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Abstract
Full Text
MATHEMATICS
M. B. KAPILEVICH

ON THE SOLUTION OF ITERATED CAUCHY
PROBLEMS IN BASIS SERIES
(Presented by Academician I. N. Vekua, 22 V 1968)

Denote by 𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) the solution of the Cauchy problem

𝐿[𝑢] ≡ (𝐷2 + 𝑎
𝑠 𝐷 + 𝑏2 − 𝑋)

𝑚
𝑢 − 𝑐2𝑚𝑢 = 0, 𝑚 = 1, 2, … ; (1a)

𝐷2𝑚−2𝑢∣𝑠=0 = 𝜏(𝑥), 𝐷𝑘𝑢∣𝑠=0 = 0, 𝑘 = 0, 1, … , 2𝑚 − 3; 2𝑚 − 1, (1b)

where 𝑠 ≥ 0; 𝐷 = 𝜕/𝜕𝑠; 𝑎 > 0, 𝑏, 𝑐 = const; 𝑋 is a linear operator independent
of 𝑠, acting on the variables 𝑥 = (𝑥1, … , 𝑥𝑛). Comparing 𝑢(𝑥, 𝑠) with its value
𝑧(𝑥, 𝑠; 𝑎, 𝑏) for 𝑚 = 1, 𝑐 = 0, we find:

1. Let 𝑎 = 2𝛽, 𝛽0 = 𝛽2 − 𝛽1, 2𝜈𝑘 = 𝑎𝑘 − 1, 𝛾 = 𝛽0 + 𝑚(𝑁 + 1) − 1 > 0,
(𝑚)𝑚𝑘(𝜈 + 𝑚)𝑚𝑘22𝑚𝑘𝐴𝑘(𝜈) = (𝑐𝑠)2𝑚𝑘. Then

𝑢(𝑥, 𝑠; 𝑎2, 𝑏, 𝑐) = 𝑠2𝑚−2

(2𝑚 − 2)!
𝑁−1
∑
𝑘=0

𝐴𝑘(𝜈2) 𝑧 [𝑥, 𝑠; 𝑎2 +2(𝑚𝑘+𝑚−1), 𝑏]+𝑅𝑁 ; (2a)

𝑅𝑁 = 𝛿1𝑠2𝑚−2 ∫
1

0
𝜉𝑎1(1 − 𝜉2)𝛾−1𝑄(𝜉) 𝑧(𝑥, 𝜉𝑠; 𝑎1, 𝑏) 𝑑𝜉; (2b)

𝑄 = 𝐴𝑁(𝛽0 − 1) 1𝐹2𝑚 [1; 𝑝𝑖, 𝑞𝑖; (𝑐𝑠√1 − 𝜉2/2𝑚)2𝑚] , 𝑖 = 0, 1, … , 𝑚 − 1;

𝑝𝑖 = 𝑁+1+𝑖/𝑚, 𝑚𝑞𝑖 = 𝛾+𝑖, (2𝑚−2)!Γ(𝜈1+1)Γ(𝛽0+𝑚−1)𝛿1 = 2Γ(𝜈2+𝑚).

If |𝑧(𝑥, 𝑠; 𝑎1, 𝑏)| ≤ 𝑀 , then lim
𝑁→∞

𝑅𝑁 = 0, and (2a), as 𝑁 → ∞, gives
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𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) =
∞

∑
𝑘=0

𝐴𝑘(𝜈) 𝑢(𝑥, 𝑠; 𝑎 + 2𝑚𝑘, 𝑏, 0); (3a)

(2𝑚 − 2)! 𝑢(𝑥, 𝑠; 𝑎, 𝑏, 0) = 𝑠2𝑚−2𝑧[𝑥, 𝑠; 𝑎 + 2(𝑚 − 1), 𝑏]. (3b)
2. For 𝑎2 + 2(𝑚 − 1) > 𝑎1 ≥ 0, 𝑏0 = √𝑏2

2 − 𝑏2
1, 𝛾1 = 𝛽0 + 𝑚(𝑘 + 1) − 1:

𝑢(𝑥, 𝑠; 𝑎2, 𝑏2, 𝑐) = 𝛿1𝑠2𝑚−2 ∫
1

0
𝜉𝑎1(1 − 𝜉2)𝛽0+𝑚−2𝑇 (𝜉) 𝑧(𝑥, 𝜉𝑠; 𝑎1, 𝑏1) 𝑑𝜉, (4a)

𝑇 (𝜉) =
∞

∑
𝑘=0

𝐴𝑘(𝛽0 − 1)(1 − 𝜉2)𝑘𝑚 𝐼𝛾1−1(𝑏0𝑠√1 − 𝜉2) . (4b)

When 𝑏2 = 𝑏1 = 𝑏, (4b) reduces to the normalized Bessel function of order 2𝑚:

𝑇 = Ω [𝛽0 − 1; (𝑐𝑠√1 − 𝜉2/2𝑚)2𝑚] ,

where

Ω[𝑎; Λ] = 0𝐹2𝑚−1[𝜇𝑖, 𝜈𝑗; Λ], 𝜇𝑖 = 1 + 𝑖/𝑚, 𝜈𝑗 = 1 + (𝑎 + 𝑗)/𝑚, (5)

with 𝑖 = 1, … , 𝑚 − 1; 𝑗 = 0, 1, … , 𝑚 − 1. For 𝑏2 ≠ 𝑏1, for the generalized
Humbert function of higher order 𝑇 (𝜉), other expressions are found—

⋯(series in powers of 𝑏0, integral representations). If 𝜏(𝑥) ∈ 𝐶∞, then

𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) = 𝑠2𝑚−2

(2𝑚 − 2)!
∞

∑
𝑘=0

𝐵𝑘(𝑠)(𝑋 − 𝑏2)𝑘𝜏(𝑥), (6)

𝑘!(𝜈 + 𝑚)𝑘22𝑘𝐵𝑘 = 𝑠2𝑘Ω[𝜈 + 𝑘; (𝑐𝑠/2𝑚)2𝑚].
3. Formulas (2), (3), (4), (8), (9), (15) from (1) and (3), (4) give basis series

of other types for 𝑢(𝑥, 𝑠). For example, for 𝑚 = 2, 𝜆 = const,

𝑐2𝐴𝑘 = (𝜈2 + 1)𝑔𝑘(𝜈1)[Λ(2)
𝑘 − Λ(1)

𝑘 ] ∶

𝑢(𝑥, 𝜆𝑠; 𝑎2, 𝑏, 𝑐) =
∞

∑
𝑘=0

𝐴2𝑘
𝑘𝑠(𝑋 − 𝑏2)𝑘𝑧(𝑥, 𝑠; 𝑎1 + 2𝑘, 𝑏), (7)

Λ(𝑙)
𝑘 = E2[−𝑘, 𝜈1 + 1, 𝜈2 + 1; 𝜆2, (−1)𝑙(𝑐𝜆𝑠/2)2], 𝑙 = 1, 2.
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Let us also note the expansion (𝑚 = 2; see 𝑔𝑘 and ̄𝑔𝑘 in (1))

𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) =
∞

∑
𝑘=0

̄𝐴2𝑘
𝑘𝑠(𝑋 − 𝑏2)𝑘𝑧(𝑥, 𝑠; 𝑎 + 4𝑘, 𝑏), (8)

̄𝐴𝑘 = 𝛼2𝑘−2
𝑘𝑐 𝑠2𝑘[ ̄𝐼𝜈+2𝑘(𝑐𝑠) − (−1)𝑘 ̄𝐽𝜈+2𝑘(𝑐𝑠)],

where (𝜈 + 1)2𝑘24𝑘𝛼𝑘 = (𝜈 + 1) ̄𝑔𝑘(𝜈). Replacing in (1) and (3) 𝑎, 𝑠, 𝑐 by 2𝜀 −
1, 2√𝜀𝑠, √𝑐, we obtain, as 𝜀 → ∞, 𝐿1 ≡ (𝐷 + 𝑏2 − 𝑋)𝑚 − 𝑐𝑚

𝐿1[𝑣] = 0, 𝐷𝑚−1𝑣∣𝑠=0 = 𝜏(𝑥), 𝐷𝑘𝑣∣𝑠=0 = 0, 𝑘 = 0, 1, … , 𝑚 − 2; (9)

𝑣(𝑥, 𝑠; 𝑏, 𝑐) = lim
𝜀→∞

𝑢(𝑥, 2√𝜀𝑠; 2𝜀 − 1, 𝑏, √𝑐) = 𝐻(𝑠)𝑣(𝑥, 𝑠; 𝑏, 0); (10a)

(𝑚 − 1)!𝑣(𝑥, 𝑠; 𝑏, 0) = 𝑠𝑚−1𝑤(𝑥, 𝑠; 𝑏). (10b)

Here 𝑤 is the value of 𝑣 for 𝑚 = 1, 𝑐 = 0, and 𝐻(𝑠) is the normalized hyperbolic
function of order 𝑚:

𝐻(𝑠) = 0𝐹𝑚−1[𝜇𝑖; (𝑐𝑠/𝑚)𝑚] = (𝑚 − 1)!(𝑐𝑠)1−𝑚ℎ𝑚(𝑐𝑠, 𝑚). (10c)

Replace in (7) 𝜆𝑠, 𝑎1 by 2
√

𝜆𝑠, 2𝜀 − 1, and let 𝜀 → ∞; then

𝑢(𝑥, 2
√

𝜆𝑠; 𝑎, 𝑏, 𝑐) = (𝜈 + 1
𝑐2 )

∞
∑
𝑘=0

̃𝐴𝑘
𝑘𝑠(𝑋 − 𝑏2)𝑘𝑣(𝑥, 𝑠; 𝑏), (11)

𝑘! ̃𝐴𝑘 = (−1)𝑘[Λ(2)
𝑘 − Λ(1)

𝑘 ], Λ(𝑙)
𝑘 = Φ3[−𝑘, 𝜈 + 1; 𝜆, (−1)𝑙𝑐2𝜆𝑠].

The convergence of the series (7), (8), (11) is proved with the aid of estimates
obtained from the integral representations of the quantities 𝐴𝑘, ̄𝐴𝑘, and ̃𝐴𝑘.

4. We give examples of the application of basis series to other problems for
(1a) and (9a). Substituting (3a), (6), (7), (8), (11) into

𝑢̄(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) = (2𝑚 − 1)−1𝑠1−𝑎𝑢(𝑥, 𝑠; 2 − 𝑎, 𝑏, 𝑐), (12)

we obtain the solution 𝑢̄(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) of the Cauchy problem 𝐿[𝑢̄] = 0,

𝐷2𝑚−1(𝑠𝑎𝑢̄)∣𝑠=0 = 𝜏(𝑥), 𝐷𝑘𝑢̄∣𝑠=0 = 0, 𝑘 = 0, 1, … , 2𝑚 − 2. (13)
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Another integral 𝑢1(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) of equation (1a) with data

𝑢1(𝑥, 0) = 𝜏(𝑥), 𝐷𝑘𝑢
1 ∣𝑠=0 = 0, 𝑘 = 1, … , 2𝑚 − 1, (14)

arises if one introduces into (3a) the finite basis sum

𝑢1(𝑥, 𝑠; 𝑎, 𝑏, 0) =
𝑚−1
∑
𝑘=0

𝑔𝑘(𝜈)𝑠2𝑘(𝑋 − 𝑏2)𝑘𝑧(𝑥, 𝑠; 𝑎 + 2𝑘, 𝑏). (15)

For (14) one constructs equalities, analogous to (2), (4), (5), relating
𝑢1(𝑥, 𝑠; 𝑎2, 𝑏2, 𝑐) to 𝑢1(𝑥, 𝑠; 𝑎1, 𝑏1, 0).
We also note the confluent case of problem (1a), (14):

𝐿1[𝑣1] = 0, 𝑣1∣𝑠=0 = 𝜏(𝑥), 𝐷𝑘𝑣1∣𝑠=0 = 0, 𝑘 = 1, … , 𝑚 − 1, (16)

for which (15), after the limiting transition (10a), gives

𝑣1(𝑥, 𝑠; 𝑏, 𝑐) = 𝐻(𝑠)
𝑚−1
∑
𝑘=0

(−1)𝑘

𝑘! 𝑠𝑘 (𝑋 − 𝑏2)𝑘𝑤(𝑥, 𝑠; 𝑏). (17)

The expressions (15) and (17) (for 𝑐 = 0) are partial sums of the inversion
formulas (see (1.10a) from (2)), and therefore, as 𝑚 → ∞, these sums converge
to 𝜏(𝑥). The equalities

(𝑋 − 𝑏2)𝑘𝑧(𝑥, 𝑠; 𝑎 + 2𝑘, 𝑏) = 22𝑘(𝜈 + 1)𝑘𝐷 𝑘
𝑠2𝑧(𝑥, 𝑠; 𝑎, 𝑏), (18)

and (𝑋 − 𝑏2)𝑘𝑤 = 𝐷𝑘𝑤 transform (7), (15) and (11), (17) into expansions in
powers of the operators 𝐷𝑠2 = 𝜕/𝜕(𝑠2) and 𝐷 = 𝜕/𝜕𝑠. If 𝑛 = 1, 𝑋 = 𝜕/𝜕𝑥,
and the basis 𝑧(𝑥, 𝑠) of the series (3) has the data 𝑧(𝑥, 0) = 𝜏(𝑥), 𝑧(0, 𝑠) = 0,
𝜏(0) = 0, 𝑥 ≥ 0, 𝑠 ≥ 0, then (3) gives a solution 𝑢̃(𝑥, 𝑠) of the mixed boundary-
value problem:

𝐷2𝑚−2𝑢̃∣𝑠=0 = 𝜏(𝑥), 𝑢̃∣𝑥=0 = 0, 𝐷𝑘𝑢̃∣𝑠=0 = 0, 𝑘 = 0, 1, … , 2𝑚 − 3.
(19)

For 𝑢̃ there also hold relations of the form (2), (4). For example,

𝑢(𝑥, 𝑠; 𝑎2, 𝑏, 𝑐) = 𝛿2𝑠2𝑚−2 ∫
∞

1
𝜉𝑎1(𝜉2 − 1)𝛽1+𝑚−2𝑇 (𝜉) 𝑧(𝑥, 𝜉𝑠; 𝑎1, 𝑏) 𝑑𝜉, (20)
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𝛽0 = 𝛽2 − 𝛽1 > 1 − 𝑚,

(2𝑚 − 2)!Γ(𝛽0 + 𝑚 − 1)Γ(1 − 𝜈2 − 𝑚)𝛿2 = 2Γ(−𝜈1),

where 𝑇 (𝜉) is the function (5) for 𝛼 = 𝛽0 − 1, Λ = (−1)𝑚(𝑐𝑠√𝜉2 − 1/2𝑚)2𝑚.
Replacing the bases of the expansions (3a), (7), (8), (11), (15), (17) by their
integral representations from (1), we arrive at new relations for 𝑢, 𝑣, 𝑤, 𝑧. For
example, (19) from (1) and (17) give

𝑣1(𝑥, 𝑠; 𝑏, 𝑐) = 𝐻(𝑠)
Γ(𝜈 + 1) ∫

∞

0
𝜆𝜈𝑒−𝜆𝐿(𝜈+1)

𝑚−1 (𝜆) 𝑧(𝑥, 2
√

𝜆 𝑠; 𝑎, 𝑏) 𝑑𝜆. (21)

Inverting (4a), (20) and (21) with respect to 𝑧, one can construct transformation
operators taking 𝑢(𝑎1, 𝑏1, 𝑐1), 𝑣(𝑏1, 𝑐1) into 𝑢(𝑎2, 𝑏2, 𝑐2), 𝑣(𝑏2, 𝑐2).
5. Let

𝑋 =
𝑛

∑
𝑘=1

𝜕
𝜕𝑥𝑘

,

then

𝑤 = 𝑒−𝑏2𝑠𝜏(𝑥1 + 𝑠, … , 𝑥𝑛 + 𝑠),

and here (10), (11) and (17) determine the solutions 𝑣, 𝑢, 𝑣1. If

𝑋 = Δ =
𝑛

∑
𝑘=1

𝜕2

𝜕𝑥2
𝑘

,

then 𝑧(𝑥, 𝑠; 𝑛 − 1, 0) = 𝑀[𝑥, 𝑠; 𝜏(𝑥)], and therefore (4a) for 𝑎1 = 𝑛 − 1, 𝑏1 = 0;
(7), (18) for 𝑎1 = 𝑛 − 1, 𝑏 = 0; (15), (18) for 𝑎 = 𝑛 − 1, 𝑏 = 0 turn into
explicit resolving operators (cf. (3–5)). For example, when 𝑛 = 1, 𝑋 = 𝜕2/𝜕𝑥2,
𝑎1 = 𝑏1 = 𝑏2 = 0, 𝛽 + 𝑚 > 1, from (4a) it follows that

𝑢(𝑥, 𝑠; 𝑎, 0, 𝑐) = ̄𝛿1𝑠2𝑚−2 ∫
1

0
𝜏[𝑥 + 𝑠(2𝑡 − 1)] [𝑡(1 − 𝑡)]𝛽+𝑚−2𝑇1(𝑡) 𝑑𝑡,

√𝜋(2𝑚 − 2)!Γ(𝛽 + 𝑚 − 1) ̄𝛿1 = 2𝑎+2𝑚−3Γ(𝜈 + 𝑚), 𝑇1 = Ω(𝛽 − 1; Λ),

where Λ = [𝑐𝑠√𝑡(1 − 𝑡)/𝑚]2𝑚. For (1a), (19), proceeding from (3), we obtain
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𝑢̃(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) = 𝜘1𝑠1−𝑎 ∫
𝑥

0
𝜏(𝜉)(𝑥−𝜉)𝛽+𝑚−5𝐻1(𝜉) exp [𝑏2(𝑥 − 𝜉) − 𝑠2

4(𝑥 − 𝜉)] 𝑑𝜉,

(2𝑚 − 2)!Γ(1 − 𝜈 − 𝑚)𝜒1 = 2𝑎+2𝑚−3, 𝐻1 = 0𝐹𝑚−1 [𝜇𝑖; [−𝑐2(𝑥 − 𝜉)/𝑚]𝑚] ,

where the 𝜇𝑖 are the same as in (5) and (10c). If 𝑛 = 1, 𝑋 = 𝜕2/𝜕𝑥2, and for
the basis 𝑧(𝑥, 𝑠) of the series (3a) 𝑧(𝑥, 0) = 𝜏(𝑥), 𝑧(𝑥, 𝑥) = 0, 𝜏(0) = 0, then
(3a) solves the singular Tricomi problem

𝐷2𝑚−2𝑢∣𝑠=0 = 𝜏(𝑥), 𝑢∣𝑠=𝑥 = 0, 𝐷𝑘𝑢∣𝑠=0 = 0, 𝑘 = 0, 1, … , 2𝑚 − 3.
(22)

Here, for 𝑏 = 0, 𝛽 + 𝑚 > 1,

(2𝑚 − 2)!Γ(𝛽 + 𝑚 − 1)Γ(1 − 𝜈 − 𝑚)𝜒2 = 2√𝜋,

𝑢(𝑥, 𝑠; 𝑎, 0, 𝑐) = 𝜒2𝑠1−𝑎 ∫
𝑥−𝑠

0
𝑟𝑎+2𝑚−4𝑇2(𝜉)𝜏(𝜉) 𝑑𝜉,

𝑇2 = Ω [𝛽 − 1; (−1)𝑚(𝑐𝑟/2𝑚)2𝑚] , 𝑟 = √(𝑥 − 𝜉)2 − 𝑠2.

Using, as the basis of expansions (3a), (12), (15), the expressions (7a) and (13a)
from (6), one obtains solutions of problems (1), (13), (14), (22) when 𝑛 = 1, and
𝑋 is the Bessel operator

𝑋 = 𝜕2

𝜕𝑥2 + 2𝜇
𝑥

𝜕
𝜕𝑥.

In this case one constructs Riemann, Green–Hadamard functions and fundamen-
tal (elementary) solutions of equation (1a) in the form of integrals and series,
convergent with (3)—(6) from (6), and with their aid more general iterated initial
and boundary-value problems are investigated. For example, for 𝑐 = 0,

𝑋 = Δ + 2𝜇
𝑥𝑛

𝜕
𝜕𝑥𝑛

,

by analogy with (6a), (6c) from (6), we find 2𝑁 = 2𝑚−𝑛+1, 2𝛾 = 𝑎+𝑛−2𝑚+1,
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𝑈 = (𝑠𝑠0)−𝛽(𝑥𝑛𝑥𝑛0)−𝜇𝑅2𝑁−2
∞

∑
𝑘=0

𝜌𝑘

(𝑁)𝑘 𝑘!𝐹3(𝛽, 𝜇, 1 − 𝛽, 1 − 𝜇, 𝑁 + 𝑘; 𝜔, 𝜆),

𝑉 = (𝑥𝑛𝑥𝑛0)−𝜇𝑅−2𝛾
∞

∑
𝑘=0

𝜌𝑘

(1 − 𝛾)𝑘𝑘!𝐻2 (𝛾 − 𝑘, 𝛽, 𝜇, 1 − 𝜇, 𝛼; 1
𝜔 , −𝜆) ,

𝑅2 =
𝑛

∑
𝑖=1

(𝑥𝑖−𝑥0
𝑖 )2−(𝑠−𝑠0)2, 4𝜌 = 𝑏2𝑅2, 4𝑠𝑠0𝜔 = 𝑅2, 4𝑥𝑛𝑥𝑛0𝜆 = −𝑅2,

where 𝐹3 and 𝐻2 are hypergeometric functions of Appell and Horn.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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