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MATHEMATICS

I. Ts. Gokhberg, N. Ya. Krupnik

ON THE SPECTRUM OF SINGULAR IN-
TEGRAL OPERATORS IN WEIGHTED L,
SPACES

(Presented by Academician N. I. Muskhelishvili on 5 VII 1968)

1. Let I" be a simple smooth closed oriented curve in the plane, enclosing the
point A = 0. Let ¢,...,¢t,, be certain points on I', and let p, 3, ..., 3, be real
numbers satisfying the relations

1<p<oc; —1<p,<p—1 (k=1,2,..,n). (1)

By L, (T, p) we denote the space L,, on I with weight

n
p(t) = T It =t/
k=1

The following important proposition is due to B. V. Khvedelidze (1), p. 24: if
the numbers p, 84, ..., 3, satisfy conditions (1), then the singular integration
operator S, defined by the equality

Seit) = = [£0ar qem)

) T—

is a linear bounded operator in the space L, (T, p).

In the present note singular integral operators of the following two forms are
considered in L, (T, p):

(Ap)(t) = c)p(t) + d(t)(Sp)(t);  (Bp)(t) = c(t)p(t) + (Sdp)(t),

where ¢(t),d(t) (t € T) are piecewise-continuous functions.

If the coefficients ¢(t) and d(t) are continuous functions, then, as is known, the
spectra of the operators A and B coincide and do not depend on the choice of the
numbers p, 8y, ..., (,, satisfying condition (1). In the case under consideration
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this spectrum consists of all points of the curves A = ¢(t) + d(t) and A =
c(t) — d(t), and also of the points A not lying on these curves for which the
number

w(A) =ind [(c(t) + d(t) — N)/(c(t) — d(t) — N)] # 0.
At the points A satisfying the last condition, the operators A — A\, B — Al are
invertible on the left, on the right, or on both sides, depending on whether the
number %(\) is positive, negative, or equal to zero.

This proposition ceases to be true if the coefficients ¢(t) and d(t) are not con-
tinuous.

In the present note the spectrum of the operators A and B in LP(F, p) is found
in the case when the coefficients ¢(t) and d(t) are piecewise-continuous functions.
The case of open contours is also considered. The results obtained generalize
the results of the authors (2,3), established for the case of closed contours and
weight p = 1.

2. Let z and ¢ be two points of the complex plane and let p (2 < p < 00) be a
certain real number. By vp(z, ¢) we denote the arc of a circle joining the points
z, ¢ and possessing the following two properties: a) from the interior points of
the arc v,(z, (), the segment joining the points z and ¢ is seen at an angle 27/p;
b) the direction from z to ¢ along the arc v,(z,() is counterclockwise. In the
case 1 < p < 2 we put v,(2,() =

=1,(¢, 2) (p~t+¢q* =1), and in the case p = 2, by vy(z, ) we denote the seg-
ment joining the points z and ¢. Denote by A the set of all piecewise-continuous
functions, continuous from the left, on the contour T'.

Let a(t) € A, and let ¢,,...,%, be all its points of discontinuity. Let w =
(p,B1, .-, B,,) denote an arbitrary vector with coordinates satisfying relations
(1). To the function a(t) and the vector w we associate a continuous closed
naturally oriented curve V,,(a), obtained by adding to the set of values of the
function a(t) n arcs vs (a(ty),a(t, + 0)), where 6, = p/(1+ B;).*

We shall call the function a(t) (€ A) w-nonsingular if 0 ¢ V,,(a) (cf. (3)).

The index (more precisely, the w-index) of an w-nonsingular function is defined
to be the number of turns of the curve V, (a) about the point A = 0, i.e.

ind,(a) = 1 }1{ d(argt).
(@)

_%V

Theorem 1. Let ¢(t) and d(t) € A; let ¢4, ..., t,, be all the points of discontinuity
of these functions; let the vector w = (p, 84, ..., 3, ) satisfy conditions (1), and

let
p(t) = [ 1t — el

In order that the operator

A=c®I+dt)S (A= c(t)] + Sdt)I) 2)
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be a ®_ - or ®_-operator in the space L, (I, p), it is necessary and sufficient that
the following two conditions hold:

L inf|b(t)] >0 (t €.
IT. The function a(t)/b(t) is w-nonsingular, where a(t) = ¢(t)+d(t) and b(t) =
e(t) —d(t).
If conditions I and IT are satisfied and x = ind,[a(¢)/b(¢)], then:
1) for x > 0 the operator A is left-invertible in L,,(T', p) and dim coker A = x;
2) for x < 0 the operator A is right-invertible in L, (I, p) and dim ker A = —x;
3) for x = 0 the operator A is invertible in L, (T, p).

For the case of the space L, without weight (i.e. p = 1) this theorem was
established in (3).

It is not difficult to verify that conditions I and II are equivalent to the following:
T’. inf|a(t)| > 0 and inf|b(¢)| > 0 (t € T);
Il'. 8, #pa, —1 (k=1,2,...,n), where

ay, = (1/2m) arg(a(t;)b(t), +0)/[b(t,)at, +0)]), 0<ay <1

In this formulation of the conditions of Theorem 1 it becomes clear that, in its
sufficient part, Theorem 1 generalizes some results from the monograph of B.
V. Khvedelidze (!). In that monograph Noether theorems are proved for the
operator A in the space LP(I‘, p) under the assumption I’ and the existence of
a certain special relation among the numbers g, oy, p, ensuring, in particular,
the fulfillment of condition II’.

From Theorem 1 the following theorem on the spectrum of the operator A,
defined by equality (2), is easily derived.

Theorem 2. Suppose that the first conditions of Theorem 1 are satisfied. Then
the complement C® 4 to the ®-set** &, of the operator A in the space L, (T, p)
consists of the union of the sets of values of the functions a(t) and b(t) and the
set of complex numbers \ satisfying, for at least one pair of numbers k and p
(k=1,...,n; 0 <p<1), the equation

(alty) = A)(b(ty +0) = N Ey(p) + (alty +0) = A)(b(ty,) — M Fy(p) =0,

* The orientation of the curve V, (a) is chosen so that on intervals of continuity
of the function a(t) the motion along the curve V (a) is determined by the
motion of the variable ¢ on I' in the positive direction, and along the arcs
vs, (alty), a(t, + 0)) from the point a(t;) to the point a(t; +0).

** The ®-set of an operator A is the set @4 of all ®-points of this operator (see

("))
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where

E,(p) =€ —e?  F(u) =e* —1(0=2r—4r(1+5,)/p)

for p > 2(1 + B),

Ey(u) = 0 — 1, Fy(n) = ¢ — e (9 = —2m + 4n(1 + B, /p)

for p < 2(1 + B),

Ey(p) =p,  Fp(p) =1—p forp=2(1+3).

The spectrum of the operator A in L, (I, p) consists of all points of C® 4 and of
points A € ® 4 for which

ind, [(a — \)/(b— \)] #0.

All the results presented admit a natural generalization to the case where I"
consists of a finite number of closed smooth contours (see (3)).

3. Let now I' be an oriented curve consisting of a finite number of smooth
simple open arcs. Complete the contour I', preserving its orientation,
to a closed curve I' satisfying the conditions of the preceding paragraph.

Denote by S (S) the operator of singular integration along the contour I’
(T"). To each operator A = ¢(t)I + d(t)S (A = cI + SdI), where ¢(t) and
d(t) are measurable bounded functions on I, acting in the space L, (T, p)

(1 < p < 00), we associate the operator A= 5(t)[+d~(t)§(21v: eI+ §JI),
acting in the space Lp(f‘, p); here ¢(t) and d(t) denote the functions defined
by the equalities

E(t): C(t), t€E7 CZ(t): d(t)7 te{‘7
1, te\T; 0, te\T.

Embed the space L, (T, p) in the space Lp(f7 p), by taking all functions from
LP(F,p) to be equal to zero on the additional contour '\ T. Denote by £
the subspace of Lp(f7 p) consisting of all functions vanishing on the contour I'.
Represent each function f(t) € Lp(f‘, p) as a vector f(t) = {f1(t), f(t)}, where

f1(t) € L,(T, p) and fy(t) € £. Then the operator A can be represented in the
form of a second-order operator matrix

=) <3>
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where I, is the identity operator in the subspace £. Hence it is easily derived
that

Lemma. The subspace L, (I, p) is invariant with respect to the operator A

~

The operator A is invertible from one side if and only if the operator A is
invertible from the same side. If A~! is the operator inverse to A from one side,
then the restriction of the operator A~! to L,(T, p) is inverse to A from the
same side.

In order that the operator A be a ®-(®_,®_) operator, it is necessary and
sufficient that the operator A be such, and moreover

dim ker A = dim ker Z, dim coker A = dim coker A.

This lemma makes it possible to reduce completely the study of singular inte-
gral equations in the case of open contours to the case of closed contours. In
particular, if the coefficients ¢(t) and d(t) are piecewise continuous, then the
lemma just formulated makes it easy to carry over Theorems 1, 2 to the case of
open contours, and also to the mixed case, when the contour I' consists of both
closed and open lines. For lack of space we shall not dwell on the formulations
of the corresponding propositions.*

*

We note that the lemma presented makes it possible without difficulty to extend
to the case of open contours and the mixed case the results of I. B. Simonenko
(5) (see also (2)) on singular integral equations with measurable bounded coef-
ficients.

We note that the method given above for reducing the case of open contours
to that of closed ones under other restrictions was considered by F. D. Gakhov

(see (6)).

4. In this section the results of the preceding section will be illustrated for
the case A= 5 (i.e, c(t) =0, d(t) =1).

Let T" be a contour consisting of m simple smooth oriented open arcs. Denote
by ¢q, ..., €, the endpoints of these arcs, and by p(t) the weight defined by the
equality p(t) = [T |t — cx|P*, where 1 < p < 00, =1 < B, < p— 1.

Theorem 3. In order that the operator S be a ®_ - or ®_-operator in the space
L,(T, p), it is necessary and sufficient that 1 + 8, # p/2 for all k =1, ..., 2m.

Let 1 + 8, # p/2 for all k, and let n be the number of points ¢, at which
1+ B8, > p/2; then:

1) if m > n, the operator S is right-invertible in L, (I', p) and dimker S =
m—n;
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2) if m < n, the operator S is left-invertible in L,(I", p) and dim coker S =
n—m;

3) if m = n, the operator S is invertible in L, (T, p).

The complement C®g of the ®-set of the operator S is the union of 2m arcs
Z,, of circles, each of which joins the points —1 and 1 and passes through one
of the corresponding points i ctg[m(1+ ;) /p] or —i ctg[m(1+ 8;)/p], depending
on whether ¢, is the end or the beginning of the corresponding arc.

Assertions 1)—3) of Theorem 3 for the case when the numbers §;, take one of
the two values 2p or 2p/(1 + p) were proved by B. V. Khvedelidze ((1) p. 43).

For the case when the line I' is located on the real axis and 5, = 0, it was shown
in (7) that the arcs Z,, belong to the spectrum of the operator S.

In conclusion, we note that all the results of the note carry over to more general
symmetric spaces with weights (cf. (3)), for example to certain Orlicz spaces
with weights.
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