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1°. Definition. A symmetric tensor b;; of the second order will be called
generally recurrent if it satisfies the condition

biji = }lgij + Xigj + Niga + by + piby + by, (1)

where g,; is the metric tensor of the Riemannian space V,; A;, A;, fi;, p1; are
certain covariant tensors, which we shall call the tensors of generalized re-
currence; the comma denotes covariant differentiation.

In particular, if \; = 0,\; = 0,; = 0, then we obtain a recurrent tensor b;j
(1). Condition (1) also includes the tensor characteristic of hypersurfaces of the
second order () (for \; = 0, \; = 0, fi; = p1;), and the condition that the metrics
g;; and b;; have common geodesics (*) (for A; =0, N\, =0, ji; = 2u;), and, finally,
the characteristic condition that the vector field &; determines a one-parameter
group of projective transformations () (for i; = 0, u; = 0, \; = 2);, bij = &iig)-
In the present article we find all Riemannian spaces admitting a generally re-

current symmetric tensor of the second order, i.e., we find all metrics for which
the system of equations (1) is compatible.

2°. Preliminary information. Among the eigenvalues k, ko, ..., k, of the

tensor b;;, i.e., among the roots of the equation |kg;; — b;;| = 0, there may
also be multiple ones. Let a frame of eigenvectors 7];1 be orthonormalized:

gijn(jlngl = §,; then we also have bijn;lnlfl = k,0,,, so that from (1) we obtain

bz‘j,miménél =0, a,b,c# . @)

When condition (2) is fulfilled, as is known (3), one can pass to new variables
in such a way that we shall have
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p p
gyduidu =Y " ®,,  bydudul =Y k,®,, (3)
a=1 a=1

where £y, ..., k, are distinct roots, and the form @, contains only the differen-
tials of the variables u’s corresponding to k,. The variables u!,u?, ..., u" are
divided into p groups u',...,u’ (according to the number of distinct roots),
and the number of variables in each group is equal to the multiplicity of the
corresponding root, for example u’t = (ul,...,u™ ), where m, is the multiplic-
ity of the root k;. If among the roots kq, ..., k,, there are simple ones, then we
write them in the first places. Thus, if &k, is a simple root, then the group of

variables u'e consists of the single variable u®.

Equalities (3) mean that

Ginip = Yinj, =0 @ F B by = Kai s (4)

n

where g; ; , b depend, generally speaking, on all variables u!, ..., u".

laJa
3°. Basic equations. Computing directly the derivative b; ol and also from
(1) (using in both cases (4)), we find

(k, — kﬂ)aln |gjﬂ’lﬁ|/8uia = 2)\ia + Qkﬁuia. (5)
Similarly, computing bjBlB’ia and b; ; ; , we obtain
Okg/Oule = N, + kpjl; (6)

Ok /Oule = N, +kofi; + 2N+ 2kou; .

Computing b,

K3

using (1), (4), and (7), we have

alavja’

Gii,, (N, Fhaty ) =i 5 (N +kap; ) =0. (7)

Interchanging the indices i, and j, and using the positive definiteness of the
form g, ;du*du’, we find

Ai tkap;, =0, if k, is multiple. (8)

Consequently,

Ok, /Oute = j‘ia + kaft; »  if kg, is multiple. (9)
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From (6), replacing 8 by 7 and subtracting from (6), we obtain
Oln kg — k., |/Ou'> = p; . (10)
From (10), replacing v by § and subtracting from (10), we obtain

0
Ol

1n|(kﬁ_k'y)/(k5_k6)| =0, «a,B,7,0#. (11)

Here and below p > 4. Taking the logarithm and differentiating with respect to
uls of the identity

ko —kg _ ko — gk, — ks
ko —ky ko —ksky—k

~

and taking (11) into account, we find

0
Auls

0
Bulff

ko — kg
ko — k,

(Ea =g _

In
ko, — ki

= o (W) (12)
4°. The functions ¢, . Eliminating 5\2-& from (6) and (9), we obtain

dln|kg — k,|/Ou's = i; , Kk, multiple. (13)

From (10) and (13) we find

kg — k,
9 In ‘ A :O7 if k,, is multiple,

Oule

kg —

Le., we have g = 0, if k, is multiple. Let g, # 0. Computing the ratio
$rya F Ppa Dy means of (12) and replacing the derivatives of k,, kg, k., by formulas
(6) and (7), we obtain

@704/%0,@01 = (ka - kﬂ)/(k;a - k'y) (14)
Substituting (14) into (12), we find

agpﬁa o
ouls

*@ﬁa@alﬁ' (15)

The solution of the system (15) is the functions

Ppa = Pal(Pa — ©5), (16)
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where ¢, is an arbitrary function of u,, and ¢, = const if k_, is multiple. Thus
the functions ¢g; —are found from (16) both in the case when k,,, k5 are multiple,
and when they are simple.

5°. The curvatures k,. From (14) and (16) we obtain

(ko —kg)/ (o —¥p) = (ko — k) /(90 — #5); (17)

i.e. the ratio (k, —kz)/(p, — ) does not depend on 3. But

(ko — kﬂ)/(@a - 905) = (kﬁ - ka)/(é% — Pa)s
i.e., this ratio does not depend on «, and we shall denote it by F’
(ko —kg)/(po — p) = F. (18)
From (18) we find k., — ¢, F = ks — s = @, or
ky, =@ F + @, (19)

where F' and ® are arbitrary functions.

6°. Metric. Adding (5), (6) and subtracting (7), we obtain

0

Ol

9jsls

= i — 20, - (20)

9j.1,

From (20), replacing /8 by 7 and subtracting from (20), we obtain

0 g; 0 ky, —k
B Y 3 A 5 (21)
Oula 9i.1, ou'e |k, —k,
From (17) and (21) we find
g . —
6, In |22 | = a In|Po 78 , a+ B3,7. (22)
Quie|gj 1 | Oule  |p, =@,
Integrating (22), we have
gj[ﬁl[j Po — L1013
—B,, . Yo _¥h| (23)
gjwla, Jplgiqly Ualé_é[,'y Py — 90’)/
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where B,

Gl i1, 1€ functions only of u*s, ™. From (23) we obtain

B i, = Bigtsists Bistsint, -

Consequently,

Bjﬁlﬁj'vl'v = Bjﬁlﬁ/Bj'vl'y’

where B,

5,1, are functions only of w™#. From (23) and (24) we find

9ists/ Bisiy 11 00 =05l = 9,0, /Bi0, [ Ivo — 041 = A.
o#8 o#Fy
Thus, we obtain
Gjgly = ABszB H e — @pl-
o8
From (3) and (25) we find

p
gijduiduj =A Z H |(pa - <)004| dsgn
a=1 o+«

p
bijdutdu? = A (9o F + @) [ los — walds?,
a=1 oFa

where A > 0, F, ® are arbitrary functions; ¢, are functions only of u®

¢, = const if k, is multiple, p, # ¢z, a # 3.

The metric

p
dSQ = Z H |S00' —g&a|d$i
a=1o+a

(24)

, and

is called the Levi-Civita metric (3). Consequently, the metric (26) is conformal
to the Levi-Civita metric. If, in a space with metric (26), the tensor b,; is
chosen according to (27), then it will evidently be generalized recurrent. Thus

the following theorem has been proved.

Theorem. A Riemannian space V,, n > 4, admits a generalized recurrent
symmetric tensor of the second order having p (p > 4) distinct proper values if

and only if V,, is conformal to a Levi-Civita space.
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7. Some special cases.

From (10) and (19) we find z; = dIn|F|/du’; hence, and from (6), we ob-
tain \; = 0®/0u’ — @ dIn|F|/du’. From (5) and (7), taking into account the
expressions found for \; and u,, we have

2u; = —01In A/Out, 2\, = oo+ (Fo, + ®)01n A/Oule.

1) A semirecurrent tensor, i.e. A; = 0, u, = 0. We find A = const, ¢, = const.
Consequently, the metric V,, is reducible. In particular, for a recurrent
tensor we also have ;\i = 0, since ® = c¢F, ¢ = const. Consequently,
k. = F(¢,+c)—Datta’s theorem (1) on the proportionality to one another
of the proper values of a recurrent tensor.

2) If g,;,b;; are the first and second fundamental tensors of a hypersurface,

then for A, = 0, \; = 0, ji; = p1; we obtain the tensor characteristic of a
hypersurface (2). We find ® = cF, ¢ = const, A = ngl L f, = e, +c,

p
F=A"2=T] "
o=1

Consequently,
b J
ko= L 110" g = B ) L=
o=1 oFa g

i.e. we obtain the principal curvatures and the metric of a hyperquadric. At the
same time we find

1 Ohln|K]| u
R R | K=1]k%,.
lu’La p+2 aula b 01-31 o

3) For p; =0, fi; =0, \; = 2)\,;, we obtain F' = const, A = const,

Consequently,

p p
ka ::j; +’:£:.ﬂﬂ j; ::lwwaa dsz ::zg::[1|j;‘4'fa|dsi'
o=1 a=1 o#a
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P p
byduidu = (fa + ZL) I[ Ve —falds?, A, = 35% (

a=1 =1 oFa

DN | =

Thus, we obtain the Levi-Civita metric.

4) For \; = \;, fi; = p1; we obtain A = F~2, 9@ /0u’s = Lo/ F—p OF /Ou'«,
i.e. a generalization of our results () to the case of multiple curvatures.
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