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An axiomatic description is given of the categories of correspondences over semi-
abelian categories considered in (*). In doing so, first the case of categories
without direct sums and products—f-categories—is studied, and then the semi-
abelian categories themselves.

For the notions of category theory and the properties of various categories used
in this paper without references, see (1, 4, 9).

1. We shall call a category X a [-category if it satisfies the following axioms:
SA1(A3). In the category X there exists a zero object O.

SA2. For any morphism « of X there exists a cokernel Coker a.

A4.a) For a diagram

[e3
- T‘u,,

where p is a monomorphism, there exists a couniversal square

(67

W o T (1)

a/
b) moreover, if in the couniversal square (1) « is a normal epimorphism, then
a’ is also a normal epimorphism.
From axioms SA1 and A4 it follows that:
1) for any morphism « of X there exists a kernel Ker «;

2) for any two monomorphisms p, : B; — A, i = 1,2, there exists their
intersection p = pq N pgy : B — A.

SA3. For any morphism « of X there exists a canonical decomposition

a = (Coker Ker a) & (Ker Coker ),
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in which ¢ is a bimorphism.

Al. X is a locally small category on the left, i.e. the subobjects | J(A) of an
object A € X form a set.

AT7(SA4). If in the diagram (2) the rows are exact in the sense of (%), then «
is an equivalence

0o — - i 50

1T TO& Tl (2)
o - - = - —-—=0

P v

It is easy to see that, for B-categories, properties 1-6 from (*) are valid. In
addition, in S-categories axiom SA6 always holds, as do such consequences of it
as 12-15 (see (%)), and also the properties:

I. Any pair of morphisms ¢4, ¢, from X has a left equalizer.
II. The left equalizer is a normal monomorphism.
For the proof of these properties, axioms A4 and SA3 are used.
Let R be a category with involution (see (1)), satisfying the axioms:
K1. In R there exists an I-zero object O.
K2. a)If If C Ig, then gf*f C g.
b) If Bf D Bg, then gf*f D g.

K3. For every morphism v € R(0, A) there exists an injection m € R(U, A) for
which Bm = u.

Various properties of such categories were obtained in the papers (}3). In par-
ticular, the subcategory G(R) of proper morphisms of the category R satisfies
axioms Al, A3, A4, A7 (see (*)), and for any morphisms u,v € R(0, A) there
exists an intersection u N v € R(0, A).

A morphism v € R(0, A) will be called strict if, for every D-regular morphism
f € R(A, B) and every v € R(0, A),

(wCKf=vCKf)=vCu),

where R(A, B) is the set of morphisms from an object A € R to an object B € R.
We note that a morphism equal to K f for some D-regular morphism f is always
strict.

K7° For every strict morphism u € R(0,A) there exists a projection p €
R(A,U) for which Kp = u.

K8. For every morphism v € R(0, A) there exists a minimal strict morphism
u € R(0, A) for which u D v.
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K9. If an injection m is a left equalizer in the category G(R), then Bm is a
strict morphism.

In a S-category X one can define a correspondence between objects A, B € X
by means of a construction analogous to the construction of correspondences in
quasi-exact and ~y-categories (see (>?)), and show, as in the paper (), that the
following is true.

Theorem 1. For an arbitrary (-category X there exists an extension to a
category with involution R(X), satisfying axioms K1—-K3, K7°—K9, and the
category X is isomorphic to the subcategory G(R(X')) of proper morphisms of
the category R(X).

Let R be a category with involution satisfying axioms K1, K2.

Lemma. If m,n are injections, and Bm, Bn are strict morphisms, then Bmn
is a strict morphism (m € R(A, B), n € R(B,(C)).

With the help of this lemma and axioms K7°—K9 it is verified that the category
G(R) satisfies axioms SA2 and SA3, i.e.

Theorem 2. If a category with involution R satisfies axioms K1—K3, K7°—K9,
then its subcategory of proper morphisms G(R) is a [S-category.

Theorem 3. Between [-categories and categories with involution satisfying
axioms K1—K3, K7°—K9, there exists a one-to-one correspondence up to equiv-
alence of categories.

The proof is carried out in the same way as for y-categories (see (%)), relying on
Theorems 1, 2 and the following

Proposition. If categories with involution R and R’ satisfy axioms K1-K3,
K7°—K9, then:

1) an I-functor (see (1)) @ : R — R’ induces an exact functor
BQ:G(R) = G(R),

preserving intersections of subobjects;

2) every exact functor F : G(R) — G(R’), preserving intersections of subob-
jects, can be uniquely extended to an I-functor

EF:R— R

2. Let the S-category X satisfy axiom AS8. For any objects A, B € X there
exists a direct product
AxBeX.

Then, just as in the case of abelian categories (see (1)), one can show that the
B-category X will be additive (in the sense of Grothendieck (%)), i.e. it satisfies
axiom SA5 and is semiabelian (see (*)). In this case, instead of axiom A8 one
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may require the existence in the category X of a couniversal square for an
arbitrary diagram

or the fulfillment of the axiom dual to AS8:

A8'’. For any objects A, B € X there exists a direct sum (free product)

AdBeX.
Let a category with involution R satisfy axiom K1. We introduce some addi-
tional conditions (see (1)):

K4. In the category R, for any pair of morphisms f,g € R(A,B), A,B € R,
there exist:

a) their intersection f Ng € R(A, B);

b) their union fUg € R(A, B).
Remark. The intersection of strict morphisms (see § 1) is a strict morphism.
K5. Let f € R(A,B), 91,95 € R(B,C). Then:

a) from If C Kg, it follows that

(g1 N g2) D fg1 0 fgo;

b) from Bf D Dy, it follows that

f(g1Ugs) C fg1 U fgo.

We note that the relations

flg1Nge) C fg10 fgo

and
flg1Uge) C fg1 U fgo

follow from the monotonicity of multiplication and from the properties of inter-
section and union of morphisms.

K6. For any objects A, A, € R there exist:
a) an object P € R and proper morphisms g¢; : P — A;, i = 1,2, for which

9192 = QAlAQ;
b) an object S € R and proper morphisms h, : A, — S, i = 1,2, for which

*
h1h2 _wA1A2‘
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Theorem 4. 1) In a category with involution R satisfying axioms K1-K3,
K7°—K9, the conditions K4a)—K6a) and K4b)—K6b) are equivalent. 2) If a
category with involution R satisfies axioms K1—K9, then its subcategory G(R)
is semi-abelian.

The proof is carried out analogously to that of D. Puppe (}) for the abelian case,
relying here on the results of the preceding paragraph.

In a semi-abelian category X one can, in the usual way, introduce correspon-
dences as subobjects of direct products and consider the category of correspon-
dences R(X) (see (*)).

Theorem 5. 1) The category of correspondences R(X') over a semi-abelian
category X satisfies axioms K1-K9. 2) Between semi-abelian categories and
categories with involution satisfying axioms K1—K9 there is a one-to-one corre-
spondence up to equivalence of categories.

In (%) it is shown that the category R(X) satisfies axioms K1—K6 and that the
category X is isomorphic to the subcategory G(R(X')) of proper morphisms of
the category R(X). Verifying axioms K7°—K9, we obtain the first assertion of
the theorem, and, using the assertion from § 1, also the second.
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