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In the paper [2] Hua Loo-keng proved:
Ifn>2 (a,q) =1,1< P <gq, then

S(a, P;q) Z exp27rz 7 = Pq~ S(a,q;q) +0 (q1/2+6), (1)

1<z<P

where € > 0 is arbitrary, and the constant in O depends only on n and €.

This asymptotic formula for a trigonometric sum; formula (1) is nontrivial if the
complete sum S(a,q;q) is “large,” i.e. its modulus is greater than q'/?*¢; the
latter occurs only when ¢ contains “many” prime factors to a “high” power. We
note that, even in the best case, (1) is an asymptotic formula for q'/?*t* <« P <q,
i.e. if the original sum S(a, P; q) is “sufficiently long.”In [3, 4] the author obtained
an asymptotic formula for “short” sums S(a, P;q), if ¢ is a “high” power of a
prime number. However, Theorem 1 in [3] and Lemma 4 in [4] were formulated
incorrectly. In the present article new asymptotic formulas will be obtained
when ¢ is a power of a prime number.

Notation and conditions on the parameters used.

k,l,m,n,t, P, Py,a,a4,...,a,,b are integers; n > 20; r is a real number, with
1<r<0ln;t>4mn; C,Cy,...,7,7, ... are positive absolute constants; ¢ > 0
is an arbitrarily small number; p is a prime number, p > expenlnn, p/Inp > t;
q=rp P=q"; (a,p) = 1; §,(x) = 1 or 0, according as = 0 (mod n) or
x # 0 (mod n); the constants in the signs O and < depend only on n; as above,

S(a, P;q) Z cxp2m

1<z<P

Theorem 1. There exist ¢(q)(1—2¢ ¢) values of a such that, for every P, the
asymptotic formula holds

S(a,P;q) = Pq'S(a,q;q) + O (\/qu In® ¢ + P3/4> .
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Theorem 2. For every a the equality holds:

S(a, P;q) = Pq~'S(a,q;q) + O (P

Proof of Theorem 1. Let a be arbitrary, (a,q) = 1.

1. Separation of the principal term. Define integers s and m from the
conditions 2° < P < 251 pm1 L 208 < p™. Then s = [Llogp], m —1 =
(0.5s/logp); m — 1 < t/2r < m + 1/2t; moreover, p™ <« P3/*. Therefore we
have

ax™
S(a, P;q) = § 2mi —— + O (P3/4) =
(a, P;q) exp 27i . ( )

1<I§P1pm

=YY expom ) *qbpm)n Lo(P3Y). (2)

0<b< P —1 1<z<p™

Let us now consider the inner sum

Z exp 2772 —|—bp )

1<z<pm™

Let t =tin+ty, 0<ty, <nm—1, ¢ty = [t/n]; r,, = t/m; then r,, < 2.001r
and r,, > t/(t/2r + 1) > 1. We split the sum S*(a) into t; — d,,(¢t) + 1 sums,
grouping together the terms with = not divisible by p, divisible by p but not
by p?, divisible by p? but not by p?, etc. From the definition of r,, and the
conditions on t and r,, we obtain: r,, = t/m < 0.2001n, m > 5t/n — 1/2t >
t; +1; n(t; —6,(t) + 1) > t. Consequently,

S*(a) = pm_t1+6"(t>_1 + Z 5% (a), (3)

0<v<t,—4,(t)

where

a(x 4+ bp™ V)"

Si(a) = Z exp 2mi e ,

1§x§p7n—u
(z,p)=1

v=0,1,...,t, —0,(¢).

Now we split the sum over v in (3) into two parts:

t 1
)
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b)
vo+1<v <ty —4,().

Each of the intervals a) and b) is nonempty. Indeed, case a) is trivial. In case
b) we have:

t 1 t 1
VO+1Sn—1 1_1"7 +1£ﬁ(1+n—1x)

m

1 ¢
1— L <t 5 (b,
X( 2.001r> i

Consider case b). Then m — v > ¢t — vn; indeed, this follows from the inequality

v (t—m)f(n—1) = t(1— 1/r,)/(n—1).
Consequently, S(a) is a complete sum, and

For any [ > 2 we have the equality:

n

axr
S;(a) = Z exp 21 —on"
L<azgbom P
(z,p)=1

n
> et =0
p

1<z<p!
(z,p)=1

(see, for example, (1), p. 270). Consequently, only S (a) can be different from
zero, and this will occur only when t, =1, i.e.

p—1 n
St (a) =6, (t—1)pmht Zexp 27i % =6, (t—1pmt=1(S(a,p;p) —1).

=1

S*(a) = pmt =L 4§ (t— 1)p™tY(S(a, pyp) — 1)+
+ Y Sia)=pmq S(a,q0)+ D Sila),

0<v<y, 0<v<y,

which also follows from (1), p. 270. From the last formula, the definition of
S¥(a), and (2) we find

S(a, P;q) = Pq*S(a,q; q) + R(a, P;q) + O(P%/4), (4)
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where

and the prime on the sum means that the summation is over  # 0 (mod p*o™!).

2. Estimate of the remainder. The quantity |R(a, P; q)| depends essentially
on P. We shall now pass to a larger quantity which will depend only

on n,a, and q. Note that 1, depends only on n,t, and s. We have

’

_az™ Cb(x—
R(a,P;q) =271 Z exp 27i e Z Z exp 2mi %,

1<zp<2s+1 0<b<2s+1 y<P

where the prime, as before, means that x # 0 (mod p*o*!). Separating the term
with b = 0, summing over y, and passing to inequalities, we obtain

1 - ax™ bx
Ra,Pigl < > | > exp2ni (T _ *1) ,
0<b<2s+1 b +1 1<zp<2s+l p 25+
Consequently,
Rla.P-o)2 < 1 1 - - ax" bz :
| (CL, 7q)| < ogq Z m Z exXp 27 F_ﬁ ,
0<b<2s+1 1<p<2s+l

2

-1 RN —s—1 1 /  (az” bz
P71 R(a,P;q)|* <2 log g Z — Z exp 2mi Pl T
Ogb§25+1 ISISQSJJ
1 d ax™ bz ’
—s—1 ; —
< IOgC]0<Z 28 Z m Z exp 211 (? — 25+1> = 10gq¢a
<s<logq 0<b<2s+1 1<p<2s+l

where ® = ®(a,q) = ®(n,a,q) > 0 and depends only on n,a, and q.
Arrange ®(a,q) in increasing order: ®(a,,q) < ®(aq,q) < - < P(a,,,q), # =
¢(q). For 1 <w < » we have

1
n—w+1

1

®(a,,q) < - -
(ay,q) PR

> (a9 <

w<m<wun

D(a,,,q) <

1<m<n
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1 1
<= oot Yy 51

0<s<logq 0<b<2stL

where T, is the number of solutions of the congruence ™ = 3™ (mod p'), 1 <
z,y <2571 @ £ 0 (mod p*ott), y # 0 (mod p*o*t). Since 2°Fpo & pTHom,
it follows that

1 2
T, < E 25t pv « 95t ®(a,,q) < _qoe 9
0& n—w+1
<v<yg,

If now we take w = % — ¢' =%, then

®(a,,q) < ¢°log’q,  P7YR(a,, P;q)]* < ¢°log’ q
for v =1,2,...,0(q) — ¢'¢. From this and from (4) we obtain the assertion of
Theorem 1.
For the proof of Theorem 2 we shall need the following
Lemma. Let ¢ = p*, n <k <t, 1 <u<05n P!=q, (a;,p) = (ay,p) =
= (amp) =1,

nln

a,® + agpr? + -+ + Oy T
Z exp 27

1<z<P; ol

Then

1| < e P

This is one of the variants of the theorem of [5], p. 239.

Proof of Theorem 2. Estimate |R(a, P;q)| in (4) (see the proof of Theorem
1). We have

R(a, P;q) = Z exp2m—f Z Z S*(a) + O(P3/*).

1<ax<P 0<h<P;—10<v<yp,

In the sum S} (a) make the change of summation variable of the form « = Py+2z,
1<2<p—1,0<y<pm™ 7 1—1;then az" = a(py+2)" = ag+a,py+- —&—aw ,
where (aq,p) = - = (a,,p) =1 for every z, 1 < z < p— 1. Further,
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Ly + agpy® + -+ alty"
Z exp 27t .

Ogygpm—u—l

EAGOIESY

1<z<p—1

ptfvnfl

The estimate of the lemma is applicable to the last sum. Let us verify that the
conditions of the lemma are satisfied:

k=t—wvn—-1; k<t k>t—ymn—1>t—1-

t(1+ 1)1 1Y) sy 1t(1+—1)(1 ! )>-
n—1 v )= n—1 2.001r) =™

let u=(t—vn—1)/(m—v—1), then u > 1, since v < (t —m)/(n—1) =
t(1—1/r,,)/(n—1); moreover, u =7, (t—vn+1)/(t—vr, —r,,) < 2r,,, which
follows from the inequality r,,, < 2 (vn+t+1)/(v+1) = 2(n+(t+1—n)/(v+1)).

Thus, always 1 < u < 2r,, < 4.002r < 0.5n. Applying the estimate of the
lemma, we obtain:

|S;(a)| <Lp .p(mfllfl)(lf’}/z/uz) _ p(mfu)(lf'y:s/uz) _ p(mfy)(lffm/rfn).

Thus,

|R(a, P;q)| < P, Z plm=m/ri) 4 p3/t «

0<v<y,

<« Plpm(lf’h/ﬁn) 4 p3/4 « pl-/r?

From (4) and the last estimate, the assertion of Theorem 2 follows.

Remark 1. Theorem 1 can be proved for a wider interval of variation of the
values of P, namely 1 < r < 0.5n.

Remark 2. Hua Lo-keng’ s theorem and Theorems 1 and 2 establish the
asymptotics of the corresponding trigonometric sums for 1 < r < 2,1 <r <
0.1n, and 1 < r < ¢4/n, respectively.

Remark 3. Theorems 1 and 2 can be generalized to a broader class of trigono-
metric sums.
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