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MATHEMATICS

Yu. M. DANILIN

ON ONE APPROACH TO MINIMIZATION
PROBLEMS
(Presented by Academician A. N. Tikhonov on 18 III 1969)

Suppose it is required to find the minimum value of a nonlinear functional 𝑓(𝑥)
on a closed convex bounded set of a reflexive Banach space. In what follows,
when speaking of the 𝑛-th derivative of a functional, we shall mean the strong
derivative (1).
Theorem 1. Let 𝑄 be a closed convex bounded set of a reflexive Banach space
𝐸; let 𝑓(𝑥) be a functional 𝑛 times differentiable on 𝑄, and suppose that

‖𝑓 (𝑛)(𝑥) − 𝑓 (𝑛)(𝑦)‖ ≤ 𝑅‖𝑥 − 𝑦‖, 𝑥, 𝑦 ∈ 𝑄. (1)

Suppose, furthermore, that the functional

𝑓𝑘(𝑥) = 𝑓 ′(𝑥𝑘)(𝑥 − 𝑥𝑘) + 1
2𝑓″(𝑥𝑘)(𝑥 − 𝑥𝑘)2 + ⋯ + 1

𝑛!𝑓
(𝑛)(𝑥𝑘)(𝑥 − 𝑥𝑘)𝑛

is convex for every 𝑘 ≥ 0; ̄𝑥𝑘 is a point of minimum of 𝑓𝑘(𝑥) on 𝑄; 𝛼𝑘 = 𝛽𝑘𝛾𝑘,
where

𝛽𝑘 = min {1, [ −𝑓𝑘( ̄𝑥𝑘)
‖ ̄𝑥𝑘 − 𝑥𝑘‖𝑛+1 ]

1/𝑛
} ,

and 0 < 𝛾 ≤ 𝛾𝑘 ≤ 1
𝛽𝑘

is chosen from the condition

𝑓(𝑥𝑘+1) − 𝑓(𝑥𝑘) ≤ 𝜀𝛽𝑘𝛾𝑘𝑓𝑘( ̄𝑥𝑘), 0 < 𝜀 < 1.

Then, if

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘( ̄𝑥𝑘 − 𝑥𝑘), (2)
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then: 1) 𝑓(𝑥𝑘+1) ≤ 𝑓(𝑥𝑘); 2) lim𝑘→∞ 𝑓𝑘( ̄𝑥𝑘) = 0; 3) if 𝑓(𝑥) is convex, then

lim
𝑘→∞

𝑓(𝑥𝑘) = inf
𝑥∈𝑄

𝑓(𝑥) = 𝑓(𝑥∗).

Remark. For 𝑛 > 1, instead of condition (1) it is sufficient to restrict oneself
to the requirement ‖𝑓 (𝑛)(𝑥)‖ ≤ 𝑀, 𝑥 ∈ 𝑄; in this case

𝛽𝑘 = min {1, [ −𝑓𝑘( ̄𝑥𝑘)
‖ ̄𝑥𝑘 − 𝑥𝑘‖𝑛 ]

1/(𝑛−1)
} .

It is not difficult to see that many known minimization methods (for example,
gradient methods in unconstrained problems, the conditional-gradient method,
Newton’s method, method (2)) follow directly from Theorem 1. The approach
proposed in Theorem 1 can also be used to justify methods for minimizing a
functional 𝑓(𝑥, 𝑦) under the condition 𝑃(𝑥, 𝑦) = 0 (see Theorem 3 below).

We note that, in contrast to previously used algorithms for choosing the pa-
rameter 𝛼𝑘 (see (2−4)), the algorithm proposed in Theorem 1 is not connected
with computing the minimum of the function 𝑓(𝛼) in the direction of motion
and does not require knowledge of constants characterizing the functional being
minimized. As a consequence, it makes it possible to avoid complications arising
from an inaccurate determination of the point of minimum of 𝑓(𝛼) and to reduce
the time spent on solving the problem. In second-order methods (Theorem 2)
the proposed algorithm for choosing the step length makes it possible, moreover,
to obtain a higher estimate of the rate of convergence in comparison with the
known ones (2).
Theorem 2. Let 𝑄 be a closed convex bounded set of a Hilbert space 𝐸; let
𝑓(𝑥) be a twice differentiable functional on 𝑄, and suppose that

𝑚‖𝑦‖2 ≤ (𝑓″(𝑥), 𝑦, 𝑦) ≤ 𝑀‖𝑦‖2, 𝑚 > 0. (3)

Then, if ̄𝑥𝑘 is a point of minimum of the quadratic functional

𝑓𝑘(𝑥) = (𝑓 ′(𝑥𝑘), 𝑥 − 𝑥𝑘) + 1
2(𝑓″(𝑥𝑘)(𝑥 − 𝑥𝑘), 𝑥 − 𝑥𝑘)

on the set 𝑄, and 0 < 𝛼 ≤ 𝛼𝑘 ≤ 1 is determined from the condition

𝑓(𝑥𝑘+1) − 𝑓(𝑥𝑘) ≤ 𝜀𝛼𝑘𝑓𝑘( ̄𝑥𝑘), 0 < 𝜀 < 1,

then for the sequence (2) assertions 1)—3) of Theorem 1 hold, and, in addition:
4) there exists a number 𝑁(𝜀) such that, for 𝑘 ≥ 𝑁(𝜀), 𝛼𝑘 ≡ 1 and

‖𝑥𝑁+𝑝 − 𝑥∗‖ ≤ 𝐶𝜆𝑁𝜆𝑁+1 ⋯ 𝜆𝑁+𝑝,
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𝜆𝑁+𝑖 < 1 for any 𝑖 ≥ 0, 𝜆𝑛 → 0 as 𝑛 → ∞;
5) if, along with (3), the condition

‖𝑓″(𝑥) − 𝑓″(𝑧)‖ ≤ 𝑅‖𝑥 − 𝑧‖, 𝑥, 𝑧 ∈ 𝑄,

is satisfied, then there exists a number 𝐿(𝜀) such that, for 𝑘 ≥ 𝐿(𝜀),

𝛼𝑘 ≡ 1, 𝛿 = 2𝑅
𝑚 ‖𝑥𝐿+1 − 𝑥𝐿‖ < 1, ‖𝑥𝐿+𝑝 − 𝑥∗‖ ≤ 𝑚

2𝑅
∞

∑
𝑖=𝑝

𝛿2𝑖 .

Let us also consider the following problem: to find the minimal value of the
functional 𝑓(𝑥, 𝑦) on the set

𝐴 = {(𝑥, 𝑦) ∶ 𝑥 ∈ 𝑄, 𝑃(𝑥, 𝑦) = 0}.

Here 𝑄 ⊂ 𝐸1 is a closed convex bounded set; 𝑦 ∈ 𝐸2; 𝑃 ∈ (𝐸1 × 𝐸2) → 𝐸3 is a
differentiable nonlinear operator satisfying the requirements

‖𝑃 −1
𝑦 (𝑥, 𝑦)‖ ≤ 𝑁1, ‖𝑃𝑥(𝑥, 𝑦)‖ ≤ 𝑁2, (𝑥, 𝑦) ∈ 𝐴, (4)

𝐸1, 𝐸2, 𝐸3 are Hilbert spaces. By virtue of (4), the equation 𝑃(𝑥, 𝑦) = 0 deter-
mines a differentiable function 𝑦 = 𝑦(𝑥), and

𝑦′(𝑥𝑘) = −𝑃 −1
𝑦 (𝑥𝑘, 𝑦𝑘)𝑃𝑥(𝑥𝑘, 𝑦𝑘).

Theorem 3. Let 𝑓(𝑥, 𝑦) be a twice differentiable function in 𝐸1 × 𝐸2, and let

‖𝑓𝑥𝑥(𝑥, 𝑦)‖ ≤ 𝑀, ‖𝑓𝑥𝑦(𝑥, 𝑦)‖ ≤ 𝑀, ‖𝑓𝑦𝑦(𝑥, 𝑦)‖ ≤ 𝑀

for all (𝑥, 𝑦) ∈ 𝐴; let the operator 𝑃(𝑥, 𝑦) satisfy conditions (4), and let 𝑦′(𝑥)
satisfy a Lipschitz condition with constant 𝐿 for all 𝑥 ∈ 𝑄. Suppose, further,

𝑓𝑘(𝑥, 𝑦) = (𝑓𝑥(𝑥𝑘, 𝑦𝑘), 𝑥 − 𝑥𝑘) + (𝑓𝑦(𝑥𝑘, 𝑦𝑘), 𝑦 − 𝑦𝑘)

+ 1
2[(𝑓𝑥𝑥(𝑥𝑘, 𝑦𝑘)(𝑥 − 𝑥𝑘), 𝑥 − 𝑥𝑘) + (𝑓𝑦𝑦(𝑥𝑘, 𝑦𝑘)(𝑦 − 𝑦𝑘), 𝑦 − 𝑦𝑘)]

+ (𝑓𝑥𝑦(𝑥𝑘, 𝑦𝑘)(𝑥 − 𝑥𝑘), 𝑦 − 𝑦𝑘)

is a function convex in (𝑥, 𝑦); ( ̄𝑥𝑘, ̄𝑦𝑘
𝐴) is a point of minimum of 𝑓𝑘(𝑥, 𝑦) on the

set

𝐴Δ = {(𝑥, 𝑦) ∶ 𝑥 ∈ 𝑄, 𝑃𝑥(𝑥𝑘, 𝑦𝑘)(𝑥 − 𝑥𝑘) + 𝑃𝑦(𝑥𝑘, 𝑦𝑘)(𝑦 − 𝑦𝑘) = 0}.

Then, if 𝛼𝑘 = 𝛽𝑘𝛾𝑘, where

𝛽𝑘 = min {1, −𝑓𝑘( ̄𝑥𝑘, ̄𝑦𝑘
𝐴)

‖ ̄𝑥𝑘 − 𝑥𝑘‖2 } ,
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and 0 < 𝛾 ≤ 𝛾𝑘 ≤ 1/𝛽𝑘 is chosen from the condition

𝑓(𝑥𝑘+1, 𝑦𝑘+1) − 𝑓(𝑥𝑘, 𝑦𝑘) ≤ 𝜀𝛽𝑘𝛾𝑘𝑓𝑘( ̄𝑥𝑘, ̄𝑦𝑘
𝐴), 0 < 𝜀 < 1,

then for the sequence

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘( ̄𝑥𝑘 − 𝑥𝑘), 𝑦𝑘+1 = 𝑦(𝑥𝑘+1)

the following assertions hold: 1) 𝑓(𝑥𝑘+1, 𝑦𝑘+1) ≤ 𝑓(𝑥𝑘, 𝑦𝑘); 2)

lim
𝑘→∞

( ̄𝑥𝑘, ̄𝑦𝑘
𝐴) = 0;

3) if 𝑓(𝑥, 𝑦(𝑥)) is a convex (in 𝑥) function, then

lim
𝑘→∞

𝑓(𝑥𝑘, 𝑦𝑘) = 𝑓(𝑥∗, 𝑦(𝑥∗)) = inf
(𝑥,𝑦)∈𝐴

𝑓(𝑥, 𝑦).

The author expresses gratitude to B. M. Budak and F. P. Vasil’ev for discussing
the results and for useful remarks.
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