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SOME THEOREMS ON THE COMPLEXITY
OF NORMAL ALGORITHMS AND COMPU-
TATIONS
(Presented by Academician P. S. Novikov, 18 VI 1968)

The article considers two problems: a) the complexity of normal algorithms
constructively generated by words of a certain alphabet; b) the complexity of
deciding enumerable sets under a restriction on the running time of the deciding
algorithms.

We shall use the terminology and concepts introduced in the works (1,2,4). In
particular, the length of a description of an algorithm 𝔄 will be called the
complexity of the algorithm 𝔄 and denoted by the symbol 𝔄ℨ.

1. Theorem 1. Let 𝐴 and be alphabets each containing at least two letters.
Let 𝔄 be a normal algorithm over the alphabet such that, for any word
𝑄 in the alphabet , from !𝔄⟂𝑄⟂ it follows that 𝔄⟂𝑄⟂ is a description of
a normal algorithm over the alphabet 𝐴. Then one can specify a normal
algorithm 𝔇 over the alphabet and a natural number 𝐶 such that, for any
word 𝑄 in the alphabet , the following three conditions are satisfied:

a) the algorithm 𝔇 is applicable to the word 𝑄;

b) the word 𝔇⟂𝑄⟂ is a description of a normal algorithm in a two-letter
extension of the alphabet 𝐴, of complexity not exceeding

log2 |𝜕 |
log2 |𝐴𝜕 | ⋅ |𝑄𝜕 | + 𝐶;

c) if !𝔄⟂𝑄⟂, then the words 𝔄⟂𝑄⟂ and 𝔇⟂𝑄⟂ are descriptions of normal
algorithms equivalent with respect to the alphabet 𝐴.

We note that in the case where one of the alphabets under consideration has
one letter, analogous theorems hold.

Theorem 1 is very convenient in estimating the complexities of normal algo-
rithms through the complexities of the algorithms participating in their con-
struction. Thus, for example, there exists a natural number 𝐶 such that, what-
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ever the alphabet 𝐴 and the normal algorithms 𝔄 and 𝔅 in this alphabet may
be, one can construct a normal algorithm ℭ in a two-letter extension of the
alphabet 𝐴, equivalent with respect to the alphabet 𝐴 to the normal composi-
tion of the algorithms 𝔄 and 𝔅, whose complexity does not exceed the quantity
2𝔄ℨ + 2𝔅ℨ + 𝐶|𝐴𝜕 |.

2. At present many results are known that are connected with estimates of
the complexity of algorithms performing some work; however, the time
characteristics of the computation process are usually not taken into ac-
count. We shall consider some questions connected with the computation
of Boolean functions by normal algorithms under a restriction on the run-
ning time of the computing algorithms.

A Boolean function of 𝑛 arguments will be called (𝑀, 𝑇 )-computable if there
exists a Φ-algorithm computing it, of complexity not exceeding 𝑀 , and such
that its running time on each 𝑛-dimensional Boolean vector is bounded by the
number 𝑇 . If a Boolean function is not (𝑀, 𝑇 )-computable, then we shall say
that it is (𝑀, 𝑇 )-noncomputable (here 𝑀 and 𝑇 are natural numbers).

Theorem 2. One can construct an algorithm 𝔄 over the alphabet 0|, possessing
the following properties:

a) for every natural number 𝑛, if !𝔄⌊𝑛⌋, then 𝔄⌊𝑛⌋ is a record of a Boolean
function of 𝑛 arguments;

b) for every general recursive function 𝑓 and every natural number 𝑝 one can
specify a natural number 𝑚 exceeding it such that !𝔄⌊𝑚⌋ and 𝔄⌊𝑚⌋ is a
record of a (2𝑚/3, 𝑓(𝑚))-noncomputable Boolean function.

We note that any algorithm 𝔄 for which properties a) and b) of Theorem 2 hold
is incomplete.

3. Theorem 2 makes it possible to obtain a certain estimate of the complexity
of deciding enumerable sets under a restriction on the running time of the
deciding algorithms.

By the symbol 𝜏(𝑛, 𝔅, 𝔄, 𝑡) we shall denote the following assertion: “the algo-
rithm 𝔅 is applicable to all words of length 𝑛 in the alphabet 𝐴 and annihilates
exactly those of them to which the algorithm 𝔄 is applicable; moreover, the
running time of the algorithm 𝔅 on each word of length 𝑛 in the alphabet 𝐴 is
bounded by the number 𝑡.”
Theorem 3. Let 𝐴 ⊇ 0|. There exists a general recursive function 𝑓 such that,
for every algorithm 𝔄 over the alphabet 0| and every natural number 𝑛, it is
false that there is no Φ-algorithm 𝔅 such that 𝜏(𝑛, 𝔅, 𝔄, 𝑓(𝑛)) and 𝔅 ≤ 2𝑛 +64.

The impossibility of substantially strengthening Theorem 3 follows from the
following proposition.

Theorem 4. There exists an algorithm 𝔄 over the alphabet 0| such that, for
every general recursive function 𝑓 and every natural number 𝑝, one can specify

sovietrxiv.org/items/ru-196901.78424 Machine Translation

https://sovietrxiv.org/items/ru-196901.78424


a natural number 𝑚 exceeding it such that there is no Φ-algorithm 𝔅 for which
𝜏(𝑚, 𝔅, 𝔄, 𝑓(𝑚)) and 𝔅 ≤ 2𝑚/3.

Theorems 2 and 4 remain valid when the temporal signaling function is replaced
by any other signaling function (for the definition of signaling function, see (3)).
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