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1. In theories of turbulence of liquid and gas flows, various methods of aver-
aging are used, but at the same time assumptions about their equivalence are
employed. It is easy to see, however, that in anisotropic turbulent flows, aver-
aging over planes of tensor quantities (stresses, momentum fluxes, etc.) may
lead to different results depending on the orientation of the averaging plane
relative to the characteristic axes of anisotropy of the turbulently perturbed
fluid element. In this case the Reynolds-stress tensor r;; is, in general, asym-
metric. The possibility of introducing asymmetric tensors is essential, since in
anisotropic cases the presence, on the average, of an orientation of turbulent
vortices leads to the appearance of an additional averaged angular momentum.
To analyze such a situation it is necessary to use an independent conservation
law for angular momentum (see, for example, (1:2)).

We shall regard a turbulent fluid as a special continuum, whose elementary
micromotions are described by a system of Navier—Stokes equations (microcoor-
dinates z;, i = 1,2, 3) under a random choice of initial and boundary conditions.
In constructing differential macroequations for such a medium (Reynolds equa-
tions), we shall put forward the condition, usual for continuum mechanics, that
it is possible to choose such an elementary macrovolume AV = AX;AX,AX;5,
whose dimensions are much greater than the internal scales of the microstruc-
ture, but much smaller than the characteristic scales of the flows under study.
Then the choice of the corresponding averaging rules is determined in pass-
ing (by integration over AV) from the microequations (Navier—Stokes) to the
macroequations (Reynolds).

2. According to asymmetric mechanics (1?), for a complete description of the
motion of continua it is necessary to consider not only the equations of conser-
vation of mass and momentum

Ip/Ot+V - (pu) =0,  J,=pu (1)
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OP/0t+ V - (uP) = F + Vt, P = pu, Jp =uP, (2)

but also the equation of conservation of angular momentum

L/t +V-(uL)=RxF+G—-V-(txR)+V-c, uL=J, (3)

with respect to some point of space (for example, with respect to the origin of
coordinates).

Here p is the density of the fluid; J, is the mass flux; P is the momentum; Jp
is the momentum flux; F is the density of body forces; t is the stress tensor;
L =M+ R x P is the total angular momentum; M is the intrinsic angular
momentum for the volume considered; R is the radius vector; J is the flux of
angular momentum L; G is the density of body couples; c is the couple-stress
tensor.

Subtracting from equation (3) the equation of conservation of the momentum
of translational motion of the continuum microparticles

%(RXP)qLV-(quP):RxF—V-(th)—t“

leads to the equation of conservation of internal angular momentum

oM

ﬁ‘FV'(UM)ZG'ﬁ‘ta-FV'C. (4)
Here t* is the antisymmetric part of the stress tensor t, and the internal moment
may be represented in the form M = I - ®, where ® is the averaged angular
velocity of rotation of the microparticles in the differential volume of the medium
under consideration.

In the case of an ordinary incompressible viscous fluid having no internal struc-
ture, we have

ti;=—po;; +7; ;= pr(Ou;/0x; + Ou;/Ox;),

YR

where p is the pressure; 7;
viscosity; 0

; are symmetric viscous stresses; v is the kinematic
;; 1s the unit tensor. Equation (4) must then reduce to the equation
of vortex diffusion obtained by applying the operation !/, rot to equation (2),

0P 1
T~ : @ = (b * - F 2@
. + V- (ud) Vu+ B rotF + V<9, (5)
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where ® = !/, rotu, and the equality M = I- ® may now be regarded as the
definition of the moment of inertia I. Comparison of equations (4) and (5) leads
to the condition

1 1
¢-<%+u~VI) :—I~(<I>~Vu)—I~2—rotF—I-uV2<I>+G—|—V-C. (6)
p

The interpretation of the first term on the right-hand side of condition (5) as
the cause of change in the effective moment of inertia of each element is given
in Batchelor’ s book (3). The introduction of the corresponding additional
condition

1
G+V'C—I~2—r0thI~1/V2(I>:O (7)
p

closes the system of equations determining laminar flows of a viscous fluid.

3. We shall assume that equations (1)—(3), in the particular case of an in-
compressible viscous fluid, describe micromotions (V,; = 9/dz,, rot;, =
0/0x; — 0/0xy, i # j # k) in the mass of a turbulized viscous fluid.
Let us integrate equations (1)—(3) over the volume AV = AX;AX,AX,
where AX; > Az;. Then the averaged macroequations of conservation

will have the form (g, is the antisymmetric Levi-Civita tensor)

Hp) , 0 e
Bt o, =0 ©
opu) 0 Oty);.
ot + 5.7Xj<f0uiuj>j =(F;) + Tva 9)

ey Bitiy);  0(cij);
j = (e k) +(G;) — 0xX, + X,

(10)

Here (f;) denotes averaging over volume; (p,;);, over the area AX;AX,, i #
J # k, of the functions f; and ¢,;. We introduce the mean velocity U; according
to the rule (p)U; = (pu,). For an incompressible fluid (p) = p = const. Taking-

taking into account that the field of vectors (velocities) satisfies the condition
(u;) = (u;); = (ul>j = U,, we obtain

(puuj); = —r; + pUsird, 7 = —(pV;v}) ;s (11)

where v; = u; — U, is the velocity fluctuation; (v;); = (v;); = 0. The tensor r,;,
just as T;; = (t;;);, is, generally speaking, asymmetric. Let us emphasize that
in his original paper (*) Reynolds distinguished the components r;; and r;;.
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In transforming equation (10) we shall take into account that

(L) =T )+ (R x pu) =
=10 Q+ (I -w) + (R) x pU + (R* x pv),

(RxF)=(R) x (F) + (R* x F*),

(cij)j = Cur  EipBitiy); = e Bi)Ty; + e B, (By) = Xpe  (12)

(Liug); = ((I4®) + g Ry pvy) Uj>j +(L;)U;,
where R =R - R), v =@ - Q I"=1-1°, F* =F — (F), t* =t — T are
the corresponding fluctuations, €2 = %rot U, I' is a certain effective moment of
inertia, and it is again assumed that (L;) = (L;);. One may also introduce the

effective angular velocity w of turbulent vortices by the equality (I*-w*) = 1°-w.
Then (with D/Dt = 0/0t +U -V, V, = 0/0X,) we obtain

%{IO~(Q+M)+<R>pr+<R*xpv>}:

= (R) x (F) + (G) + (R* x F) + V- (Tx (R)) + V- C+ V.. (13)

Multiplying (vectorially) equation (9) by (R) and subtracting the product from
equation (13), we obtain the conservation equation for the internal moment in
a turbulent fluid

D
E{IO-(Q+W)+<R*><pv>}=<G>—|—<R*><F*>+V-C+V'M+Ta—|—ra,

tij = =L @pv;) ; — (i Brpvvy) j — (€ Biti;)- (14)

Here T, r* are the antisymmetric parts of the tensors of the averaged viscous
and Reynolds stresses. The averaged motion is also characterized by additional
moment stresses (owing to the fluctuational transport of the momentum mo-
ment of macroparticles, and also owing to the inhomogeneity of the fields of
fluctuational impulse and viscous stresses) and by an additional mass moment

(owing to the nonuniformity of the distribution of mass forces in the volume
AV).
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4. Closing equations for the system of equations of turbulent motion may be
constructed according to the principles developed in semiempirical theories
of turbulence. The basic assumptions of such theories will be formulated
as follows.

First, we shall relate the averaged viscous stresses to the field of mean velocities
U, by the same relations as in a nonturbulent Newtonian fluid,

T;; = —Pé;; +vp (0U;/0X, 40U, /0X;) T;; =Ty, (15)
Thus, the antisymmetric part of the tensor of perturbed viscous stresses is ne-
glected: T* = 0. (Let us note that the condition T® # 0 is essential in the
analysis of laminar flows of a fluid with suspended rotating foreign particles

*).)

Let us choose the moment of inertia I° so that

(mw)-%f:—lo-{mw)-w} (16)

Then, under the condition (cf. (6) and (7))

% (R* pv>+<G>—10$rot<F>+v-c+<R* < T —TV2( +w) =0 (17)

equation (14) takes the form

D( +w)

0.
Dt

=10 {( +w) - VU}+1I° - vV2( +w)+ V- pu+re (18)

The second term on the right-hand side of equation (18) corresponds to the
viscous dissipation of the mean turbulent vortex.

Secondly, the additional forces and moments appearing because of the turbu-
lization of the liquid will be related by ordinary tensor relations to the field of
mean velocities, assuming, however, that the transfer coefficients introduced in
this way are functions of the microstructure of the turbulent medium. Then
(cf. the constructions for laminar flows in asymmetric hydrodynamics ()) we
have

. oU,  dU,
Tijg — Ty = Aijkl [ale + a)(k] ) (19)
oy, +w
Hij = Bijkl(g)(lk)a (20)
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5 = Diiri€ rimWm - (21)
To determine the transfer coefficients A, ;;, Byjps Dijii, it is necessary to in-
troduce hypotheses on the kinetics of mixing in a turbulent flow, making use,
for example, of Prandtl’ s ideas (7) on the turbulent transfer of momentum (to
specify relation (19)) and Taylor’ s (¥) on the turbulent transfer of vorticity (to
specify relation (20)), as well as the general principles of similarity theory (°).

Let us note that subsequent refinements of the averaged description of turbulent
flows will require, generally speaking, raising the order of the moments consid-
ered for the fields of random quantities and the corresponding introduction, into
semiempirical relations, of derivatives of ever higher order.

The author is grateful to L. I. Sedov for his attention to the work and for useful
discussion.
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