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(Presented by Academician 1. G. Petrovskii on 27 VI 1968)
§ 1. Consider the equation

£[’LL} = u§77 + (1(5; n)u§ + b(gv 77)%7 + C(f; 77)“ = 0 (’5)

in the characteristic triangle Oy,CyA, (the domain A), adjacent from below to
the descending Jordan arc OyA, (the “coordinate” 7 is a strictly decreasing
function of the “abscissa” &, no, >n Ao)' We shall assume that the coefficients

of equation (£) are continuous together with a(£;7) in AN\ Oy4, and satisfy
there certain conditions

(K). 1)a>0; 2)h=as+ab—c>0; 3)c>0.

Theorem 1 (maximum principle of absolute-extremum type).
Let: 1) the function u(&;n) be continuous in A; 2) L[u] = 0in A; 8)u € CP(A);
4) u € C(l)(A \ OOAO))' 5) u|OOCo =0.

Then maxx u, if it is positive, is attained on the characteristic CyA,.

Proof. Suppose the contrary. Let maxx w > 0, but it is not attained on CyA4,.
Then, by the lemma of work (1), p. 256, maxu cannot be attained in A and,
consequently, is attained at some interior point ) of the arc OyA4,. In view of
the continuity of u(&;7) in A, in some neighborhood of the point @ there exists
a point Q" at which

u(Q") > max u. *)
CoAg

In the domain A, through the point Q’, draw a descending arc supported on the
characteristics O,C,, and CyA,, respectively, at the points Oj and Aj. Denote
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by A’ the open triangular domain CyA;0O). By Theorem 1 of (1), maxxu is
attained only on CyA{. Consequently,

u(Q") < max u < max u,
CUA(/) COAO

which contradicts the inequality (*) and proves the theorem.

It is easy to show that in Theorem 1 the requirements of continuity on C,A, of
the coefficients of equation (£), ug, u, are superfluous; moreover, the require-
ment L[u] =0 in A can be replaced by the condition £[u] < 0.

Corollary 1 (modified maximum principle of absolute-extremum type). Under
the conditions of Theorem 1, maxx |u| is attained on CyA,.

§ 2. Consider the equation

K, [u] = u,, +sgny - [y[™u,, + M(z;y)u, + N(z;y)u, + F(z;y)u =0 (K,,)

in the domain D, bounded by: 1) a simple Jordan arc o, lying in the upper
half-plane and resting on the axis y = 0 at the points O(0;0) and A(a;0), a > 0;
2) the characteristics OC' and AC in the lower half-plane. Let D; = DN (y >
0), D, = DN (y < 0). The coefficients of the equation (K,,) are as follows:
M,N e CY(D, UD,UOC), F € C(D,UD,uU0C), F<0in D;.

Theorem 2. Let the coefficients of the equation (K,,) be such that the coeffi-
cients of the corresponding equation of the form (L) satisfy the conditions

(K) (§ =T — L(_y)@—m)/{ n=—x— L(_y)(2—m)/2>

2—m 2—m
and suppose that: 1) the function u(x;y) is continuous in D; 2) K,,[u] = 0 in
Dy UDy; 8) ue C?(DyUD,); 4)ue CYDN(OAUAQ); 5) ulpe = 0.
Then: 1) maxp -, if it is positive, cannot be attained in Dy and is attained on

the characteristic AC’; 2) maxpu cannot be attained in Dy U Dy and is attained
ona U AC.

Proof. 1. Assertion 1) follows directly from Theorem 1.

IT. Let maxzu > 0. By a known property of elliptic equations and by the
first assertion of the theorem, maxp v cannot be attained, respectively, in
Dy and D,. If it is attained on OA, then by the first assertion of the
theorem it is attained on AC. Thus the theorem is proved.

Theorem 3. Under the conditions of Theorem 2, for the equation (K,,), the
solution of each of the problems of the type of Frankl s “shock” problem, posed
in work (2) for the general Lavrent ev—Bitsadze equation, is unique.
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Proceeding from work (1), it is easy to show that there is a broad class of
equations of the form (K,,) for which the assertions of Theorems 2 and 3 are
valid.

§ 3. Consider the equations (K,,,,) and (G,,,,,) with two mutually perpendicular
lines of parabolic degeneration, respectively of the second and of the first and
second kind,

K, ,[u] =sgnz - |z["u,, +sgny - [y|"u,, =0, 0<n<2, (K

nn)

n

Gmn[u] = Sgnz'sgny'|x‘n|y|mu9¢x+uyy =0, m= , 0<n<1 (Gmn)

1—n

in the domain D corresponding to each of them, bounded by: 1) a simple Jordan
arc o, lying in the first quadrant and resting on the coordinate axes at the points
A(a,0) and B(0;b); 2) two pairs of characteristics OC and AC, OF and BE.

Theorem 4. Suppose: 1) the function u(x;y) is continuous in D; 2) K,,,,[u] =0
in D\ (OAUOB); 3) u € CA[D\ (OAUOB)|; 4) uc CY[D\ (OAU AC U

Then maxp u, if it is positive (ming u, if it is negative), is attained on U AC'U
BE and cannot be attained in D\ (OAU OB).

The proof is analogous to the proof of Theorem 2 and follows from Theorem 1
and a known property of elliptic equations.

Theorem 5. Suppose: 1) the function u(xz;y) is continuousifnb; 2) Gplul =0
in D\ (OAUOB); 8) u € C?[D\(OAUOB)|; 4) u € CY[D\(OBUBEUA));
5) ulocuor = 0.

Then maxp u, if it is positive (minp w, if it is negative), is attained on o U BE
and cannot be attained in D\ OB.

The proof follows easily from Theorem 1, the maximum principle for elliptic
equations, and Theorem 1 (3).

Problem 1. Suppose a one-to-one correspondence is established between all
points of the characteristics AC and BE (AC U BE) and a certain set E C o,
and let @ and Q' be arbitrary corresponding points (Q ~ Q’, Q € E, Q' €
(ACUBE); E' =0\ E).

Find a function u(z;y) satisfying conditions 1)—4) of Theorem 4 and the bound-
ary conditions: 1) u|pcuor = ¢15 2) Ulg = ©q; 3) Ou/In|g = ¢5; 4) u(Q) —
w(@") = g(Q").

Here, as below, ¢4, @5, ¢35, g are prescribed continuous functions; n is the interior
normal.
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Problem 2. Suppose a one-to-one correspondence is established between all
points of the characteristic BE and a certain set £ C 0, Q ~ @', Q € E,
Q €BE, ¢’ =0\ E.

Find a function u(z;y) satisfying conditions 1)—4) of Theorem 5 and the bound-
ary conditions: 1) u|pcuor = ¢15 2) Ulg = ©q; 3) Ou/In|g = ¢5; 4) u(Q) —
w(@Q') = g(Q").

From Theorems 4 and 5, respectively, Theorems 6 and 7 follow easily.
Theorem 6. For equation (K,,,), the solution of Problem 1 is unique.

Theorem 7. For equation (G,,,,), the solution of Problem 2 is unique.

We note that in Problems 1 and 2 the boundary condition 4) determines a
“curved jump of compactification” on an disconnected set.
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