑝 a unary predicate symbol. We shall
say that the variable 𝑟 represents the number 𝑛 with respect to the pair (𝑔, 𝜇)
(𝑔 ∈ 𝐺, 𝜇 ∈ 𝐿) if the mapping 𝑥 = 𝜇(𝑔) is such that, for every condition 𝑢 of the
form 𝑢 = 𝑝(𝜔𝑘(𝑔(𝑟))) (𝑘 = 0, 1, …), 𝑥(𝑢) = 1 if and only if 𝑘 = 𝑚(2𝑛 + 𝑚 + 1)/2
(𝑚 = 0, 1, …).
Order all variables in the sequence 𝑟0, 𝑟1, …. We shall say that the pair (𝑔, 𝜇)
(𝑔 ∈ 𝐺, 𝜇 ∈ 𝐿) represents the tuple of nonnegative integers 𝑧1, … , 𝑧𝑛, if the vari-
ables 𝑟1, … , 𝑟𝑛 represent the numbers 𝑧1, … , 𝑧𝑛, respectively, and the variable
𝑟0 represents the number 0 with respect to the pair (𝑔, 𝜇).
Each 𝑋–𝑌 automaton 𝐴 induces a partial mapping 𝑢𝐴 ∶ 𝐿 → 𝐺 [2], and we
shall say that automaton 𝐴 represents a partial recursive function 𝑓(𝑧1, … , 𝑧𝑛) if,
whenever the pair (𝑔0, 𝜇) represents a set of numbers 𝑧1, … , 𝑧𝑛, 𝐴 is applicable
to 𝜇 if and only if 𝑓(𝑧1, … , 𝑧𝑛) is defined, and, if 𝑓(𝑧1, … , 𝑧𝑛) is defined, then
the pair (𝑢𝐴(𝜇), 𝜇) represents the number 𝑓(𝑧1, … , 𝑧𝑛).
Lemma 1. For every partial recursive function 𝑓(𝑧1, … , 𝑧𝑛) there exists a finite
𝑋–𝑌 automaton 𝐴 that represents this function.

If automata 𝐴1 and 𝐴2 represent one and the same partial recursive function,
they still need not be functionally equivalent. However, the following proposition
holds.

Lemma 2. There exists a constructive procedure which, for any pair of finite
𝑋–𝑌 automata 𝐴1 and 𝐴2 and for each number 𝑛 ≥ 0, makes it possible to
construct finite automata 𝐴1 and 𝐴2 possessing the following property: if 𝐴1
and 𝐴2 represent the partial recursive functions 𝑓1(𝑧1, … , 𝑧𝑛) and 𝑓2(𝑧1, … , 𝑧𝑛),
respectively, then the automata 𝐴1 and 𝐴2 are functionally equivalent if and
only if the functions 𝑓1(𝑧1, … , 𝑧𝑛) and 𝑓2(𝑧1, … , 𝑧𝑛) coincide on the intersection
of their domains of definition.

From Lemma 2 the undecidability of the problem of functional equivalence fol-
lows immediately.
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