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MATHEMATICS

M. M. VAINBERG, I. M. LAVRENT’EV

EQUATIONS WITH MONOTONE AND PO-
TENTIAL OPERATORS IN BANACH SPACES
(Presented by Academician G. I. Petrov on 16 XII 1968)

1. Nonlinear equations with monotone and potential operators were studied
by the authors in a number of papers (1−8). Papers (1−3) were the first in
which nonlinear equations with monotone potential operators were studied,
while in papers (4−5) nonlinear equations with monotone operators whose
potentiality was not assumed were first studied. Later the theory of such
equations was developed in the works of F. Browder, G. Minty, and other
authors (see, for example, (9), where a bibliography is given).

In the present paper new theorems on the existence and uniqueness of a solution
of the equation

𝑥 = 𝑆𝐹(𝑥), (1)

are established, where 𝐹(𝑥) is a nonlinear operator from the Banach space 𝒳
into the Banach space 𝒴, and 𝑆 is a linear operator from 𝒴 into 𝒳. Equations of
the form (1) have been studied by many authors. However, in all works prior to
(6) the operator 𝑆 was assumed bounded. Only in papers (6,7) were assertions
on solutions of equation (1) first established without assuming boundedness of
the operator 𝑆.

In the first part of the present paper the operator 𝐹(𝑥) is assumed to be potential
and 𝑆 bounded or unbounded, while in the second part the operator 𝐹(𝑥) is
assumed monotone.

2. Let the Banach space 𝐸 satisfy condition (𝛼1): there exists a Hilbert space
𝐻 such that the linear set 𝐻0 ⊂ 𝐻 ∩ 𝐸∗ is dense both in 𝐻 and in 𝐸∗,
and the value of the linear functional 𝑦 ∈ 𝐸∗ on a vector 𝑥 ∈ 𝐸, i.e. ⟨𝑦, 𝑥⟩,
coincides with the scalar product (𝑦, 𝑥) in 𝐻 for 𝑥, 𝑦 ∈ 𝐻.

Examples of such spaces are the spaces 𝐿𝑝, 𝐿2, 𝐿𝑞 (𝑝−1 + 𝑞−1 = 1, 𝑝 ≥ 2) on a
set of finite or infinite measure.

We shall say that a linear operator 𝐵 has property (𝛽1) if the following conditions
are fulfilled: 𝐵 is a bounded operator from 𝐸∗ into 𝐸∗∗ such that its restriction
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𝐵0 to 𝐻0 is a symmetric operator admitting a self-adjoint positive extension
𝐵𝐻 with domain of definition 𝐷(𝐵𝐻) ⊃ 𝐻0. Note that boundedness of 𝐵𝐻 does
not follow from property (𝛽1). Let us also note that if 𝐸 is reflexive, then an
operator 𝐵 with property (𝛽1) acts from 𝐸∗ into 𝐸.

Theorem 1. Suppose condition (𝛼1) is fulfilled, the operator 𝐵 has property
(𝛽1), and 𝑆 = 𝐵∗. Suppose further that 𝐹(𝑥) is a potential operator defined
on 𝐸∗∗, whose potential 𝑓(𝑥) is weakly lower semicontinuous from above and
satisfies the inequality

𝑓(𝑥) ≤ −𝜔(‖𝑥‖), 𝑥 ∈ 𝐸∗∗, (2)

where 𝜔(𝑡) < 0 for 𝑡 ≥ 0, and for some positive 𝑅 and 𝛿 = 𝛿(𝑅) the relation

inf
[0,𝑎]

𝑅−2𝜔(𝑡) ≥ −1
2 + 𝛿, 𝑅2𝛿 > −𝑓(0), 𝑎 = 𝑅‖𝐵‖1/2.

Then equation (1) has a solution in 𝐸∗∗.

Remark 1. If in the hypotheses of Theorem 1 the space 𝐸 is reflexive, then
the operator 𝑆 = 𝐵.

Let the Banach space 𝐸 satisfy condition (𝛼2): there exists a Hilbert space
𝐻 such that the linear set 𝐻0 ⊂ 𝐻 ∩ 𝐸 is dense both in 𝐻 and in 𝐸, and the
value of the linear functional 𝑦 ∈ 𝐸∗ on the vector 𝑥 ∈ 𝐸, i.e. ⟨𝑦, 𝑥⟩, coincides
with the scalar product (𝑦, 𝑥) in 𝐻 for 𝑥, 𝑦 ∈ 𝐻. Further, we shall say that the
linear operator 𝐵 has property (𝛽2) if 𝐵 is a bounded operator from 𝐸 into 𝐸∗

such that its restriction to 𝐻0 is a symmetric operator admitting a self-adjoint
positive extension.

Theorem 2. Let condition (𝛼2) be fulfilled, let the operator 𝐵 have property
(𝛽2), let 𝑆 = 𝐵∗, and let 𝐹(𝑥) be a potential operator defined on 𝐸∗, whose
potential 𝑓(𝑥) satisfies the hypotheses of Theorem 1 for 𝑥 ∈ 𝐸∗. Then equation
(1) has a solution in 𝐸∗.

Theorem 3. Let the reflexive Banach space 𝐸 satisfy condition (𝛼1), let the
operator 𝐵 have property (𝛽1), and let 𝐹(𝑥) be a demicontinuous potential
operator whose potential is weakly upper semicontinuous, and moreover

(𝐹(𝑥), 𝑥) ≤ 𝑎(𝑥, 𝑥) + 𝑏(𝑥, 𝑥)𝛾 + 𝑐 (0 < 𝛾 < 1, 𝑎 > 0, 𝑏 > 0, 𝑐 > 0, 𝑥 ∈ 𝐷),

where 𝐷 = {𝑥 ∈ 𝐻0 ∶ 𝐵1/2
𝐻 𝑥 ∈ 𝐻} is dense in 𝐻 and 𝑎‖𝐵‖ < 1.

Then equation (1), where 𝑆 = 𝐵, is solvable in 𝐸.

3. We shall say that a linear operator 𝐵 from 𝐸∗ into 𝐸 has property (𝛽3)
if 𝐵 is a closed operator with dense domain of definition 𝐷(𝐵), whose
restriction 𝐵0 to a set 𝐻0 ⊂ 𝐷(𝐵) ∩ 𝐻0 dense in 𝐻 (see condition (𝛼1)) is
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a symmetric positive operator admitting a self-adjoint positive extension
𝐵𝐻 .

For what follows we introduce the notion of a generalized solution of equation
(1). In doing so we shall assume that the set 𝐻0 is maximal. Let 𝐸0 be the
closure of 𝐻0 in the metric

|𝑥| = ‖𝑥‖𝐸∗ + ‖𝐵∗𝑥‖𝐸 (𝑥 ∈ 𝐻0).

Definition 1. Suppose that for some vector 𝑥0 ∈ 𝐸, where 𝐸 is a reflexive
Banach space, the equality

⟨ℎ, 𝑥0⟩ = ⟨𝐵∗ℎ, 𝐹(𝑥0)⟩

holds, where ℎ is an arbitrary vector from the set 𝐸0, and moreover 𝐵∗[𝐸0]
is dense in 𝐸. Then we shall say that 𝑥0 is a generalized solution of the
equation

𝑥 = 𝐵𝐹(𝑥). (3)

Denote by 𝑈 the closure of 𝐷(𝐵) in the metric

|𝑥| = ‖𝑥‖𝐸∗ + ‖𝐵𝑥‖𝐸 (𝑥 ∈ 𝐷(𝐵)).

Definition 2. If there exists a linear set 𝐺, dense both in 𝐻 and in 𝑈 , then
the operator 𝐵 will be called 𝐺-perfect.

Lemma 1. If 𝐵∗ is a 𝐻0-perfect operator, then every generalized solution of
equation (3) will be an exact solution of this equation.

Let
𝐷0 = {ℎ ∈ 𝐷(𝐵1/2

𝐻 ) ∶ 𝐵1/2
𝐻 ℎ ∈ 𝐸}.

Theorem 4. Let the reflexive space 𝐸 satisfy condition (𝛼1), and let the operator
𝐵 have property (𝛽3). Suppose further that the sets 𝐷0 and 𝐵[𝐻0] are dense
respectively in 𝐻 and 𝐸.

Then, if the potential 𝑓(𝑥) of the operator 𝐹(𝑥) is weakly upper semicontinuous
and satisfies the inequality

𝑓(𝑥) ≤ −𝜔(‖𝑥‖𝐸), lim
𝑡→+∞

𝜔(𝑡) = +∞,

where 𝜔(𝑡) is bounded below for 𝑡 ≥ 0, then equation (3) has a generalized
solution in 𝐸.

We shall say that a linear operator 𝐵 from 𝐸∗ into 𝐸 has property (𝛽4) if 𝐵
is a closed operator with dense domain of definition, whose restriction 𝐵0 to a
set 𝐻0 ⊂ 𝐷(𝐵) ∩ 𝐻0 dense in 𝐻 (see (𝛼1)) is a symmetric operator admitting a
self-adjoint extension—
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𝐵𝐻 . Let

𝐵+
𝐻 = 1

2(|𝐵𝐻 | + 𝐵𝐻), 𝐵−
𝐻 = 1

2(|𝐵𝐻 | − 𝐵𝐻), 𝐴 = (𝐵+
𝐻)1/2 + (𝐵−

𝐻)1/2,

𝐶 = (𝐵+
𝐻)1/2 − (𝐵−

𝐻)1/2, 𝐷0(𝐴) = {ℎ ∈ 𝐷(𝐴) ∶ 𝐴ℎ ∈ 𝐸},

𝐷0(𝐶) = {ℎ ∈ 𝐷(𝐶) ∶ 𝐶ℎ ∈ 𝐸}.

Definition 3. A nonlinear operator 𝐹(𝑥) from 𝐸 into 𝐸∗ will be called hemi-
continuously integrable if the function (𝐹(𝑡𝑥), 𝑥) is summable on (0, 1) for
every 𝑥 ∈ 𝐸.

Theorem 5. Suppose the following conditions are satisfied:

1) The reflexive Banach space 𝐸 satisfies condition (𝛼1), and the operator 𝐵
has property (𝛽4).

2) The sets 𝐷0(𝐴), 𝐷0(𝐶), and 𝐵[𝐻0] are dense respectively in 𝐻 and 𝐸.

3) The spectrum of the operator 𝐵𝐻 lies outside (0, 𝑚), where 𝑚 is some
positive number.

4) The hemicontinuously integrable potential operator 𝐹(𝑥), defined in 𝐸,
satisfies the inequality

(𝐹(𝑥) − 𝐹(𝑦), 𝑥 − 𝑦) ≥ 1 + 𝛼
𝑚 ‖𝑥 − 𝑦‖2

𝐻 + 𝛽‖𝑥 − 𝑦‖2
𝐸

(𝑥, 𝑦 ∈ 𝐷), 𝐷 = {𝑥 ∈ 𝐻0 ∶ 𝐴𝑥 ∈ 𝐻} is dense in 𝐻, 𝛼 > 0, 𝛽 > 0.

Then equation (3) has a generalized solution in 𝐸.

Remark 2. If 𝐵∗ is an 𝐻0-perfect operator, then the generalized solution is
unique and exact.

4. Here and in item 5 we shall consider equations (1) and (3) under the
assumption that 𝐹(𝑥) is a monotone operator (without the assumption of
its potentiality) and 𝐵 is a linear operator.

Theorem 6. Let the reflexive Banach space 𝐸 satisfy condition (𝛼1), let the
operator 𝐵 have property (𝛽1), and let 𝐹(𝑥) be a hemicontinuous operator from
𝐸 into 𝐸∗, satisfying the inequality

(𝐹(𝑥) − 𝐹(𝑦), 𝑥 − 𝑦) ≤ 0 (𝑥, 𝑦 ∈ 𝐸). (4)
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Then equation (3) has a unique solution belonging to the space 𝐸.

The assertion of Theorem 6 remains valid if inequality (4) is replaced by the
inequality

(𝐹(𝑥) − 𝐹(𝑦), 𝑥 − 𝑦) ≤ 𝛾(‖𝑥 − 𝑦‖𝐸)‖𝑥 − 𝑦‖𝐸,

where

sup
𝑡∈[0,𝑀𝑟]

𝛾(𝑡)
𝑟 ≤ 1

𝑀 −𝛼(𝑟), 𝛾(𝑡) > 0, 𝑀2 = ‖𝐵‖, 𝛼(𝑟) > 0, 𝑟𝛼(𝑟) → +∞

as 𝑟 → +∞.

Remark 3. If, in the hypotheses of Theorem 6, inequality (4) is replaced by
the inequalities

(𝐹(𝑥) − 𝐹(𝑦), 𝑥 − 𝑦) ≤ 𝛾1(‖𝑥 − 𝑦‖𝐸)‖𝑥 − 𝑦‖𝐸,

(𝐹 (𝑥), 𝑥) ≤ 𝛾2(‖𝑥‖𝐸)‖𝑥‖𝐸,

where 𝛾𝑖(𝑡) ≥ 0 (𝑖 = 1, 2) for 𝑡 ≥ 0 and

sup
𝑡∈𝜎

𝛾1(𝑡)
𝑟 ≤ 1

𝑀 , sup
𝑡∈𝜎

𝛾2(𝑡)
𝑟 ≤ 1

𝑀 − 𝛼(𝑟), 𝜎 = [0, 𝑀𝑟],

𝑀2 = ‖𝐵‖, 𝑟𝛼(𝑟) → +∞ as 𝑟 → +∞,

then equation (3) has a solution belonging to 𝐸.

Remark 4. If, in the hypotheses of Remark 3,

sup
𝑡∈𝜎

𝛾1(𝑡)
𝑟 < 1

𝑀 , 𝜎 = [0, 𝑀𝑟],

then equation (3) has a unique solution in 𝐸.

Theorem 7. Let the space 𝐸 satisfy condition (𝛼2), let the operator 𝐵 have
property (𝛽2), and let 𝐹(𝑥) be a hemicontinuous operator from 𝐸∗ into 𝐸∗∗ such
that

(𝐹(𝑥) − 𝐹(𝑦), 𝑥 − 𝑦) ≤ 0 (𝑥, 𝑦 ∈ 𝐸∗).
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Then equation (1) for 𝑆 = 𝐵∗ has a unique solution in 𝐸∗.

We note that, with respect to this theorem, remarks analogous to Remarks 3
and 4 are valid.

5. Let 𝐵 be a linear operator having property (𝛽5): 𝐵 is a bounded operator
from 𝐸∗ into 𝐸 such that its restriction 𝐵0 to 𝐻0 (see (𝛼1)) is a symmetric
operator admitting a self-adjoint extension 𝐵𝐻 .

We note that from property (𝛽5) boundedness of the operator 𝐵𝐻 does not
follow. Let

𝐵+
𝐻 = 1

2 (|𝐵𝐻 | + 𝐵𝐻) , 𝐵−
𝐻 = 1

2 (|𝐵𝐻 | − 𝐵𝐻) , 𝐴 = (𝐵+
𝐻)1/2 + (𝐵−

𝐻)1/2.

Theorem 8. Let the following conditions be fulfilled:

1) The reflexive space 𝐸 satisfies condition (𝛼1), and the operator 𝐵 has
property (𝛽5).

2) The spectrum of the operator 𝐵𝐻 lies outside the interval (0, 𝑚), where
𝑚 is a certain positive number.

3) The demicontinuous operator 𝐹(𝑥), acting from 𝐸 into 𝐸∗, satisfies the
inequality

(𝐹(𝑥) − 𝐹(𝑦), 𝑥 − 𝑦) ≥ 1 + 𝛼
𝑚 ‖𝑥 − 𝑦‖2

𝐻 (𝑥, 𝑦 ∈ 𝐷), (5)

where 𝐷 = {𝑥 ∈ 𝐻0 ∶ 𝐴𝑥 ∈ 𝐻} is dense in 𝐻 and 𝛼 > 0.

Then equation (3) has a unique solution in 𝐸.

Remark 5. We note that under the conditions of Theorem 8 it is sufficient
to require of the operator 𝐹(𝑥) that it be hemicontinuous and locally bounded,
since, when inequality (5) is fulfilled, an analogue of Kato’s theorem (10) holds.

Remark 6. If 𝐸 ⊂ 𝐻 ⊂ 𝐸∗, then in inequality (5) one may put 𝐷 = 𝐸. In this
case the requirement of demicontinuity of the operator 𝐹(𝑥) can be replaced by
the requirement of its hemicontinuity.

6. The proof of the formulated theorems uses new propositions on the square
root of linear operators, of which we present the following.

Theorem 9. Let the space 𝐸 satisfy condition (𝛼1), let the operator 𝐵 have
property (𝛽3), and let 𝐷0 be dense in 𝐻. Then the positive square root 𝐵1/2

𝐻
can be extended from 𝐻0 to a closed operator 𝑇 acting from 𝐸∗ into 𝐻, and
moreover 𝑇 ∗𝑇 𝑥 = 𝐵𝑥 (𝑥 ∈ 𝐻0).
Theorem 10. Let the conditions of Theorem 9 be fulfilled and let the operator
𝐵 be 𝐻0-perfect. Then 𝑇 ∗𝑇 𝑥 = 𝐵𝑥 (𝑥 ∈ 𝐷(𝐵)).
Theorem 11. Let the space 𝐸 satisfy condition (𝛼1), let the operator 𝐵 have
property (𝛽4), and let the sets 𝐷0(𝐴), 𝐷0(𝐶) be dense in 𝐻. Then the operators
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𝐴 and 𝐶 can be extended from 𝐻0 to, respectively, closed operators 𝑉 and 𝑊
from 𝐸∗ into 𝐻, and moreover 𝑉 ∗𝑊𝑥 = 𝑊 ∗𝑉 𝑥 = 𝐵𝑥 (𝑥 ∈ 𝐻0).
Theorem 12. Let the conditions of Theorem 11 be fulfilled and let the operator
𝐵 be 𝐻0-perfect. Then for any vector 𝑥 ∈ 𝐷(𝐵) the relations 𝑉 ∗𝑊𝑥 = 𝑊 ∗𝑉 𝑥 =
𝐵𝑥 are valid.
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