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Suppose it is required to find the minimum value of a nonlinear functional f(x)
on a closed convex bounded set of a reflexive Banach space. In what follows,
when speaking of the n-th derivative of a functional, we shall mean the strong
derivative (1).

Theorem 1. Let Q be a closed convex bounded set of a reflexive Banach space

E; let f(x) be a functional n times differentiable on @, and suppose that
[f™ (@) = f™ ()l < Rlz—yl,  zyeQ. (1)
Suppose, furthermore, that the functional
(ke k 1 7 (k kN2 1 (n) ( .k k\n
fel@) = f/(@%)(@ = a®) + 5 f7 (@) (@ — 2%)" 4 S f0 (") (2 — 27)

is convex for every k > 0; ¥ is a point of minimum of f,(x) on Q; o), = BV,

where
_ 1/n
. —fi(@")
/Bk = min {1, |:|:I;k—3jk”n+1 y

and 0 <y <y, < i is chosen from the condition

F@M) — f(2F) < eBpmfi(@F), 0<e<.

Then, if

ohtl = gk 4, (2% — o), (2)
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then: 1) f(zF1) < f(2); 2) limy_, f.(2%) = 0; 3) if f(z) is convex, then

lim f(2*) = inf f(z) = f(z*).

k—oo zeEQ

Remark. For n > 1, instead of condition (1) it is sufficient to restrict oneself
to the requirement | (z)|| < M, x € Q; in this case

. K 1/(n—1)
Bk:min{l, [”xkfi(;ckin} }

It is not difficult to see that many known minimization methods (for example,
gradient methods in unconstrained problems, the conditional-gradient method,
Newton’ s method, method (?)) follow directly from Theorem 1. The approach
proposed in Theorem 1 can also be used to justify methods for minimizing a
functional f(z,y) under the condition P(z,y) =0 (see Theorem 3 below).

We note that, in contrast to previously used algorithms for choosing the pa-
rameter o, (see (*~%)), the algorithm proposed in Theorem 1 is not connected
with computing the minimum of the function f(«) in the direction of motion
and does not require knowledge of constants characterizing the functional being
minimized. As a consequence, it makes it possible to avoid complications arising
from an inaccurate determination of the point of minimum of f(«) and to reduce
the time spent on solving the problem. In second-order methods (Theorem 2)
the proposed algorithm for choosing the step length makes it possible, moreover,
to obtain a higher estimate of the rate of convergence in comparison with the
known ones (?).

Theorem 2. Let Q be a closed convex bounded set of a Hilbert space F; let
f(z) be a twice differentiable functional on @), and suppose that

mlyl* < (f"(x),y,y) < Mly|?,  m>0. ®3)

Then, if Z* is a point of minimum of the quadratic functional

/ 1 14
fol@) = (f (z%), 2 — ) + §(f (z%)(x — zF), z — z¥)
on the set @, and 0 < a < o, < 1 is determined from the condition
@) — f(a¥) <eapfr(@¥),  0<e<],

then for the sequence (2) assertions 1)—3) of Theorem 1 hold, and, in addition:
4) there exists a number N () such that, for k > N(¢), a;, = 1 and

|zNHP — 2% | < CANAN 1 Anips
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Ay <1 for any i >0, A, =0 asn — oo;
5) if, along with (3), the condition
If" () = "I < Rz — =], 2z2€Q,
is satisfied, then there exists a number L(g) such that, for k > L(e),

2R M o= i
=1 5= L+1 _ ..L 1 L+p _ .% < 521.
=1, L R S S 79D

Let us also consider the following problem: to find the minimal value of the
functional f(z,y) on the set

AZ{(Z‘,y)Z T E€Q, P(Jf,y):O}

Here () C E, is a closed convex bounded set; y € Ey; P € (B} X Ey) — Egis a
differentiable nonlinear operator satisfying the requirements

1P @)l < Ny, [P )l SNy (2y) € A, (4)

E,, E,, E5 are Hilbert spaces. By virtue of (4), the equation P(z,y) = 0 deter-
mines a differentiable function y = y(z), and

Y () = =P (2, yF) Py (aF, yF).

Theorem 3. Let f(z,y) be a twice differentiable function in E; x E,, and let

|fow(@ )l <M, | foy(z, )| <M, |y (z,9)| < M

for all (z,y) € A; let the operator P(x,y) satisfy conditions (4), and let y'(x)
satisfy a Lipschitz condition with constant L for all z € (). Suppose, further,

fk(xvy) = (fx(xkvyk>7x - xk) + (fy('rk’yk)vy - yk)
+ % [(fxm(mkvyk>(x - :Ek)7m - ‘rk) + (fyy(xk7yk)<y _yk)vy - yk)

+ (foy (@, y9) (@ — 2F),y — ")

is a function convex in (z,y); (z%,7%) is a point of minimum of f;(z,y) on the
set

Ap ={(z,y): 2 €Q, P(a"y)(x —a*) + P,(a*,y*)(y — y*) = 0}.

Then, if oy, = By, where

5 —mln{l, s
‘ ERrdt
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and 0 < <, <1/0, is chosen from the condition

@) — f@*, 0% < eBpv (@, 9h), 0<e<l,
then for the sequence
ZH = ok 4y (BF — o), Yol = y(zh )
the following assertions hold: 1) f(a**1 y*+1) < f(zk,4%); 2)

li —k ok =0:
kirgo(x 7yA) )

3) if f(z,y(x)) is a convex (in x) function, then

lim f(a*,y*) = f(a*,y(z")) = inf f(a,y).

k—o0 (z,y)eA
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