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MATHEMATICS

V. P. PETRENKO

GROWTH OF MEROMORPHIC FUNCTIONS
OF FINITE LOWER ORDER
(Presented by Academician M. A. Lavrent’ev on 14 VI 1968)

§ 1. Let 𝑓(𝑧) be a function meromorphic for 𝑧 ≠ ∞, of finite lower order 𝜆 and
order 𝜌. R. Nevanlinna (1,2) introduced the concept of the defect of 𝑓(𝑧) at the
point 𝑎

𝛿(𝑎, 𝑓) = lim
𝑟→∞

𝑚(𝑟, 𝑎, 𝑓)
𝑇 (𝑟, 𝑓) ,

where 𝑇 (𝑟, 𝑓) is the Nevanlinna characteristic of 𝑓(𝑧), and 𝑚(𝑟, 𝑎, 𝑓) is the mean
proximity of 𝑓(𝑧) to 𝑎 on the circle |𝑧| = 𝑟 (see (2), p. 169).

Obviously, the quantity 𝛿(𝑎, 𝑓) may be regarded as the magnitude of the mean
deviation of 𝑓(𝑧) from the number 𝑎. Put, further,

𝑀(𝑟, 𝑎, 𝑓) = max
|𝑧|=𝑟

1
|𝑓(𝑧) − 𝑎| for 𝑎 ≠ ∞,

𝑀(𝑟, ∞, 𝑓) = max
|𝑧|=𝑟

|𝑓(𝑧)|,

𝛽(𝑎, 𝑓) = lim
𝑟→∞

ln+ 𝑀(𝑟, 𝑎, 𝑓)
𝑇 (𝑟, 𝑓) .

𝛽(𝑎, 𝑓) characterizes the magnitude of the minimal deviation of 𝑓(𝑧) from the
number 𝑎; we shall call 𝛽(𝑎, 𝑓) the magnitude of deviation of 𝑓(𝑧) from the
number 𝑎.

The main results of the paper are:

Theorem 1. If a meromorphic function 𝑓(𝑧) is of finite lower order 𝜆, then for
an arbitrary complex number 𝑎
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𝛽(𝑎, 𝑓) ≤ {𝜋𝜆/ sin 𝜋𝜆, for 0 < 𝜆 < 0.5,
𝜋𝜆, for 𝜆 ≥ 0.5. (1,1)

(1,2)

Theorem 2 (3). For an arbitrary fixed complex number 𝑎 and for any fixed
numbers 𝜆 and 𝜌 such that

0.5 ≤ 𝜆 ≤ 𝜌 ≤ ∞,

there exists a meromorphic function ℎ𝜆,𝜌,𝑎(𝑧) of lower order 𝜆 and order 𝜌, for
which

𝛽(𝑎, ℎ𝜆,𝜌,𝑎) = 𝜋𝜆.

Thus, estimate (1,2) is sharp. Estimate (1,1) for entire functions with 𝜆 replaced
by 𝜌 was proved by G. Valiron (4). In the general case, as noted by the author
(5), estimate (1,1) follows from results of A. A. Gol’dberg and I. V. Ostrovskii
(6,7). In 1932 Paley (8) proposed the hypothesis: if 𝑔(𝑧) is an entire function of
order 𝜌 ≥ 0.5, then

𝛽(∞, 𝑔) ≤ 𝜋𝜌. (1,3)

The validity of Paley’s hypothesis (i.e., the validity of estimate (1,3)) was
recently proved by N. V. Govorov, as he reported at the function theory seminar
of Kharkov University.

We shall henceforth denote by the letters 𝐾 with subscripts positive absolute
constants, and by the letters 𝐶 with subscripts positive constants depending
only on the function under consideration.

Let

Ω(𝑓) = {𝑎 ∶ 𝛽(𝑎, 𝑓) > 0}, Δ(𝑓) = {𝑎 ∶ 𝛿(𝑎, 𝑓) > 0}.

Obviously, Δ(𝑓) ⊆ Ω(𝑓).
The following theorems characterize the set Ω(𝑓) and the quantities 𝛽(𝑎, 𝑓).
Theorem 3. If 𝑓(𝑧) is a meromorphic function of finite lower order 𝜆, then:

a) the set Ω(𝑓) is at most countable;

b) for 𝜆 < 0.5,
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∑
(𝑎)

𝛽𝛼(𝑎, 𝑓) ≤ 𝐾1
𝜆2𝛼

(2𝛼 − 1)1/2 , (1,4)

if the number of points 𝑎 for which 𝛽(𝑎, 𝑓) > 0 is at least two;

c) for 𝜆 ≥ 0.5,

∑
(𝑎)

𝛽𝛼(𝑎, 𝑓) ≤ 𝐾2
𝜆

(2𝛼 − 1)1/2 , (1,5)

where 1/2 < 𝛼 ≤ 1.

Theorem 4 (see (11), p. 153). There exist meromorphic functions of finite lower
order for which

∑
(𝑎)

𝛽𝛼(𝑎, 𝑓) = ∞

for every 𝛼 < 0.5.

Thus, only the question remains open as to whether the series

∑
(𝑎)

𝛽1/2(𝑎, 𝑓)

converges or may diverge for meromorphic functions of finite lower order.

In this direction the following is of interest.

Theorem 5. For a meromorphic function 𝑓(𝑧) of finite lower order 𝜆, for every
𝜀, 0 < 𝜀 ≤ 1, the estimate

∑
(𝑎)

𝛽1/2(𝑎, 𝑓)
ln1/2+𝜀[𝑒𝜋(𝜆 + 1)/𝛽(𝑎, 𝑓)]

≤ 𝐾3
𝜀 (𝜆 + 1)3/2. (1,6)

Theorems 3, 4, and 5 may be regarded as analogues of the corresponding the-
orems for the deficiencies of meromorphic functions, obtained in the works
(1,2,9−12).
§ 2. We describe the method by means of which the main results of this paper
are obtained (see also (5,9,10,12)). Let

𝐷𝛼,𝑅 = {𝑧 ∶ 0 < |𝑧| < 𝑅, | arg 𝑧| < 𝛼},

where 0 < 𝛼 < 𝜋, 𝑅 > 1.
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Lemma 1. Let 𝑔(𝑧) be an analytic function in 𝐷𝛼,𝑅, and let, for 𝑧 ∈ 𝐷𝛼,𝑅,
𝑔(𝑧) ≠ 0, ∞. If ln 𝑔(0) = 0, then for 0 < 𝑠 < 𝑅

ln |𝑔(𝑠)| = 𝑠2𝜘

2𝛼 ∫
𝑅

0

arg 𝑔(𝑡𝑒𝑖𝛼) − arg 𝑔(𝑡𝑒−𝑖𝛼)
𝑡

𝑑𝑡
𝑠2𝜘 + 𝑡2𝜘 −

−𝑠2𝜘

2𝛼 ∫
𝑅

0

arg 𝑔(𝑡𝑒𝑖𝛼) − arg 𝑔(𝑡𝑒−𝑖𝛼)
𝑡

𝑡2𝜘

𝑡2𝜘𝑠2𝜘 + 𝑅4𝜘 𝑑𝑡−

−𝑅2𝜘𝑠2𝜘

𝛼 ∫
𝛼

−𝛼
arg 𝑔(𝑅𝑒𝑖𝜃) sin 2𝜘𝜃 𝑑𝜃

4𝑅2𝜘𝑠2𝜘 sin2 𝜘𝜃 + (𝑅2𝜘 − 𝑠2𝜘)2 , (2,1)

where 𝑥 = 𝜋/2𝛼,

1
2𝜋 ∫

𝛼

−𝛼
ln |𝑔(𝑠𝑒𝑖𝜑)| 𝑑𝜑 = 1

2𝜋 ∫
𝑠

0

arg 𝑔(𝑡𝑒𝑖𝛼) − arg 𝑔(𝑡𝑒−𝑖𝛼)
𝑡 𝑑𝑡. (2,2)

Indeed, relation (2,1) is obtained in solving the Dirichlet problem for
Im ln 𝑔(𝑧) = arg 𝑔(𝑧) in the domain 𝐷𝛼,𝑅 (see (9), p. 1160, (10)), while formula
(2,2) follows easily from Cauchy’s theorem for the function {ln 𝑔(𝑧)}𝑧−1,
analytic in the domain 𝐷𝛼,𝑅.

For fixed 𝑟 (1 < 𝑟 < 𝑅), put, for a meromorphic function 𝑓(𝑧) (𝑓(0) = 1) with
𝑧 ≠ ∞,

|𝑓(𝑟𝑒𝑖𝜃(𝑟))| = 𝑀(𝑟, ∞, 𝑓), 𝐹𝑟(𝑧) = 𝑓(𝑒𝑖𝜃(𝑟)𝑧) (𝑧 = 𝑠𝑒𝑖𝜑)

and choose 𝑎 (0 < 𝑎 < 𝜋) and 𝑅 > 1 so that the boundary of 𝐷𝛼,𝑅 is free of
the zeros 𝑎𝑘 and poles 𝑏𝑘 of the meromorphic function 𝐹𝑟(𝑧).
Let (𝑥 = 𝜋/2𝛼)

Φ2𝑅(𝑧, 𝐹𝑟) = ∏
𝑎𝑘∈𝐷𝛼,2𝑅

𝑧𝑥 + 𝑎𝑥
𝑘

𝑎𝑥
𝑘 − 𝑧𝑥

𝑎𝑥
𝑘

𝑎𝑥
𝑘

∏
𝑏𝑘∈𝐷𝛼,2𝑅

𝑏𝑥
𝑘 − 𝑧𝑥

𝑧𝑥 + 𝑏𝑥
𝑘

𝑏𝑥
𝑘

𝑏𝑥
𝑘

, (2,3)

𝑔𝑟(𝑧) = 𝐹𝑟(𝑧)Φ2𝑅(𝑧, 𝐹𝑟). (2,4)

The function 𝑔𝑟(𝑧), besides satisfying the condition of Lemma 1, satisfies the
relation (𝑟 fixed)

ln |𝑔𝑟(𝑟)| = ln 𝑀(𝑟, ∞, 𝑓) + ln |Φ2𝑅(𝑟, 𝐹𝑟)|. (2,5)

From (2,1), (2,2), (2,3), (2,4), and (2,5) we find, for fixed 𝑟,
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ln+ 𝑀(𝑟, ∞, 𝑓) ≤ (2𝑥)2𝑟2𝑥 ∫
𝑅

0

𝑚(𝑡, 𝑓)𝑡2𝑥−1

(𝑡2𝑥 + 𝑟2𝑥)2 𝑑𝑡

+ ∑
|𝑏𝑘|≤2𝑅

ln ∣ 𝑟
2𝑥 + |𝑏𝑘|2𝑥

𝑟2𝑥 − |𝑏𝑘|2𝑥 ∣ + 𝐾4𝑥𝑇 (2𝑅, 𝑓)

+ 𝐾5𝑥 ⋅ ( 𝑟
𝑅 )

2𝑥
{𝑇 (4𝑅, 𝑓) + 𝑇1(4𝑅, 𝑓)},

(2,6)

where 𝑥 = 𝜆 + 𝜀, 𝜆 is the lower order of 𝑓(𝑧) (𝜀 > 0),

𝑇1(𝑟, 𝑓) = ∫
𝑟

0

𝑇 (𝑠, 𝑓)
𝑠 𝑑𝑠

and 𝑏𝑘 are the poles of 𝑓(𝑧).
Estimate (1,2) follows easily from (2,6) (see (5)). Estimates (1,4), (1,5), and (1,6)
are proved in the same way as the corresponding estimates for the quantities of
defects of meromorphic functions (9, 11, 12).
I express my deep gratitude to A. A. Gol’dberg for his attention to this work.

Kharkov State University
named after A. M. Gorky

Received
13 V 1968
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Note: Figure translations are in progress. See original paper for figures.
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