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MATHEMATICS

V. S. SOBCHUK

ON RIEMANNIAN SPACES ADMITTING A
GENERALLY RECURRENT SYMMETRIC
TENSOR OF THE SECOND ORDER
(Presented by Academician A. D. Aleksandrov on 11 IX 1968)

1°. Definition. A symmetric tensor 𝑏𝑖𝑗 of the second order will be called
generally recurrent if it satisfies the condition

𝑏𝑖𝑗,𝑙 = 𝜆̄𝑙𝑔𝑖𝑗 + 𝜆𝑖𝑔𝑗𝑙 + 𝜆𝑗𝑔𝑖𝑙 + ̄𝜇𝑙𝑏𝑖𝑗 + 𝜇𝑖𝑏𝑗𝑙 + 𝜇𝑗𝑏𝑖𝑙, (1)

where 𝑔𝑖𝑗 is the metric tensor of the Riemannian space 𝑉𝑛; 𝜆̄𝑖, 𝜆𝑖, ̄𝜇𝑖, 𝜇𝑖 are
certain covariant tensors, which we shall call the tensors of generalized re-
currence; the comma denotes covariant differentiation.

In particular, if 𝜆̄𝑖 = 0, 𝜆𝑖 = 0, 𝜇𝑖 = 0, then we obtain a recurrent tensor 𝑏𝑖𝑗
(1). Condition (1) also includes the tensor characteristic of hypersurfaces of the
second order (2) (for 𝜆̄𝑖 = 0, 𝜆𝑖 = 0, ̄𝜇𝑖 = 𝜇𝑖), and the condition that the metrics
𝑔𝑖𝑗 and 𝑏𝑖𝑗 have common geodesics (3) (for 𝜆𝑖 = 0, 𝜆̄𝑖 = 0, ̄𝜇𝑖 = 2𝜇𝑖), and, finally,
the characteristic condition that the vector field 𝜉𝑖 determines a one-parameter
group of projective transformations (3) (for ̄𝜇𝑖 = 0, 𝜇𝑖 = 0, 𝜆̄𝑖 = 2𝜆𝑖, 𝑏𝑖𝑗 = 𝜉(𝑖,𝑗)).

In the present article we find all Riemannian spaces admitting a generally re-
current symmetric tensor of the second order, i.e., we find all metrics for which
the system of equations (1) is compatible.

2°. Preliminary information. Among the eigenvalues 𝑘1, 𝑘2, … , 𝑘𝑛 of the
tensor 𝑏𝑖𝑗, i.e., among the roots of the equation |𝑘𝑔𝑖𝑗 − 𝑏𝑖𝑗| = 0, there may
also be multiple ones. Let a frame of eigenvectors 𝜂 𝑖

𝑎1
be orthonormalized:

𝑔𝑖𝑗𝜂 𝑖
𝑎1

𝜂 𝑗
𝑏1

= 𝛿𝑎𝑏; then we also have 𝑏𝑖𝑗𝜂 𝑖
𝑎1

𝜂 𝑗
𝑏1

= 𝑘𝑎𝛿𝑎𝑏, so that from (1) we obtain

𝑏𝑖𝑗,𝑙𝜂 𝑖
𝑎1

𝜂 𝑗
𝑏1

𝜂 𝑙
𝑐1

= 0, 𝑎, 𝑏, 𝑐 ≠ . (2)

When condition (2) is fulfilled, as is known (3), one can pass to new variables
in such a way that we shall have
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𝑔𝑖𝑗𝑑𝑢𝑖𝑑𝑢𝑗 =
𝑝

∑
𝛼=1

Φ𝛼, 𝑏𝑖𝑗𝑑𝑢𝑖𝑑𝑢𝑗 =
𝑝

∑
𝛼=1

𝑘𝛼Φ𝛼, (3)

where 𝑘1, … , 𝑘𝑝 are distinct roots, and the form Φ𝛼 contains only the differen-
tials of the variables 𝑢𝑖𝛼 corresponding to 𝑘𝛼. The variables 𝑢1, 𝑢2, … , 𝑢𝑛 are
divided into 𝑝 groups 𝑢𝑖1 , … , 𝑢𝑖𝑝 (according to the number of distinct roots),
and the number of variables in each group is equal to the multiplicity of the
corresponding root, for example 𝑢𝑖1 ≡ (𝑢1, … , 𝑢𝑚1), where 𝑚1 is the multiplic-
ity of the root 𝑘1. If among the roots 𝑘1, … , 𝑘𝑛 there are simple ones, then we
write them in the first places. Thus, if 𝑘𝛼 is a simple root, then the group of
variables 𝑢𝑖𝛼 consists of the single variable 𝑢𝛼.

Equalities (3) mean that

𝑔𝑖𝛼𝑗𝛽
= 𝑏𝑖𝛼𝑗𝛽

= 0, 𝛼 ≠ 𝛽; 𝑏𝑖𝛼𝑗𝛼
= 𝑘𝛼𝑔𝑖𝛼𝑗𝛼

, (4)

where 𝑔𝑖𝛼𝑗𝛼
, 𝑏𝑖𝛼𝑗𝛼

depend, generally speaking, on all variables 𝑢1, … , 𝑢𝑛.

3°. Basic equations. Computing directly the derivative 𝑏𝑖𝛼𝑗𝛼,𝑙𝛽
, and also from

(1) (using in both cases (4)), we find

(𝑘𝛼 − 𝑘𝛽)𝜕 ln |𝑔𝑗𝛽,𝑙𝛽
|/𝜕𝑢𝑖𝛼 = 2𝜆𝑖𝛼

+ 2𝑘𝛽𝜇𝑖𝛼
. (5)

Similarly, computing 𝑏𝑗𝛽𝑙𝛽,𝑖𝛼
and 𝑏𝑖𝛼𝑖𝛼,𝑖𝛼

, we obtain

𝜕𝑘𝛽/𝜕𝑢𝑖𝛼 = 𝜆̄𝑖𝛼
+ 𝑘𝛽 ̄𝜇𝑖𝛼

, (6)

𝜕𝑘𝛼/𝜕𝑢𝑖𝛼 = 𝜆̄𝑖𝛼
+ 𝑘𝛼 ̄𝜇𝑖𝛼

+ 2𝜆𝑖𝛼
+ 2𝑘𝛼𝜇𝑖𝛼

.

Computing 𝑏𝑖𝛼𝑖𝛼,𝑗𝛼
, using (1), (4), and (7), we have

𝑔𝑖𝛼𝑖𝛼
(𝜆𝑗𝛼

+ 𝑘𝛼𝜇𝑗𝛼
) − 𝑔𝑖𝛼𝑗𝛼

(𝜆𝑖𝛼
+ 𝑘𝛼𝜇𝑖𝛼

) = 0. (7)

Interchanging the indices 𝑖𝛼 and 𝑗𝛼 and using the positive definiteness of the
form 𝑔𝑖𝑗𝑑𝑢𝑖𝑑𝑢𝑗, we find

𝜆𝑖𝛼
+ 𝑘𝛼𝜇𝑖𝛼

= 0, if 𝑘𝛼 is multiple. (8)

Consequently,

𝜕𝑘𝛼/𝜕𝑢𝑖𝛼 = 𝜆̄𝑖𝛼
+ 𝑘𝛼 ̄𝜇𝑖𝛼

, if 𝑘𝛼 is multiple. (9)
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From (6), replacing 𝛽 by 𝛾 and subtracting from (6), we obtain

𝜕 ln |𝑘𝛽 − 𝑘𝛾|/𝜕𝑢𝑖𝛼 = ̄𝜇𝑖𝛼
. (10)

From (10), replacing 𝛾 by 𝛿 and subtracting from (10), we obtain

𝜕
𝜕𝑢𝑖𝛼

ln ∣(𝑘𝛽 − 𝑘𝛾)/(𝑘𝛽 − 𝑘𝛿)∣ = 0, 𝛼, 𝛽, 𝛾, 𝛿 ≠ . (11)

Here and below 𝑝 ≥ 4. Taking the logarithm and differentiating with respect to
𝑢𝑙𝛽 of the identity

𝑘𝛼 − 𝑘𝛽
𝑘𝛼 − 𝑘𝛾

= 𝑘𝛼 − 𝑘𝛽
𝑘𝛼 − 𝑘𝛿

𝑘𝛼 − 𝑘𝛿
𝑘𝛼 − 𝑘𝛾

and taking (11) into account, we find

𝜕
𝜕𝑢𝑙𝛽

ln ∣ 𝑘𝛼 − 𝑘𝛽
𝑘𝛼 − 𝑘𝛾

∣ = 𝜕
𝜕𝑢𝑙𝛽

ln ∣ 𝑘𝛼 − 𝑘𝛽
𝑘𝛼 − 𝑘𝛿

∣ ≡ 𝜑𝛼𝑙𝛽
(𝑢𝑖𝛼 , 𝑢𝑙𝛽). (12)

4°. The functions 𝜑𝛽𝑖𝛼
. Eliminating 𝜆̄𝑖𝛼

from (6) and (9), we obtain

𝜕 ln |𝑘𝛽 − 𝑘𝛼|/𝜕𝑢𝑖𝛼 = ̄𝜇𝑖𝛼
, 𝑘𝛼 multiple. (13)

From (10) and (13) we find

𝜕
𝜕𝑢𝑖𝛼

ln ∣ 𝑘𝛽 − 𝑘𝛼
𝑘𝛽 − 𝑘𝛾

∣ = 0, if 𝑘𝛼 is multiple,

i.e., we have 𝜑𝛽𝑖𝛼
= 0, if 𝑘𝛼 is multiple. Let 𝜑𝛽𝛼 ≠ 0. Computing the ratio

𝜑𝛾𝛼 ∶ 𝜑𝛽𝛼 by means of (12) and replacing the derivatives of 𝑘𝛼, 𝑘𝛽, 𝑘𝛾 by formulas
(6) and (7), we obtain

𝜑𝛾𝛼/𝜑𝛽𝛼 = (𝑘𝛼 − 𝑘𝛽)/(𝑘𝛼 − 𝑘𝛾). (14)

Substituting (14) into (12), we find

𝜕𝜑𝛽𝛼
𝜕𝑢𝑙𝛽

= −𝜑𝛽𝛼𝜑𝛼𝑙𝛽
. (15)

The solution of the system (15) is the functions

𝜑𝛽𝛼 = 𝜑′
𝛼/(𝜑𝛼 − 𝜑𝛽), (16)
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where 𝜑𝛼 is an arbitrary function of 𝑢𝛼, and 𝜑𝛼 = const if 𝑘𝛼 is multiple. Thus
the functions 𝜑𝛽𝑖𝛼

are found from (16) both in the case when 𝑘𝛼, 𝑘𝛽 are multiple,
and when they are simple.

5°. The curvatures 𝑘𝛼. From (14) and (16) we obtain

(𝑘𝛼 − 𝑘𝛽)/(𝜑𝛼 − 𝜑𝛽) = (𝑘𝛼 − 𝑘𝛾)/(𝜑𝛼 − 𝜑𝛾), (17)

i.e. the ratio (𝑘𝛼 − 𝑘𝛽)/(𝜑𝛼 − 𝜑𝛽) does not depend on 𝛽. But

(𝑘𝛼 − 𝑘𝛽)/(𝜑𝛼 − 𝜑𝛽) = (𝑘𝛽 − 𝑘𝛼)/(𝜑𝛽 − 𝜑𝛼),
i.e., this ratio does not depend on 𝛼, and we shall denote it by 𝐹 :

(𝑘𝛼 − 𝑘𝛽)/(𝜑𝛼 − 𝜑𝛽) = 𝐹 . (18)

From (18) we find 𝑘𝛼 − 𝜑𝛼𝐹 = 𝑘𝛽 − 𝜑𝛽𝐹 ≡ Φ, or

𝑘𝛼 = 𝜑𝛼𝐹 + Φ, (19)

where 𝐹 and Φ are arbitrary functions.

6∘. Metric. Adding (5), (6) and subtracting (7), we obtain

𝜕
𝜕𝑢𝑖𝛼

ln ∣
𝑔𝑗𝛽𝑙𝛽

𝑔𝑗𝛾𝑙𝛾

∣ = − ̄𝜇𝑖𝛼
− 2𝜇𝑖𝛼

. (20)

From (20), replacing 𝛽 by 𝛾 and subtracting from (20), we obtain

𝜕
𝜕𝑢𝑖𝛼

ln ∣
𝑔𝑗𝛽𝑙𝛽

𝑔𝑗𝛾𝑙𝛾

∣ = 𝜕
𝜕𝑢𝑖𝛼

ln ∣ 𝑘𝛼 − 𝑘𝛽
𝑘𝛼 − 𝑘𝛾

∣ . (21)

From (17) and (21) we find

𝜕
𝜕𝑢𝑖𝛼

ln ∣
𝑔𝑗𝛽𝑙𝛽

𝑔𝑗𝛾𝑙𝛾

∣ = 𝜕
𝜕𝑢𝑖𝛼

ln ∣𝜑𝛼 − 𝜑𝛽
𝜑𝛼 − 𝜑𝛾

∣ , 𝛼 ≠ 𝛽, 𝛾. (22)

Integrating (22), we have

𝑔𝑗𝛽𝑙𝛽

𝑔𝑗𝛾𝑙𝛾

= 𝐵𝑗𝛽𝑙𝛽𝑗𝛾𝑙𝛾
∏

𝜎≠𝛽,𝛾
∣𝜑𝜎 − 𝜑𝛽
𝜑𝜎 − 𝜑𝛾

∣ , (23)
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where 𝐵𝑗𝛽𝑙𝛽𝑗𝛾𝑙𝛾
are functions only of 𝑢𝑘𝛽 , 𝑦𝑚𝛾 . From (23) we obtain

𝐵𝑗𝛽𝑙𝛽𝑗𝛾𝑙𝛾
= 𝐵𝑗𝛽𝑙𝛽𝑗𝛿𝑙𝛿

𝐵𝑗𝛿𝑙𝛿𝑗𝛾𝑙𝛾
.

Consequently,

𝐵𝑗𝛽𝑙𝛽𝑗𝛾𝑙𝛾
= 𝐵𝑗𝛽𝑙𝛽

/𝐵𝑗𝛾𝑙𝛾
, (24)

where 𝐵𝑗𝛽𝑙𝛽
are functions only of 𝑢𝑚𝛽 . From (23) and (24) we find

𝑔𝑗𝛽𝑙𝛽
/𝐵𝑗𝛽𝑙𝛽

∏
𝜎≠𝛽

|𝜑𝜎 − 𝜑𝛽| = 𝑔𝑗𝛾𝑙𝛾
/𝐵𝑗𝛾𝑙𝛾

∏
𝜎≠𝛾

|𝜑𝜎 − 𝜑𝛾| = 𝐴.

Thus, we obtain

𝑔𝑗𝛽𝑙𝛽
= 𝐴𝐵𝑗𝛽𝑙𝛽

∏
𝜎≠𝛽

|𝜑𝜎 − 𝜑𝛽|. (25)

From (3) and (25) we find

𝑔𝑖𝑗𝑑𝑢𝑖𝑑𝑢𝑗 = 𝐴
𝑝

∑
𝛼=1

∏
𝜎≠𝛼

|𝜑𝜎 − 𝜑𝛼| 𝑑𝑠2
𝛼, (26)

𝑏𝑖𝑗𝑑𝑢𝑖𝑑𝑢𝑗 = 𝐴
𝑝

∑
𝛼=1

(𝜑𝛼𝐹 + Φ) ∏
𝜎≠𝛼

|𝜑𝜎 − 𝜑𝛼| 𝑑𝑠2
𝛼, (27)

where 𝐴 > 0, 𝐹 , Φ are arbitrary functions; 𝜑𝛼 are functions only of 𝑢𝛼, and
𝜑𝛼 = const if 𝑘𝛼 is multiple, 𝜑𝛼 ≠ 𝜑𝛽, 𝛼 ≠ 𝛽.

The metric

𝑑𝑠2 =
𝑝

∑
𝛼=1

∏
𝜎≠𝛼

|𝜑𝜎 − 𝜑𝛼| 𝑑𝑠2
𝛼

is called the Levi-Civita metric (3). Consequently, the metric (26) is conformal
to the Levi-Civita metric. If, in a space with metric (26), the tensor 𝑏𝑖𝑗 is
chosen according to (27), then it will evidently be generalized recurrent. Thus
the following theorem has been proved.

Theorem. A Riemannian space 𝑉𝑛, 𝑛 ⩾ 4, admits a generalized recurrent
symmetric tensor of the second order having 𝑝 (𝑝 ⩾ 4) distinct proper values if
and only if 𝑉𝑛 is conformal to a Levi-Civita space.
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7. Some special cases.
From (10) and (19) we find ̄𝜇𝑖 = 𝜕 ln |𝐹 |/𝜕𝑢𝑖; hence, and from (6), we ob-
tain 𝜆̄𝑖 = 𝜕Φ/𝜕𝑢𝑖 − Φ 𝜕 ln |𝐹 |/𝜕𝑢𝑖. From (5) and (7), taking into account the
expressions found for 𝜆̄𝑖 and ̄𝜇𝑖, we have

2𝜇𝑖 = −𝜕 ln 𝐴/𝜕𝑢𝑖, 2𝜆𝑖𝛼
= 𝜑′

𝛼𝐹 + (𝐹𝜑𝛼 + Φ)𝜕 ln 𝐴/𝜕𝑢𝑖𝛼 .
1) A semirecurrent tensor, i.e. 𝜆𝑖 = 0, 𝜇𝑖 = 0. We find 𝐴 = const, 𝜑𝛼 = const.

Consequently, the metric 𝑉𝑛 is reducible. In particular, for a recurrent
tensor we also have 𝜆̄𝑖 = 0, since Φ = 𝑐𝐹, 𝑐 = const. Consequently,
𝑘𝛼 = 𝐹(𝜑𝛼+𝑐)—Datta’s theorem (1) on the proportionality to one another
of the proper values of a recurrent tensor.

2) If 𝑔𝑖𝑗, 𝑏𝑖𝑗 are the first and second fundamental tensors of a hypersurface,
then for 𝜆𝑖 = 0, 𝜆̄𝑖 = 0, ̄𝜇𝑖 = 𝜇𝑖 we obtain the tensor characteristic of a
hypersurface (2). We find Φ = 𝑐𝐹, 𝑐 = const, 𝐴 = ∏𝑝

𝜎=1 𝑓−1
𝜎 , 𝑓𝛼 = 𝜑𝜎+𝑐,

𝐹 = 𝐴−1/2 =
𝑝

∏
𝜎=1

𝑓1/2
𝜎 .

Consequently,

𝑘𝛼 = 𝑓𝛼

𝑝
∏
𝜎=1

𝑓1/2
𝜎 , 𝑔𝑖𝛼𝑗𝛼

= 𝐵𝑖𝛼𝑗𝛼
(𝑢𝑚𝛼) ∏

𝜎≠𝛼
∣1 − 𝑓𝛼

𝑓𝜎
∣ ,

i.e. we obtain the principal curvatures and the metric of a hyperquadric. At the
same time we find

𝜇𝑖𝛼
= 1

𝑝 + 2
𝜕 ln |𝐾|

𝜕𝑢𝑖𝛼
, 𝐾 =

𝑝
∏
𝜎=1

𝑘𝜎.

3) For 𝜇𝑖 = 0, ̄𝜇𝑖 = 0, 𝜆̄𝑖 = 2𝜆𝑖, we obtain 𝐹 = const, 𝐴 = const,

Φ = 𝐹
𝑝

∑
𝜎=1

𝜑𝜎.

Consequently,

𝑘𝛼 = 𝑓𝛼 +
𝑝

∑
𝜎=1

𝑓𝜎, 𝑓𝛼 = 𝐹𝜑𝛼, 𝑑𝑠2 =
𝑝

∑
𝛼=1

∏
𝜎≠𝛼

|𝑓𝜎 − 𝑓𝛼| 𝑑𝑠2
𝛼.
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𝑏𝑖𝑗𝑑𝑢𝑖𝑑𝑢𝑗 =
𝑝

∑
𝛼=1

(𝑓𝛼 +
𝑝

∑
𝜎=1

𝑓𝜎) ∏
𝜎≠𝛼

|𝑓𝜎 − 𝑓𝛼| 𝑑𝑠2
𝛼, 𝜆𝑖𝛼

= 𝜕
𝜕𝑢𝑖𝛼

(1
2

𝑝
∑
𝜎=1

𝑓𝜎) .

Thus, we obtain the Levi-Civita metric.

4) For 𝜆̄𝑖 = 𝜆𝑖, ̄𝜇𝑖 = 𝜇𝑖 we obtain 𝐴 = 𝐹 −2, 𝜕Φ/𝜕𝑢𝑖𝛼 = 1
2 𝜑′

𝛼𝐹 −𝜑𝛼𝜕𝐹/𝜕𝑢𝑖𝛼 ,
i.e. a generalization of our results (4) to the case of multiple curvatures.
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