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MATHEMATICS
S. N. KRUZHKOV

LINEAR AND NONLINEAR PARABOLIC
SYSTEMS IN THE PLANE
(Presented by Academician I. G. Petrovskii on 14 II 1968)

In this paper a priori estimates are established for solutions of the first boundary-
value problem and the Cauchy problem for linear parabolic equations of the form

(−1)𝑚+1𝐷𝑡𝑢 =
2𝑚
∑
𝑘=0

𝑎𝑘(𝑡, 𝑥)𝐷2𝑚−𝑘
𝑥 𝑢 + 𝑓(𝑡, 𝑥), (1)

𝑢 = (𝑢1, … , 𝑢𝑁), 𝐷𝑡𝑢 = 𝜕𝑢/𝜕𝑡, 𝐷𝑖
𝑥𝑢 = 𝜕𝑖𝑢/𝜕𝑥𝑖, 𝐷0

𝑥𝑢 ≡ 𝑢,

𝑚 and 𝑁 are natural numbers, and for nonlinear equations of parabolic type

(−1)𝑚+1𝐷𝑡𝑢 = 𝑎(𝑡, 𝑥, 𝑢, 𝐷𝑥𝑢, … , 𝐷2𝑚
𝑥 𝑢); (2)

in the case 𝑁 > 1, equations (1) and (2) are vector equations, and 𝑎𝑘(𝑡, 𝑥)
are square matrices of size 𝑁 × 𝑁 , 𝑎(𝑡, 𝑥, 𝑝0, 𝑝1, … , 𝑝2𝑚) is the vector
(𝑎1(…), … , 𝑎𝑁(…)) (here and below (…) ≡ (𝑡, 𝑥, 𝑝0, 𝑝1, … , 𝑝2𝑚), 𝑝𝑖 is the vector
(𝑝1

𝑖 , … , 𝑝𝑁
𝑖 ), 𝑖 = 0, … , 2𝑚).

The estimates obtained are used to prove nonlocal existence theorems for solu-
tions of the problems under consideration.

Among equations (1) and (2), scalar equations of second order occupy a special
place, i.e. the case 𝑚 = 𝑁 = 1; in this case the maximum principle is valid for
solutions. The study of such equations, based on the maximum principle, was
carried out in the works (1,2), and the fundamental role here is played by an a
priori estimate of the derivative 𝑢𝑥(𝑡, 𝑥), established under minimal assumptions
on the coefficients of the equations and on the solutions. An analogous role in
the general case considered in the present paper is played by a priori estimates
in 𝐿2 of the higher derivatives 𝐷𝑡𝑢 and 𝐷2𝑚

𝑥 𝑢 for a solution 𝑢(𝑡, 𝑥) of equation
(1), valid without any assumptions on the continuity of the coefficients of the
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equation. In the case 𝑚 = 𝑁 = 1, such estimates were obtained and applied to
the study of certain quasilinear equations in the works (3−5).
Let 𝑄𝑇 be the rectangle {(𝑡, 𝑥) ∶ 0 ≤ 𝑡 ≤ 𝑇 , |𝑥| ≤ 𝑙}; by Π𝑇 we shall denote the
strip {(𝑡, 𝑥) ∶ 0 ≤ 𝑡 ≤ 𝑇 , −∞ < 𝑥 < +∞}.

The basic assumption concerning equations (1) and (2) is the condition of strong
parabolicity: for any real vector 𝜉 = (𝜉1, … , 𝜉𝑁) and any (𝑡, 𝑥) ∈ 𝑄𝑇 (or (𝑡, 𝑥) ∈
Π𝑇 , if the Cauchy problem is considered) the inequality

(𝜉, 𝑎0(𝑡, 𝑥)𝜉) ≥ 𝜆|𝜉|2, 𝜆 = const > 0 (3)

holds (here (𝜉, 𝜂) is the scalar product of the vectors 𝜉 and 𝜂 in 𝑁 -dimensional
Euclidean space, |𝜉| = (𝜉, 𝜉)1/2); the condition of strong parabolicity for system
(2) means that inequality (3) is satisfied by the matrix

𝐴0(…) ≡ (𝑎𝑖
𝑝𝑗

2𝑚
(…)), 1 ≤ 𝑖, 𝑗 ≤ 𝑁,

for all (𝑡, 𝑥) ∈ 𝑄𝑇 (or (𝑡, 𝑥) ∈ Π𝑇 ) and all 𝑝0, 𝑝1, … , 𝑝2𝑚.

Denote by 𝑊 1,2𝑚
𝑞 (𝑄𝑇 ), 𝑞 ⩾ 2, the Banach space of vector-functions 𝑢(𝑡, 𝑥) with

norm

‖𝑢‖1,2𝑚
𝑞 = [∬

𝑄𝑇

(|𝑢|𝑞 + |𝐷𝑡𝑢|𝑞 + |𝐷2𝑚
𝑥 𝑢|𝑞) 𝑑𝑥 𝑑𝑡]

1/𝑞

(4)

(the space 𝑊 1,2𝑚
𝑞 (Π𝑇 ) is defined analogously). From embedding theorems (see,

for example, (6)) it is known that every function 𝑢 ∈ 𝑊 1,2𝑚
𝑞 (𝑄𝑇 ) is continuous in

Hölder sense in 𝑄𝑇 , together with the derivatives 𝐷𝑖
𝑥𝑢, 𝑖 = 1, … , 𝑚 − 1. Denote

by 𝐻̇𝑞(𝑄𝑇 ) the subspace of functions 𝑊 1,2𝑚
𝑞 (𝑄𝑇 ) satisfying the conditions

𝑢|𝑡=0 = 0, 𝐷𝑥𝑢|𝑥=±𝑙 = 0, 𝑖 = 1, … , 𝑚 − 1 (5)

(by 𝐻𝑞(Π𝑇 ) we shall denote the subspace of functions in 𝑊 1,2𝑚
𝑞 (Π𝑇 ) satisfying

the first of conditions (5)).

Let us note that the theorems formulated in the present note admit some gener-
alizations which do not require the use of other methods of proof. In particular,
analogous theorems hold for strongly parabolic systems with complex coeffi-
cients; a number of results can be transferred to parabolic equations with many
independent variables having a special structure.

1. Linear parabolic equations. We shall assume that all elements of the
matrices 𝑎𝑘(𝑡, 𝑥) are measurable, and that their moduli for (𝑡, 𝑥) ∈ 𝑄𝑇 (or
(𝑡, 𝑥) ∈ Π𝑇 ) do not exceed the number 𝑀 .
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Theorem 1. If the function 𝑢 ∈ 𝐻̇2(𝑄𝑇 ) (or 𝑢 ∈ 𝐻̇2(Π𝑇 )) is a solution of
problem (1), (5) (or a solution of the Cauchy problem for equation (1) with zero
initial condition), then

vrai max
0⩽𝑡⩽𝑇

(∫[𝐷𝑚
𝑥 𝑢(𝑡, 𝑥)]2 𝑑𝑥)

1/2
+ ‖𝑢‖1,2𝑚

2 ⩽ 𝐶‖𝑓‖𝐿2
, (6)

where 𝐶 = 𝐶(𝑚, 𝑁, 𝜆, 𝑀, min(1, 𝑙), 𝑇 ).
To prove Theorem 1, equation (1) is scalarly multiplied by the vector 𝑒𝜃𝑡𝐷2𝑚

𝑥 𝑢,
with a sufficiently large number 𝜃 < 0, and then estimate (6) is derived by
integration by parts and the application of certain elementary inequalities.

Theorem 2. For every function 𝑓 ∈ 𝐿2(𝑄𝑇 ) (or 𝑓 ∈ 𝐿2(Π𝑇 )) there exists a
unique solution 𝑢(𝑡, 𝑥) ∈ 𝐻̇2(𝑄𝑇 ) (or 𝑢(𝑡, 𝑥) ∈ 𝐻̇2(Π𝑇 )) of problem (1), (5) (or
of the Cauchy problem with zero initial condition).

The corresponding results for parabolic equations with continuous coefficients
were obtained in papers (7−9); moreover, for such equations analogous theorems
are also valid in the spaces 𝑊 1,2𝑚

𝑞 for any 𝑞 ⩾ 2; in particular, the estimate

‖𝑢‖1,2𝑚
𝑞 ⩽ 𝐶𝑞‖𝑓‖𝐿𝑞

(7)

holds (for the case 𝑞 = ∞, see paper (10)). The example of the function

𝑢(𝑡, 𝑥) ≡ [𝑥2𝑚 + (−1)𝑚+1𝑡] (𝑥2𝑚 − 𝑡)−𝛼, 𝛼 > 0,

which satisfies in the rectangle {(𝑡, 𝑥) ∶ −1 ⩽ 𝑡 ⩽ 0, |𝑥| ⩽ 1} the parabolic
equation (−1)𝑚+1𝐷𝑡𝑢 = 𝑎(𝑡, 𝑥)𝐷2𝑚

𝑥 𝑢 for a sufficiently small number 𝛼 > 0
(moreover, (2𝑚)! − 1 ⩽ 𝑎−1(𝑡, 𝑥) ⩽ (2𝑚)! + 1), shows that for equations of the
form (1) with discontinuous coefficients at the highest derivatives, estimate (7)
is false for large 𝑞. However, the following is valid.

Theorem 3. Suppose that, in addition to the above-stated conditions on the
coefficients of equation (1), the matrix 𝑎0(𝑡, 𝑥) is symmetric and let

𝑢(𝑡, 𝑥) ∈ 𝐻̇2(𝑄𝑇 ), 𝑓(𝑡, 𝑥) ∈ 𝐿𝑞(𝑄𝑇 ), 𝑞 ≥ 2. Then there exists a number 𝑞0,
independent of 𝑢, 𝑓 , and 𝑞, such that for 2 ≤ 𝑞 ≤ 𝑞0 the estimate (7) is valid.

In the proof of Theorem 3, some elements are used from the methodology of the
works of I. N. Vekua on the theory of elliptic equations (see (11), Ch. 4, § 9),
connected with the application of M. Riesz’s convexity theorem (see (12), Ch.
6, § 10).

Remark 1. Analogs of Theorems 1 and 2 can also be established for certain
degenerating equations. For example, in the case 𝑁 = 1 and 𝑎𝑘 ≡ 0 for 𝑘 =
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1, … , 2𝑚 (one equation containing only the highest derivatives), for the solution
of problem (1), (5) the estimate holds

vrai max
0≤𝑡≤𝑇

∫
𝑙

−𝑙
[𝐷𝑚

𝑥 𝑢(𝑡, 𝑥)]2 𝑑𝑥+∬
𝑄𝑇

[ 1
𝑎0

(𝐷𝑡𝑢)2 + 𝑎0(𝐷2𝑚
𝑥 𝑢)2] 𝑑𝑥 𝑑𝑡 ≤ ∬

𝑄𝑇

1
𝑎0

𝑓2 𝑑𝑥 𝑑𝑡.

2. Nonlinear parabolic equations. We present here theorems on the solv-
ability of the first boundary-value problem for nonlinear equations; the formula-
tions of theorems on the solvability of the Cauchy problem are analogous. First
we consider the case of a quasilinear equation

(−1)𝑚+1𝐷𝑡𝑢 =
2𝑚
∑
𝑘=0

𝑎𝑘(𝑡, 𝑥, 𝑢, 𝐷𝑥𝑢, … , 𝐷2𝑚−1
𝑥 𝑢)𝐷2𝑚−𝑘

𝑥 𝑢+𝑓(𝑡, 𝑥, 𝑢, 𝐷𝑥𝑢, … , 𝐷2𝑚−1
𝑥 𝑢)

(8)
(in this case 𝐴0(…) ≡ 𝑎0(…), (…) ≡ (𝑡, 𝑥, 𝑝0, … , 𝑝2𝑚−1)). We shall assume that
all elements of the matrices 𝑎𝑘(…) and the components of the vector 𝑓(…) are
locally bounded, measurable, and continuous in 𝑝0, … , 𝑝2𝑚−1. Let the following
conditions be satisfied:

1) for any real vector 𝜉

|𝑎′
𝑘(…)𝜉| ≤ const(𝑎0(…)𝜉, 𝜉)1/2, 𝑘 = 1, … , 2𝑚; (9)

|(𝑓(…), 𝜉)| ≤ const(𝑎0(…)𝜉, 𝜉)1/2 [
2𝑚−1
∑
𝑖=0

|𝑝𝑖| + 𝜑(𝑡, 𝑥)] , 𝜑 ∈ 𝐿2(𝑄𝑇 )

(10)
(𝑎′

𝑘 is the matrix transposed to 𝑎𝑘);

2) the elements of the matrices 𝑎𝑘(…) are bounded in domains of the form

𝐷𝑀 = {(𝑡, 𝑥) ∈ 𝑄𝑇 ; |𝑝𝑖| ≤ 𝑀, 𝑖 = 0, … , 𝑚−1; −∞ < 𝑝𝑖 < +∞, 𝑖 = 𝑚, … , 2𝑚}.

Theorem 4. Problem (8), (5) has at least one solution 𝑢(𝑡, 𝑥) ∈ 𝐻̇2(𝑄𝑇 ). Such
a solution is unique if the elements of the matrices 𝑎𝑘(…) and the components
of the vector 𝑓(…) satisfy the Lipschitz condition in 𝑝0, … , 𝑝2𝑚−1 in domains of
the form 𝐷𝑀 .

For the proof of Theorem 4 one applies Schauder’s fixed-point theorem, Theorem
2, a priori estimates analogous to (6), and also some approximation considera-
tions.

Theorem 5. Suppose that, in addition to all the requirements indicated above,
the elements of the matrix 𝑎0(…) depend only on (𝑡, 𝑥, 𝑝0, … , 𝑝𝑚−1), the elements
of all matrices 𝑎𝑘(…) and the components of the vector 𝑓(…) satisfy a Hölder
condition in 𝑡 and 𝑥 when the remaining arguments are uniformly bounded.
Suppose that the compatibility condition 𝑓(0, ±𝑙, 0, … , 0) = 0 is satisfied. Then
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problem (8), (5) has in 𝑄𝑇 a unique solution possessing in 𝑄𝑇 continuous Hölder
derivatives entering equation (8).

This assertion is also valid in the case of somewhat stronger growth of the
elements of the vector 𝑓(…) with respect to 𝑟 = |𝑝0| + … + |𝑝𝑚−1|; for example,
the term (𝑟 + |𝑝𝑚|)√ln(1 + 𝑟) may be added to the square bracket on the right-
hand side of inequality (10).

Example 1. The conditions of Theorem 5 are satisfied, in particular, by the
equation (𝑁 = 1)

(−1)𝑚+1𝐷𝑡𝑢 = 𝑎(𝑡, 𝑥, 𝑢, … , 𝐷𝑚−1
𝑥 𝑢)𝐷2𝑚

𝑥 𝑢 + 𝑓(𝑡, 𝑥, 𝑢, … , 𝐷𝑚−1
𝑥 𝑢),

where 𝑎(…) and 𝑓(…) are smooth functions, 𝑎(…) ≥ 𝜆 = const > 0,

|𝑓(…)| ≤ const √𝑎(…)(𝑟 + 1) ln1/2(𝑟 + 2), 𝑓(0, ±𝑙, 0, … , 0) = 0.

The following theorem on the existence of a classical solution of the first
boundary-value problem for the nonlinear equation (2) is valid.

Theorem 6. Let the components of the vector 𝑎(…) have continuous derivatives
with respect to all arguments, and let the inequalities (9) be satisfied, where
𝑎𝑘(…) are the matrices 𝐴𝑘(…) = (𝑎𝑝𝑗

2𝑚−𝑘(…)), 𝑘 = 0, … , 2𝑚. Suppose that for
(…) ∈ 𝐷𝑀 and any real vector 𝜉 the estimate

|(𝑎𝑡(…), 𝜉)| ≤ const(𝐴0(…)𝜉, 𝜉)1/2 (
2𝑚
∑
𝑖=𝑚

|𝑝𝑖| + 1) .

holds. Assume that 𝐷𝑚
𝑥 𝑎(0, 𝑥, 0, … , 0) ∈ 𝐿2(−𝑙, 𝑙) and that the compatibility

condition 𝑎(0, ±𝑙, 0, … , 0) = 0 is fulfilled. Then there exists a unique solution
𝑢(𝑡, 𝑥) of problem (2), (5), possessing in 𝑄𝑇 continuous, Hölder-continuous
derivatives entering equation (2); moreover 𝐷𝑡𝑢 ∈ 𝑊 1,2𝑚

2 (𝑄𝑇 ).
Example 2. All the conditions of Theorem 6 are satisfied, in particular, by the
equation

(−1)𝑚+1𝐷𝑡𝑢 = 𝐹(𝐷2𝑚
𝑥 𝑢) + 𝑓(𝑡, 𝑥, 𝑢, … , 𝐷2𝑚−1

𝑥 𝑢),

where 𝐹(𝑝2𝑚) and 𝑓(…) are smooth functions, 𝐹 ′(𝑝2𝑚) ≥ 𝜆 = const > 0,
𝐹(0)+𝑓(0, 𝑥, 0, … , 0) = 0, and the function 𝑓(…) satisfies the Lipschitz condition
in all variables.

Remark 2. In accordance with Theorem 3, one can prove an analogue of
Theorem 4 also for the case of the space 𝐻̊𝑞(𝑄𝑇 ) (2 ≤ 𝑞 < 𝑞0), under the
condition that the elements of the matrices 𝑎𝑘 are bounded and under the
assumption that 𝜑(𝑡, 𝑥) ∈ 𝐿𝑞(𝑄𝑇 ) (see (10)).
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