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MATHEMATICS

A. I. PEROV, T. K. KATSARAN

ON NONLINEAR MULTIDIMENSIONAL DIF-
FERENTIAL EQUATIONS
(Presented by Academician S. L. Sobolev on 11 IV 1969)

The paper gives sufficient conditions for the existence of an almost periodic
solution of a nonlinear multidimensional differential equation with an almost
periodic right-hand side. Preliminary study is made of conditions for complete
integrability of such equations and of conditions for the applicability of the
small-parameter method.

The following notation is adopted in the paper. 𝐸𝑥 and 𝐸𝑦 are real and complex
finite-dimensional Banach spaces; 𝐿(𝐸𝑥; 𝐸𝑦) is the space of linear operators
acting from 𝐸𝑥 into 𝐸𝑦; 𝐿[𝐸𝑥; 𝐸𝑦] = 𝐿(𝐸𝑥; 𝐿(𝐸𝑦; 𝐸𝑦)). The space of 𝑗-linear
symmetric operators defined on 𝐸𝑦 and with values in 𝐿(𝐸𝑥; 𝐸𝑦) is denoted by
𝑆𝑗[𝐸𝑥; 𝐸𝑦]; if 𝑓 ∈ 𝑆𝑗[𝐸𝑥; 𝐸𝑦], then ‖𝑓‖∗ = max{‖𝑓𝑦𝑗‖/‖𝑦‖𝑗}. The symmetric
and cosymmetric parts of a multilinear operator 𝑓 are denoted by ⋁ 𝑓 and ⋀ 𝑓 ,
respectively. If 𝑦(𝑥) is a bounded function defined on 𝐸𝑥 and with values in 𝐸𝑦,
then ‖𝑦( )‖ = sup ‖𝑦(𝑥)‖.
For information used in the paper on vector analytic functions of a vector ar-
gument and power series, see (1), and on vector almost periodic functions of a
vector argument, see (2,3).
1. Complete integrability. Consider the nonlinear multidimensional differ-
ential equation

𝑦′ = 𝑓(𝑥, 𝑦). (1)

Suppose that

𝑓(𝑥, 𝑦) = ∑
0≤𝑗

𝑓𝑗(𝑥)𝑦𝑗, (2)

where 𝑓𝑗(𝑥) is an operator almost periodic function defined on 𝐸𝑥 and with
values in 𝑆𝑗[𝐸𝑥; 𝐸𝑦],
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𝑓𝑗(𝑥) ∼ ∑ 𝑓𝜆
𝑗 𝑒𝑖𝜆𝑥. (3)

Here 𝑓𝜆
𝑗 ∈ 𝑆𝑗[𝐸𝑥; 𝐸𝑦], and 𝜆 runs through the spectrum 𝜎𝑗 ⊂ 𝐸∗

𝑥 of the function
𝑓𝑗(𝑥).
If the operator function 𝑓(𝑥, 𝑦) is continuously differentiable in both variables,
then, according to the Frobenius theorem (see, for example, (4)), complete inte-
grability holds if and only if

⋀
ℎ𝑘

{𝜕𝑓(𝑥, 𝑦)
𝜕𝑥 ℎ𝑘 + 𝜕𝑓(𝑥, 𝑦)

𝜕𝑦 [𝑓(𝑥, 𝑦)ℎ]𝑘} = 0 (∀ℎ, 𝑘 ∈ 𝐸𝑥). (4)

Substituting expression (2) into this condition and taking (3) into account, we
arrive at the system of relations

⋀
𝜆ℎ𝑘

⎧{
⎨{⎩

𝑖𝜆ℎ𝑓𝜆
𝑗 𝑦𝑗ℎ + ∑

𝑎+𝑏=𝑗+1
𝜇+𝜈=𝜆

𝑎𝑓𝑎
𝜇𝑦𝑎−1(𝑓𝜈

𝑏 𝑦𝑏ℎ)𝑘
⎫}
⎬}⎭

= 0 (5)

[∀ℎ, 𝑘 ∈ 𝐸𝑥, ∀𝑦 ∈ 𝐸𝑦; 𝑗 = 0, 1, 2, … ; 𝜆 ∈ 𝜎 + 𝜎),

where

𝜎 = ⋃
0≤𝑗

𝜎𝑗.

Theorem 1. Let 𝑓𝑗(𝑥) be an almost periodic operator function defined on 𝐸𝑥
and with values in 𝑆𝑗[𝐸𝑥; 𝐸𝑦] (𝑗 = 0, 1, 2, …), and suppose that, for some 𝑟, for
every 𝛿, 0 < 𝛿 < 1, the series (2) converges uniformly for 𝑥 ∈ 𝐸𝑥, ‖𝑦‖ ≤ (1 − 𝛿)𝑟.

Then the complete solvability of equation (1) holds if and only if condition (5)
is satisfied.

We emphasize that under the hypotheses of Theorem 1 the operator function
𝑓(𝑥, 𝑦) need not be differentiable with respect to 𝑥.

Theorem 2. The operator function 𝑓(𝑥, 𝑦) is representable in the form (2) and
satisfies the hypotheses of Theorem 1 if and only if the following conditions are
satisfied: in the domain 𝑥 ∈ 𝐸𝑥, ‖𝑦‖ < 𝑟, the function 𝑓(𝑥, 𝑦) is differentiable
with respect to 𝑦 and almost periodic with respect to 𝑥; for every 𝛿, 0 < 𝛿 < 1,
one can specify a constant 𝑀𝛿 such that ‖𝑓(𝑥, 𝑦)‖ ≤ 𝑀𝛿 for 𝑥 ∈ 𝐸𝑥, ‖𝑦‖ ≤
(1 − 𝛿)𝑟.

2. The small-parameter method. Consider the nonlinear multidimensional
differential equation containing a small complex parameter 𝜀,

sovietrxiv.org/items/ru-196901.78154 Machine Translation

https://sovietrxiv.org/items/ru-196901.78154


𝑦′ℎ = 𝐴ℎ𝑦 + 𝜑(𝑥)ℎ + 𝜀𝑓(𝑥, 𝑦, 𝜀)ℎ (∀ℎ ∈ 𝐸𝑥), (6)

where 𝐴 ∈ 𝐿[𝐸𝑥; 𝐸𝑦], 𝜑(𝑥) is an almost periodic operator function with values
in 𝐿(𝐸𝑥; 𝐸𝑦);

𝑓(𝑥, 𝑦, 𝜀) = ∑
0≤𝑝,𝑞

𝑓𝑝𝑞(𝑥)𝑦𝑝𝜀𝑞 (7)

and 𝑓𝑝𝑞(𝑥) is an almost periodic operator function with values in 𝑆𝑝[𝐸𝑥; 𝐸𝑦]
(𝑝, 𝑞 = 0, 1, 2, …).
Suppose that 𝜑(𝑥) and 𝑓(𝑥, 𝑦, 𝜀) are differentiable in the domain 𝑥 ∈ 𝐸𝑥, ‖𝑦‖ < 𝑟,
|𝜀| < 𝑠. From condition (4) it is not difficult to obtain that the complete
solvability of equation (6) for all 𝜀, |𝜀| < 𝑠, holds if and only if the following
conditions are satisfied:

⋀
ℎ𝑘

𝐴ℎ𝐴𝑘 = 0, (8)

⋀
ℎ𝑘

{𝜑′(𝑥)ℎ𝑘 + 𝐴𝑘𝜑(𝑥)ℎ} = 0, (9)

⋀
ℎ𝑘

𝐷𝑝𝑞(𝑥; 𝑦1, … , 𝑦𝑝)ℎ𝑘 = 0. (10)

Here ℎ, 𝑘 ∈ 𝐸𝑥 are arbitrary, 𝑝, 𝑞 = 0, 1, 2, …, and

𝐷𝑝𝑞(𝑥; 𝑦1, … , 𝑦𝑝)ℎ𝑘 = 𝑓 ′
𝑝𝑞(𝑥)ℎ𝑦1 … 𝑦𝑝𝑘 + 𝐴𝑘𝑓𝑝𝑞(𝑥)𝑦1 … 𝑦𝑝ℎ

+ ∑
1≤𝑗≤𝑝

𝑓𝑝𝑞(𝑥)𝑦1 … (𝐴ℎ𝑦𝑗) … 𝑦𝑝𝑘 + (𝑝 + 1)𝑓𝑝+1,𝑞(𝑥)𝑦1 … 𝑦𝑝(𝜑(𝑥)ℎ)𝑘

+ ⋁
𝑦1…𝑦𝑝

∑
𝑡+𝑎=𝑝−1
𝑠+𝑏=𝑞−1

∑
1≤𝑗≤𝑡

𝑓𝑡𝑠(𝑥)𝑦1 … (𝑓𝑎𝑏𝑦𝑗 … 𝑦𝑗+𝑎ℎ) … 𝑦𝑝𝑘.

(11)

We shall seek a solution 𝑦(𝑥) = 𝑦(𝑥; 𝜀) of equation (6) in the form

𝑦(𝑥) = 𝑦0(𝑥) + 𝜀𝑦1(𝑥) + … + 𝜀𝑗𝑦𝑗(𝑥) + … (12)

To determine the coefficients of this expansion we obtain the following system
of linear nonhomogeneous equations:

𝑦′
0(𝑥)ℎ = 𝐴ℎ𝑦0(𝑥) + 𝜑(𝑥)ℎ,
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𝑦′
1(𝑥)ℎ = 𝐴ℎ𝑦1(𝑥) + ∑

0≤𝑝
𝑓𝑝0(𝑥)[𝑦0(𝑥)]𝑝ℎ, (13)

𝑦′
𝑗(𝑥)ℎ = 𝐴ℎ𝑦𝑗(𝑥) + ∑

𝑗1+⋯+𝑗𝑝+𝑞+1=𝑗
𝑓𝑝𝑞(𝑥)𝑦𝑗1

(𝑥) ⋯ 𝑦𝑗𝑝
(𝑥)ℎ

(𝑗 = 2, 3, …).

We shall say that system (13) is completely solvable if for any 𝜉 ∈ 𝐸𝑥 and
𝑦0, 𝑦1, … ∈ 𝐸𝑦 there exists a solution 𝑦0(𝑥), 𝑦1(𝑥), … of this system for which
𝑦𝑗(𝜉) = 𝑦𝑗 (𝑗 = 0, 1, 2, …).
As before, let us write the condition for complete solvability of the 𝑗-th equation
of system (13) and in it replace 𝑦0(𝑥), … , 𝑦𝑗−1(𝑥) by the vectors 𝑦0, … , 𝑦𝑗−1.
Under the sign ∧ we shall obtain a certain expression 𝒟𝑗(𝑥; 𝑦0, … , 𝑦𝑗−1)ℎ𝑘.

Theorem 3. Let 𝑓𝑝𝑞(𝑥) be an almost periodic operator function with values
in 𝑆𝑝[𝐸𝑥; 𝐸𝑦] (𝑝, 𝑞 = 0, 1, 2, …), and suppose that for some 𝑟, 𝑠 > 0, for every
𝛿, 0 < 𝛿 < 1, the series (7) converges uniformly for 𝑥 ∈ 𝐸𝑥, ‖𝑦‖ ≤ (1 − 𝛿)𝑟,
|𝜀| ≤ (1 − 𝛿)𝑠.

Then the system of equations (13) is completely solvable if and only if equation
(6) is completely solvable.

The proof of this theorem in the smooth case is based on the formula

∧ℎ𝑘𝒟𝑗(𝑥; 𝑦0, … , 𝑦𝑗−1)ℎ𝑘 = ∑ 𝑝! ∧ℎ𝑘 𝐷𝑝𝑞(𝑥; 𝑦𝑗1
, … , 𝑦𝑗𝑝

)ℎ𝑘, (14)

where the summation is over all possible sets of indices 𝑗1, … , 𝑗𝑝 with

𝑗1 + ⋯ + 𝑗𝑝 + 𝑞 = 𝑗 − 1.

Theorem 4. The operator function 𝑓(𝑥, 𝑦, 𝜀) is representable in the form (7)
and satisfies the conditions of Theorem 3 if and only if in the domain 𝑥 ∈ 𝐸𝑥,
‖𝑦‖ < 𝑟, |𝜀| < 𝑠 the function 𝑓(𝑥, 𝑦, 𝜀) is differentiable with respect to 𝑦, 𝜀 and
almost periodic with respect to 𝑥, and for every 𝛿, 0 < 𝛿 < 1, one can indicate
such a constant 𝑀𝛿 that

‖𝑓(𝑥, 𝑦, 𝜀)‖ ≤ 𝑀𝛿

for 𝑥 ∈ 𝐸𝑥, ‖𝑦‖ ≤ (1 − 𝛿)𝑟, |𝜀| ≤ (1 − 𝛿)𝑠.

3. Existence of an almost periodic solution
Consider the linear multidimensional differential equation

𝑦′ℎ = 𝐴ℎ𝑦 + 𝜑(𝑥)ℎ (∀ℎ ∈ 𝐸𝑥), (15)
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where 𝐴 ∈ 𝐿[𝐸𝑥; 𝐸𝑦] and 𝜑(𝑥) is an almost periodic operator function with val-
ues in 𝐿(𝐸𝑥; 𝐸𝑦). Denote by Φ𝛼(𝐴) the totality of all almost periodic functions
𝜑(𝑥) ensuring complete solvability of equation (15) and satisfying the condition

𝜌(𝜎(𝐴), 𝑖𝜎{𝜑( )}) ≥ 𝛼 > 0

(𝜎(𝐴) is the spectrum of the operator 𝐴 5; 𝜎{𝜑( )} is the spectrum of the
function 𝜑(𝑥)).
Theorem 5. For any 𝜑(𝑥) ∈ Φ𝛼(𝐴), equation (15) has a unique almost periodic
solution 𝑦(𝑥), whose spectrum coincides with the spectrum of 𝜑(𝑥). There exists
a constant 𝑐 = 𝑐(𝐴, 𝛼) > 0 such that the estimate

‖𝑦( )‖ ≤ 𝑐‖𝜑( )‖

is valid.

Let 𝜎+ be the totality of all 𝜆 ∈ 𝐸∗
𝑥 representable in the form

𝜆 = 𝑎1𝜆1 + ⋯ + 𝑎𝑛𝜆𝑛,

where 𝑎1, … , 𝑎𝑛 ≥ 0 are integers and 𝜆1, … , 𝜆𝑛 ∈ 𝜎 (see § 1). Suppose that

𝜌(𝜎(𝐴), 𝑖𝜎+) ≥ 𝛼 > 0.

Then each of the equations of the system (13), by Theorem 5, has a unique
almost periodic solution 𝑦𝑗(𝑥), whose spectrum lies in 𝜎+.

To prove the existence of an almost periodic solution of equation (6), we shall
apply the method of majorants. Alongside equation (6), consider the scalar
equation

𝜁 = 𝑐 (‖𝜑( )‖ + 𝜀 ∑
0≤𝑝,𝑞

‖𝑓𝑝𝑞( )‖∗ 𝜁𝑝𝜀𝑞) , (16)

the right-hand side of which we denote by 𝐹(𝜁, 𝜀) (see (6)).

Theorem 6. Suppose the conditions of Theorem 3 are fulfilled and equation
(6) is completely solvable for |𝜀| < 𝑠. Let

𝜌(𝜎(𝐴), 𝑖𝜎+) ≥ 𝛼 > 0

and let 𝑐 = 𝑐(𝐴, 𝛼) be the constant from Theorem 5.

Then: 1) if, for some 𝜀∗ > 0, the power series 𝐹(𝜉, 𝜀∗) has a nonzero radius of
convergence and the equation 𝜉 = 𝐹(𝜉, 𝜀∗) has a nonnegative root 𝜉∗, then the
series (12) converges uniformly for |𝜀| ⩽ 𝜀∗ and represents an almost periodic
solution whose spectrum lies in 𝜎+;
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2) if 𝜉∗ is a simple root and (𝜉∗, 𝜀∗) is an interior point of convergence of the
series 𝐹(𝜉, 𝜀), then what has been stated above is valid for |𝜀| < 𝜀∗ + Δ,
where Δ is a sufficiently small positive number.

4. The theory set forth above carries over without particular difficulty to the
case when 𝐸𝑥 and 𝐸𝑦 are infinite-dimensional Banach spaces. The authors
suppose that, under a corresponding generalization of the concept of solu-
tion, the theorems obtained will also remain valid if almost periodicity is
understood in the sense of Stepanov, Weyl, or Besicovitch.

The authors express their gratitude to Prof. M. A. Krasnosel’skii for his attention
and advice.

Voronezh State
University
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