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In the paper (1) a system of second-order differential equations was considered,

Zy + )\ﬁxk = f(th'f,... T, 22 (k=1,...,n), (1)

where f}, are series in powers of z, 3’012, containing in their expansions no terms
of degree lower than the second. It was shown that if

for any integers k,...,k, not all equal to zero simultaneously, then in any
neighborhood of the origin of coordinates of the phase space the system (1)
has invariant n-dimensional torus-like surfaces. To prove the existence of these
surfaces, the process of constructing successive approximations proposed by A.
N. Kolmogorov (Newton’ s method (2,%)) was used. The possibility of carrying
out this process for system (1) was based on the fact that at each step the
coefficients of the expansion of the right-hand sides of the resulting systems
turned out to be purely imaginary.

In fact, in order to carry out the indicated constructions it is sufficient that
only some of these coefficients turn out to be purely imaginary. In the present
work we consider arbitrary systems of differential equations and apply Newton’s
method. It is assumed that at each step the corresponding coefficients turn out
to be purely imaginary (condition A below). Then, using the arguments and
estimates of (1), one can prove the convergence of the successive approximations
and obtain an analogous result (Theorem 1 below) for arbitrary systems as well.
In contrast to (1), we consider the case in which the right-hand sides of the
system depend periodically on time, which leads to certain special features in the
construction of the successive approximations. Below the precise assumptions
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and results are formulated, and a description is given of an arbitrary step in
Newton’ s method.

1°. Consider a system of differential equations

‘rtk: = Xk(‘rlvylv vxnvyrmt)a

y-k:Yk(xlvylv"'vxrmyn?t) (k:17"'7n)5 (2)

where X, Y} are series in powers of x;,y,; (j = 1,...,n) with real continuous
coefficients periodic in ¢, converging in some neighborhood of the origin of co-
ordinates and vanishing for x; = y; = 0 (j = 1,...,n). Everywhere below
the period is assumed equal to 2w. Let the characteristic exponents of the
first-approximation system be purely imaginary, equal to £\, 7, and satisfy the
condition

ki ++ kN, #p

for any integers k;, p not all equal to zero simultaneously.

Under the assumptions made, for any natural number N the system (2), by
means of the transformation

z, = Up(uy, 05, 1), Yp = Vi(uy,vpt)  (kj=1,...,n),

where Uy, V, are polynomials in u, v; of degree not exceeding 2N with periodic
coefficients, can be reduced to the form

’I.Lk = i)\kuk + uka(UjUj) + ka(ujavjd )a (3)
U = —iAgUy, + UG (ujd) + F(ug,v5,t) (k,j=1,..,m),

where G}, and G, are polynomials of degree not exceeding N —1 in the products
u;,,J, with constant coefficients, while Fj, and F,, are series in powers of uj, v;
with periodic coefficients whose expansions contain no terms of dimension lower
than 2N + 1 [4]. Moreover, if z,,y, are real, then w, and v, are complex
conjugates: u;, = vy (k= 1,...,n). In system (3), and below, by W(u;,v;,t)
we mean the function complex conjugate to W (u;,v;,t) in the domain of reality
of z;,y,. We assume that the coeflicients of the polynomials G}, are purely

imaginary, i.e.

Gk(”]'uj) = _ék<u]'u.7) = ZHk(”]'u.j) (k’] = 1) "'an)a
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where H,, is a polynomial with real coefficients, and that if J is the Jacobian of
the functions Hy (2, ...,2,) at z; = = z, = 0, then

J 0. (4)

Let € > 0 be sufficiently small. We shall consider system (3) in the domain
|u;| <e, |v;] <e. Choose real constants py, ..., ft,, so that the inequality

> e (Z k) 0

holds for all integers k;, p not simultaneously equal to zero. Condition (5) is
satisfied by most points of the e2-neighborhood of the point (A, ..., \,,) (see [3],
where the case p = 0 is considered).

n
> kit —p
=1

We shall transform system (3) by means of Newton’ s method. We shall regard
system (3) as the first approximation. Introduce the sequence N, of natural
numbers defined by the equalities V; = N, N, ; = 2N,.

Suppose that, as the result of the first s — 1 steps, we have obtained the system

il’ks = ilu’kuks + iuks [()‘k - :U’k) + Hks(zjs)] + (I)ks(ujs7 UjSV t)?
i)ks = _iukvks - 7;’Uks [(/\k - Mk) + Hks(zjs)] + (I)ks(ujs7 Vjs) t) (kv.] = 1’ s Tl),

where
N_—1
_ (01,.0,,) O o
Hks(zjs) - § a’ksl " 2151 an,
o=1
So: (Eysly skl k I
— 19019 smsbn 1 n
q)ks(ujs,vjs,t) - Mks (t)uls Uyl
m=2N_+1
Zjs = UjsUjs; o=o0;++0, 0;>0; m=k +1l, ++k,+1,,

. k..l. . . . .
Here ag;]) and M ,is“ 2 are functions of z,,, analytic in a domain of the form

Js?

12 =6, <zl <140, (j=1,..,n)
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with sufficiently small positive d,. Moreover, the coeflicients of the expansions of
the functions ag;j ) are real and constant, while the coefficients of the expansions

. kol o . .
of the functions M. I(ch ) are periodic in t. Obviously, for s = 1 these assumptions
are satisfied. We make one more assumption:

condition A. The mean values of the coefficients of the functions M,i]:] s ), for

which k; = 1; + 9, for 2N, +1 <m < 4N, (k,j=1,....,n; 0y is the Kronecker

symbol), are purely imaginary numbers.

The s-th step consists in reducing system (6), by means of the transformation
uk:,s+1 = Ugs + @ks(ujm Ujs7 t)’
Vk,s+1 = Vks +¢ks(ujsavjs7t) (k7.7: 17"'7”);

where

4N,

B (ko) o o .

(pk3<uj3’vj37t) - z : Lksl " (t)ulé = Uns)
m=2N,+1

kil . . .
L;; #) are functions of Zjs, analytic in the domain

|A 4 1) + Hyg (21550 200) | <Ay (B=1,...,n) (7)

with coefficients periodic in ¢, to the system

Up g1 = Wbty g1 + U g1 (N — i) + Hys (25 501) + Gro(2.611)]

+ (I)k,s-'rl (uj,s+1’ Uj,s+15 t)v

(8)

Vg g1 = — UV o141 — Wi o1 [( Mg — ) + Hig (2, 611) + Grs(25,511)]

+ (Dk,erl(uj,erl? Uj,s+17 t) (k7] = 17 teey TL)
Here z; (11 = ) o1V 641,

2N,—1

— (01,500) 01 Tn
Gk,s(zj,s+1) - § : ak;,s+1 Zl7s+1 Zn,s+17
o=N,

s

2m
(o) 1 (0;481;,0;) )
a’k,s+1 = / Mks " (t> dt (k’] = 1) an)a
0

2mi

and @, ., are functions of the same character as @, containing no terms of
degree lower than (2N, ; + 1). We note that, by virtue of condition A, G,
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are real functions. We define the functions ¢, ..., ¢, as the solution of the
following system of differential equations

a(p S . = a S 6@ S
o) (e, - G2 ) g+ [0 = )+ )
Jj= S

Ujs

. , (kyyndy) ko L,
— i + [(Ag — ) + Hy ]} = iy Gy — z Mk protely Uy - Unls
m=2N_,+1

. <~ (0H,, OH,,
+zuk82 < Buf Pjst+ 67); sz) (k=1,...,n).
Jj= S S

)

Equating in (9) the coefficients of equal powers of u; we obtain first-order

L)

js» Vjs

linear differential equations, from which Lk 77" are determined as periodic so-

lutions.

If k; # 1; + 6, for at least one j, then

k L) @*i‘*’kst t+2m (k L)

Toetm) W T 1reabp

s o2miw, _ | / € My (r)dr
t

- —iwy, t n t+2m T2
B je Wk Z 0H,, gl M(kl7...,kj,1,...,ljfl,“.,ln)
(627r7,'wk5 _ 1)2 9z . ks
=1t Js It

j=

+Mklg17 ko l,m,kjfl,m,kn)(é_)] df} d’r,

(10)

where
Z{ 5Ok (k= L= 03 ) [(Aj— )+ H ] } (k=1,...,n). (11)
If, however, k; = I; + d;; for all j = 1,...,n, then ng’l") is found as an an-

tiderivative of a certain periodic function with mean value equal to zero. It is
easy to see that, for small |w,, — p|,

2wy, o

e — 1] > alwy, — pl, a >0, pan integer.

Hence, from (5) and (11) it follows that, if A, in (7) is sufficiently small, then
in (10) the denominator does not vanish. Then system (8) will satisfy all the
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assumptions made with respect to system (6), if s is replaced by s+ 1, with the
exception of condition A.

Theorem 1. Suppose that condition A is satisfied for all s. Then, for anye > 0,
in the e-neighborhood V_ of the origin in the phase space of system (2) there exist
analytic n-dimensional invariant torus-like surfaces, periodic in t, Ty, s OT
which there are defined transformations, analytic and with coefficients periodic
in t, that reduce system (2) to the form

ék = iukgka 7.7k = 7Z:u‘k77k (k = 17 ,Tl),

where iy, ..., i, satisfy condition (5).

Moreover, for any x > 0 one can specify an €, such that, for all € < gy, the
measure of the set v, of initial points at t = 0 of solutions of system (2) that do

not belong to T), satisfies the inequality

mesv, < x mesV_.

2°. Considering autonomous systems of two equations, A. M. Lyapunov noted
5 two classes of systems for which the equilibrium state is a center—canonical
systems and systems that do not change when t is replaced by —t and y by
—y. Let us pose a more general problem: to investigate the neighborhood of an
equilibrium state for analogous systems of order 2n with periodic dependence
on time.

Consider system (2), and to the assumptions made with respect to it add the
following: system (2) does not change under the replacement of ¢ by —t and Y,
by —y; (= 1,...,n). Then one can prove that, for all s,

kj.l; ——(k;,15) .
M5 @y = 30 () (kj=1,...n).

It follows from this that the mean values of the coefficients M, ,(C]:] k) (t) are purely
imaginary quantities. Consequently, condition A is satisfied; hence, by Theorem
1, we obtain that the equilibrium state of the system under consideration is
an analogue of a center in the sense that, for most initial data from a small
neighborhood of the origin, the solutions belong to invariant closed surfaces.
For stationary systems this assertion was proved in !. For canonical systems an
analogous result was obtained by V. I. Arnold %3 by means of the same Newton
method.* If n = 1, then the zero solution turns out to be stable in the sense of
Lyapunov. In particular, the following holds.

Theorem 2. The zero solution of the differential equation

i+ Nz = f(z,,t), (12)
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where f(x,2,t) is an analytic function of x, &, continuous and 2mw-periodic in t,
containing mo linear terms in its expansion, is stable in the sense of Lyapunov
if X is irrational, condition (4) is satisfied, and (12) does not change under the
replacement of t by —t, i.e. f(x,—2,—t) = f(z,,1).
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